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1 Ïðåäèñëîâèå

Èññëåäîâàíèå èíâàðèàíòíûõ óïðàâëÿåìûõ ñèñòåì íà ãðóïïàõ Ëè è îäíîðîäíûõ ïðîñòðàíñòâàõ ÿâëÿ-
åòñÿ îäíîé èç öåíòðàëüíûõ òåì ãåîìåòðè÷åñêîé òåîðèè óïðàâëåíèÿ. Ñ òåîðåòè÷åñêîé òî÷êè çðåíèÿ, ýòî �
åñòåñòâåííûé è âàæíûé êëàññ ñèñòåì, äëÿ êîòîðîãî âîçìîæíà ñîäåðæàòåëüíàÿ ãëîáàëüíàÿ òåîðèÿ (èìåí-
íî òàêèå ñèñòåìû âîçíèêàþò, íàïðèìåð, ïðè ëîêàëüíîé íèëüïîòåíòíîé àïïðîêñèìàöèè ãëàäêèõ ñèñòåì).
Ñ äðóãîé ñòîðîíû, òàêèå ñèñòåìû ìîäåëèðóþò öåëûé ðÿä ïðèêëàäíûõ çàäà÷ (âðàùåíèå è êà÷åíèå òåë,
äâèæåíèå ðîáîòîâ, êâàíòîâàÿ ìåõàíèêà, êîìïüþòåðíîå âèäåíèå).

Õîðîøî èçâåñòíî, ÷òî ïîëó÷èòü òî÷íîå ðåøåíèå ãëîáàëüíîé íåëèíåéíîé çàäà÷è óïðàâëåíèÿ (íàïðè-
ìåð, çàäà÷è óïðàâëÿåìîñòè èëè îïòèìàëüíîãî óïðàâëåíèÿ) ïðåäñòàâëÿåòñÿ î÷åíü ñëîæíûì, åñëè çàäà÷à
íå èìååò áîëüøîé ãðóïïû ñèììåòðèé. Äëÿ èíâàðèàíòíûõ çàäà÷ íà ãðóïïàõ Ëè (è èõ ïðîåêöèé íà îä-
íîðîäíûå ïðîñòðàíñòâà) òî÷íîå ðåøåíèå ÷àñòî ìîæíî íàéòè íà îñíîâå ìåòîäîâ ãåîìåòðè÷åñêîé òåîðèè
óïðàâëåíèÿ ñ èñïîëüçîâàíèåì òåõíèêè äèôôåðåíöèàëüíîé ãåîìåòðèè, òåîðèè ãðóïï è àëãåáð Ëè. Ïîëó-
÷åííîå ðåøåíèå èíâàðèàíòíîé çàäà÷è ìîæåò äàòü õîðîøóþ àïïðîêñèìàöèþ ñîîòâåòñòâóþùåé íåëèíåéíîé
çàäà÷è. Íàïðèìåð, èíâàðèàíòíàÿ ñóáðèìàíîâà ãåîìåòðèÿ íà ãðóïïå Ãåéçåíáåðãà ñëóæèò êðàåóãîëüíûì
êàìíåì âñåé ñóáðèìàíîâîé ãåîìåòðèè.

Îñíîâíûå çàäà÷è, ðàññìàòðèâàâøèåñÿ äëÿ ëåâîèíâàðèàíòíûõ ñèñòåì íà ãðóïïàõ Ëè, � çàäà÷à óïðàâ-
ëÿåìîñòè è çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ. Ïî çàäà÷å óïðàâëÿåìîñòè èìååòñÿ îáøèðíàÿ ëèòåðàòóðà;
îíà îïèñàíà, íàïðèìåð, â îáçîðå [9].

Â äàííîì îáçîðå ðàññìàòðèâàþòñÿ òîëüêî çàäà÷è, èíòåãðèðóåìûå â ýëëèïòè÷åñêèõ ôóíêöèÿõ. Çàäà÷è,
èíòåãðèóåìûå â ýëåìåíòàðíûõ ôóíêöèÿõ, ðàññìîòðåíû â îáçîðå [42].

Àâòîð áëàãîäàðèò À.À. Àãðà÷åâà, À.Â. Ïîäîáðÿåâà, À.Ï. Ìàøòàêîâà, À.À. Àðäåíòîâà è È.Þ. Áåñ÷àñò-
íîãî çà ïîëåçíûå ñîâåòû ïî ñîäåðæàíèþ è èçëîæåíèþ â äàííîé ðàáîòå.

Òàêæå àâòîð áëàãîäàðåí Å.Ô. Ñà÷êîâîé çà ïîìîùü â íàáîðå îáçîðà è ïîñòîÿííóþ ïîääåðæêó ïðè
ðàáîòå íàä íèì.

2 Çàäà÷è, èíòåãðèðóåìûå â ýëëèïòè÷åñêèõ ôóíêöèÿõ

è èíòåãðàëàõ

2.1 Ýëëèïòè÷åñêèå èíòåãðàëû è ôóíêöèè

Ñòàíäàðòíûå èñòî÷íèêè ïî ýëëèïòè÷åñêèì èíòåãðàëàì è ôóíêöèÿì � êíèãè [34,37,38]. Ìû ïðèâåäåì
íèæå ìèíèìàëüíûå ñâåäåíèÿ î íèõ, íåîáõîäèìûå äëÿ èçëîæåíèÿ â ïîñëåäóþùèõ ðàçäåëàõ.

Ýëëèïòè÷åñêèå èíòåãðàëû â ôîðìå ßêîáè Ýëëèïòè÷åñêèå èíòåãðàëû Ëåæàíäðà ïåðâîãî ðîäà:

F (φ, k) =

∫ φ

0

dt√
1− k2 sin2 t

,

âòîðîãî ðîäà:

E(φ, k) =

∫ φ

0

√
1− k2 sin2 t dt,

òðåòüåãî ðîäà:

Π(m;φ, k) =

∫ φ

0

dt

(1 +m sin2 t)
√

1− k2 sin2 t
,

çäåñü è äàëåå ýëëèïòè÷åñêèé ìîäóëü k ∈ (0, 1). Äîïîëíèòåëüíûé ìîäóëü åñòü k′ =
√
1− k2.

Ïîëíûå ýëëèïòè÷åñêèå èíòåãðàëû:

K(k) = F
(π
2
, k
)
,

E(k) = E
(π
2
, k
)
.

Ýëëèïòè÷åñêèå ôóíêöèè ßêîáè:

φ = am(u, k) ⇔ u = F (φ, k),

sn(u, k) = sin am(u, k),

cn(u, k) = cos am(u, k),

dn(u, k) =
√
1− k2 sn2(u, k),

E(u, k) = E(amu, k).

Ïðè çàïèñè ýëëèïòè÷åñêèõ ôóíêöèé ìîäóëü k ÷àñòî îïóñêàåòñÿ.
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Ñòàíäàðòíûå ôîðìóëû Ïðîèçâîäíûå è èíòåãðàëû:

am′ u = dnu,

sn′ u = cnudnu,

cn′ u = − snudnu,

dn′ u = −k2 snu cnu,∫ u

0

dn2 t dt = E(u).

Âûðîæäåíèå:

k → +0 ⇒ snu→ sinu, cnu→ cosu, dnu→ 1, E(u) → u,

k → 1− 0 ⇒ snu→ thu, cnu, dnu→ 1

chu
, E(u) → thu.

2.2 Ìàòåìàòè÷åñêèé ìàÿòíèê

Âî âñåõ ñóáðèìàíîâûõ çàäà÷àõ ðàçäåëîâ 2.3�2.10 âåðòèêàëüíàÿ ïîäñèñòåìà ãàìèëüòîíîâîé ñèñòåìû
ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà çàãàäî÷íûì îáðàçîì ñâîäèòñÿ ê óðàâíåíèþ ìàÿòíèêà, ïîýòîìó âñå îíè
èíòåãðèðóþòñÿ â ýëëèïòè÷åñêèõ ôóíêöèÿõ è èíòåãðàëàõ.

2.2.1 Óðàâíåíèå ìàÿòíèêà è åãî ðåøåíèå

Ðàññìîòðèì ìàòåìàòè÷åñêèé ìàÿòíèê � ìàòåðèàëüíóþ òî÷êó, çàêðåïëåííóþ íà íåâåñîìîì íåðàñòÿ-
æèìîì ñòåðæíå äëèíû L, êîòîðûé ìîæåò ñâîáîäíî âðàùàòüñÿ â âåðòèêàëüíîé ïëîñêîñòè âîêðóã òî÷êè
ïîäâåñà. Ïóñòü θ îáîçíà÷àåò óãîë îòêëîíåíèÿ ìàÿòíèêà îò íèæíåãî âåðòèêàëüíîãî ïîëîæåíèÿ. Òîãäà äâè-
æåíèå ìàÿòíèêà óäîâëåòâîðÿåò óðàâíåíèÿì

θ̇ = c, ċ = −r sin θ, (2.1)

ãäå r =
g

L
> 0 è g åñòü óñêîðåíèå ñèëû òÿæåñòè. Ïîëíàÿ ýíåðãèÿ ìàÿòíèêà (ïåðâûé èíòåãðàë óðàâíåíèé

(2.1)) åñòü

E =
c2

2
− r cos θ ∈ [−r,+∞).

Õàðàêòåð äâèæåíèÿ ìàÿòíèêà îïðåäåëÿåòñÿ çíà÷åíèåì ýíåðãèè E:

� åñëè E = −r, òî (θ, c) ≡ (0, 0), è ìàÿòíèê ïîêîèòñÿ â óñòîé÷èâîì ïîëîæåíèè ðàâíîâåñèÿ;

� åñëè E ∈ (−r, r), òî ìàÿòíèê êîëåáëåòñÿ âîêðóã óñòîé÷èâîãî ïîëîæåíèÿ ðàâíîâåñèÿ, îí ñîâåðøàåò

ïåðèîäè÷åñêèå äâèæåíèÿ ñ ïåðèîäîì T = 4√
r
K(k), k =

√
E+r
2r ∈ (0, 1) ïî çàêîíó

sin
θ

2
= k sn(

√
r t, k);

� åñëè E = r, c = 0, òî ìàÿòíèê ïîêîèòñÿ â íåóñòîé÷èâîì ïîëîæåíèè ðàâíîâåñèÿ (θ, c) ≡ (±π, 0);

� åñëè E = r, c ̸= 0, òî ìàÿòíèê ñîâåðøàåò íåïåðèîäè÷åñêîå äâèæåíèå âäîëü ñåïàðàòðèñû, ñòðåìÿñü ê
íåóñòîé÷èâûì ïîëîæåíèÿì ðàâíîâåñèÿ ïðè t→ ±∞ ïî çàêîíó

sin
θ

2
= th(

√
r t);

� åñëè E > r, òî ìàÿòíèê íåðàâíîìåðíî âðàùàåòñÿ ïî ÷àñîâîé (c < 0) èëè ïðîòèâ ÷àñîâîé (c > 0)

ñòðåëêè, îí ñîâåðøàåò ïåðèîäè÷åñêèå äâèæåíèÿ ñ ïåðèîäîì T = 2√
r
kK(k), k =

√
2r
E+r ∈ (0, 1) ïî

çàêîíó

sin
θ

2
= ± sn

(√
r

k
t, k

)
, ± = sgn c.

Âûøå óêàçàí õàðàêòåð äâèæåíèé ìàÿòíèêà (2.1) ïðè r = g
L > 0. Åñëè æå r = 0 (÷òî ìîæíî èñòîëêîâàòü

êàê îòñóòñòâèå ñèëû òÿæåñòè), òî:

� ïðè c ̸= 0 ìàÿòíèê ðàâíîìåðíî âðàùàåòñÿ ïî ÷àñîâîé (c < 0) èëè ïðîòèâ ÷àñîâîé (c > 0) ñòðåëêè;

� ïðè c = 0 ìàÿòíèê ïîêîèòñÿ â íåóñòîé÷èâîì ïîëîæåíèè ðàâíîâåñèÿ.

Ñëó÷àé r < 0 (ñèëà òÿæåñòè íàïðàâëåíà ââåðõ) ñâîäèòñÿ ê ñëó÷àþ r > 0 çàìåíîé ïåðåìåííûõ (θ, c, r) 7→
(θ + π, c,−r).
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2.2.2 Âûïðÿìëÿþùèå êîîðäèíàòû

Ïðè r > 0 ôàçîâûé öèëèíäð ìàÿòíèêà (2.1),

C = {(θ, c) | θ ∈ S1, c ∈ R}, S1 = R/2πZ,

ñòðàòèôèöèðóåòñÿ â çàâèñèìîñòè îò òèïà äâèæåíèÿ ìàÿòíèêà:

C = ⊔5
i=1Ci,

C1 = {(θ, c) ∈ C | E ∈ (−r, r)},
C2 = {(θ, c) ∈ C | E > r},
C3 = {(θ, c) ∈ C | E = r, c ̸= 0},
C4 = {(θ, c) ∈ C | c = 0, θ = 0},
C5 = {(θ, c) ∈ C | c = 0, θ = π}.

Â îáëàñòÿõ C1, C2, C3 ìîæíî ââåñòè êîîðäèíàòû (φ, k), âûïðÿìëÿþùèå óðàâíåíèå ìàÿòíèêà.
Åñëè (θ, c) ∈ C1, òî

k =

√
E + r

2r
∈ (0, 1),

√
rφ( mod 4K(k)) ∈ [0, 4K(k)],

sin
θ

2
= k sn(

√
rφ, k), cos

θ

2
= dn(

√
rφ, k),

c = 2k
√
r cn(

√
rφ, k).

Åñëè (θ, c) ∈ C2, òî

k =

√
2r

E + r
∈ (0, 1),

√
rφ( mod 2kK(k)) ∈ [0, 2kK(k)],

sin
θ

2
= ± sn

(√
rφ

k
, k

)
, cos

θ

2
= cn

(√
rφ

k
, k

)
,

c = ±2

√
r

k
dn

(√
rφ

k
, k

)
, ± = sgn c.

Åñëè (θ, c) ∈ C3, òî

k = 1, φ ∈ R,

sin
θ

2
= ± th(

√
rφ), cos

θ

2
=

1

ch(
√
rφ)

,

c = ± 2
√
r

ch(
√
rφ)

, ± = sgn c.

Â êîîðäèíàòàõ (φ, k) óðàâíåíèå ìàÿòíèêà (2.1) âûïðÿìëÿåòñÿ:

φ̇ = 1, k̇ = 0,

ïîýòîìó îíî èìååò ðåøåíèå
φt = φ+ t, k ≡ const .

Ýòè âûïðÿìëÿþùèå êîîðäèíàòû è èõ ìîäèôèêàöèè èñïîëüçóþòñÿ äëÿ ïàðàìåòðèçàöèè ýêñòðåìàëüíûõ
òðàåêòîðèé â ðàçäåëàõ 2.4�2.10.

2.2.3 Áèáëèîãðàôè÷åñêèå êîììåíòàðèè

Ðàçäåë 2.2.1 îïèðàåòñÿ íà [38], à ðàçäåë 2.2.2 � íà [108].

2.3 Ïëîñêàÿ ñóáðèìàíîâà çàäà÷à Ìàðòèíå

2.3.1 Ïîñòàíîâêà çàäà÷è

Ïëîñêàÿ ñóáðèìàíîâà ñòðóêòóðà Ìàðòèíå çàäàåòñÿ ìåòðèêîé ds2 = dx2 + dy2 íà ðàñïðåäåëåíèè Ìàð-
òèíå ∆ = {dz − 1

2y
2dx = 0} â ïðîñòðàíñòâå M = R3

x,y,z. Îðòîíîðìèðîâàííûé ðåïåð ìîæåò áûòü âûáðàí â
ôîðìå

X1 =
∂

∂x
+
y2

2

∂

∂z
, X2 =

∂

∂y
.
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Ïóñòü X3 =
∂

∂z
, òîãäà àëãåáðà Ëè, ïîðîæäåííàÿ ïîëÿìè X1, X2, èìååò òàáëèöó óìíîæåíèÿ

[X1, X2] = −yX3, [X2, [X1, X2]] = −X3,

[X1, [X1, X2]] = 0, adX3 = 0,

òî åñòü ýòî àëãåáðà Ýíãåëÿ (ñì. ðàçäåë 2.9).
Ïëîñêàÿ ñóáðèìàíîâà ñòðóêòóðà Ìàðòèíå íå ëåâîèíâàðèàíòíà, íî ìû âêëþ÷àåì åå â äàííûé îáçîð

èç-çà åå îñîáîé ðîëè â ñóáðèìàíîâîé ãåîìåòðèè:

� ýòî ïðîñòåéøàÿ ñóáðèìàíîâà ñòðóêòóðà ñ àíîðìàëüíûìè êðàò÷àéøèìè,

� ýòî ïðîñòåéøàÿ ñóáðèìàíîâà ñòðóêòóðà, â êîòîðîé ñôåðà íå ñóáàíàëèòè÷íà,

� ýòà ñòðóêòóðà ÿâëÿåòñÿ íèëüïîòåíòíîé àïïðîêñèìàöèåé îáùèõ ñóáðèìàíîâûõ ñòðóêòóð íà ðàñïðå-
äåëåíèè Ìàðòèíå,

� ýòî ïðîñòåéøàÿ ñóáðèìàíîâà ñòðóêòóðà, èíòåãðèðóåìàÿ â ýëëèïòè÷åñêèõ ôóíêöèÿõ è èíòåãðàëàõ.

Êðîìå òîãî, ïëîñêàÿ ñóáðèìàíîâà ñòðóêòóðà Ìàðòèíå åñòü ôàêòîð-ñòðóêòóðà ëåâîèíâàðèàíòíîé ñóáðè-
ìàíîâîé ñòðóêòóðû íà ãðóïïå Ýíãåëÿ (ñì. ðàçäåë 2.9), ïîýòîìó ãàìèëüòîíîâà ñèñòåìà äëÿ ýêñòðåìàëåé
Ìàðòèíå ñâîäèòñÿ ê óðàâíåíèþ ìàÿòíèêà, à ñàìè ýòè ýêñòðåìàëè ïðîåöèðóþòñÿ íà ïëîñêîñòü (x, y) â
ýéëåðîâû ýëàñòèêè (ñì. ðàçäåë 2.6).

Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ïëîñêîé ñóáðèìàíîâîé ñòðóêòóðû Ìàðòèíå èìååò âèä

q̇ = u1X1 + u2X2, q = (x, y, z) ∈ R3, u = (u1, u2) ∈ R2,

q(0) = q0, q(t1) = q1,

J =
1

2

∫ t1

0

(u21 + u22)dt→ min .

2.3.2 Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà

Ïðåäëîæåíèå 2.1. Àíîðìàëüíûå òðàåêòîðèè ñóòü {y = 0, z = z0}. Îíè íåñòðîãî àíîðìàëüíû.

Íîðìàëüíûå ýêñòðåìàëè ñóòü òðàåêòîðèè ãàìèëüòîíîâà ïîëÿ ñ ãàìèëüòîíèàíîì

H =
1

2
(h21 + h22) =

1

2
[(px +

y2

2
pz)

2 + p2y],

ãäå (px, py, pz) � êàíîíè÷åñêèå êîîðäèíàòû êîâåêòîðà λ ∈ T ∗M , è hi(λ) = ⟨λ,Xi(q)⟩, i = 1, 2, 3. Ñîîòâåò-

ñòâóþùàÿ ãàìèëüòîíîâà ñèñòåìà λ̇ = H⃗(λ) èìååò âèä

ẋ = px +
y2

2
pz, ṗx = 0,

ẏ = py, ṗy = −(px +
y2

2
pz)pzy,

ż = (px +
y2

2
pz)

y2

2
, ṗz = 0,

èëè

ẋ = h1, ḣ1 = yh2h3,

ẏ = h2, ḣ2 = −yh1h3, (2.2)

ż =
y2

2
h1, ḣ3 = 0.

Áóäåì ðàññìàòðèâàòü ýêñòðåìàëè íà ïîâåðõíîñòè óðîâíÿ {H = 1
2}, íà êîòîðîé ââåäåì êîîðäèíàòû

h1 = cos θ, h2 = sin θ, h3 = c.

2.3.3 Ñèììåòðèè

Îòðàæåíèÿ Ñóáðèìàíîâà ñòðóêòóðà (∆, ds2) ñîõðàíÿåòñÿ ãðóïïîé îòðàæåíèé

Sym = {Id, ε1, ε2, ε3} ∼= Z2 × Z2,

ε1 : (x, y, z) 7→ (x,−y, z), (θ, c) 7→ (π − θ, c),

ε2 : (x, y, z) 7→ (−x, y,−z), (θ, c) 7→ (−θ,−c),
ε3 : (x, y, z) 7→ (−x,−y,−z), (θ, c) 7→ (θ − π,−c).
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Äèëàòàöèè Ãàìèëüòîíîâà ñèñòåìà (2.2) ñîõðàíÿåòñÿ îäíîïàðàìåòðè÷åñêîé ãðóïïîé äèëàòàöèé

(x, y, z) 7→ (δ−1x, δ−1y, δ−3z),

(h1, h2, h3) 7→ (δ−1h1, δ
−1h2, δh3).

2.3.4 Ïàðàìåòðèçàöèÿ ãåîäåçè÷åñêèõ

Äàëåå ïðåäïîëàãàåòñÿ, ÷òî q0 = 0.

Ïðåäëîæåíèå 2.2. Íàòóðàëüíî ïàðàìåòðèçîâàííûå ãåîäåçè÷åñêèå, âûõîäÿùèå èç q0 = 0, ñóòü êðèâûå

xt = −t+ 2√
c
(E(u)− E(k)),

yt = − 2k√
c
cnu,

zt =
2

3c3/2
[(2k2 − 1)(E(u)− E(k)) + k′2t

√
c+ 2k2 snu cnudnu],

ãäå u = K + t
√
c, k = sin(π4 − θ

2 ), θ ∈ (−π
2 ,

π
2 ), c > 0, à òàêæå

xt = t sin θ, yt = t cos θ, zt =
t3

6
sin θ cos2 θ,

ãäå θ ∈ (−π
2 ,

π
2 ], è êðèâûå, ïîëó÷àþùèåñÿ èç óêàçàííûõ ñ ïîìîùüþ ñèììåòðèé ε1, ε2.

Îáîçíà÷èì ýêñïîíåíöèàëüíîå îòîáðàæåíèå

Exp : C × R+ →M, (λ, t) 7→ qt = π ◦ etH⃗(λ),

C = T ∗
q0M ∩

{
H =

1

2

}
.

2.3.5 Ñîïðÿæåííîå âðåìÿ

Åñëè ãåîäåçè÷åñêàÿ ïðîåöèðóåòñÿ íà ïëîñêîñòü (x, y) â ïðÿìóþ è ñòðîãî íîðìàëüíà, òî îíà îïòèìàëüíà,
ïîòîìó ñâîáîäíà îò ñîïðÿæåííûõ òî÷åê. Â àíîðìàëüíîì ñëó÷àå ãåîäåçè÷åñêàÿ îïòèìàëüíà è ñîñòîèò èç
ñîïðÿæåííûõ òî÷åê.

Ïóñòü λ = (θ, c) ∈ C, è ïóñòü ãåîäåçè÷åñêàÿ qt = Exp(λ, t) ïðîåöèðóåòñÿ íà ïëîñêîñòü (x, y) íå â ïðÿìóþ.
Áëàãîäàðÿ ñèììåòðèÿì ε1 è ε2 ìîæíî ñ÷èòàòü, ÷òî c > 0 è θ ∈ (−π

2 ,
π
2 ). Òîãäà ïåðâîå ñîïðÿæåííîå âðåìÿ

åñòü

t1conj(λ) = min{t > 0 | v2c1(v) + vc2(v) + c3(v) = 0},

c1(v) = k′2
cn v

dn v
,

c2(v) = k′2 sn v − 2k′2 E(v)
cn v

dn v
,

c3(v) = E2(v)
cn v

dn v
− E(v) sn v,

v = t
√
c.

Òåîðåìà 2.1. Ïóñòü qt = Exp(λ, t), λ ∈ C, t > 0, åñòü ãåîäåçè÷åñêàÿ, êîòîðàÿ ïðîåöèðóåòñÿ íà ïëîñ-
êîñòü (x, y) íå â ïðÿìóþ. Òîãäà

t1conj(λ) ∈

(
2K√
|c|
,
3K√
|c|

)
.

Ïðèáëèæåííûå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî îòíîøåíèå
t1conj ·

√
|c|

3K
åñòü ïðèáëèæåííî êîíñòàíòà 0, 97.

2.3.6 Âðåìÿ ðàçðåçà è ìíîæåñòâî ðàçðåçà

Òåîðåìà 2.2. Ãåîäåçè÷åñêèå, ïðîåöèðóþùèåñÿ íà ïëîñêîñòü (x, y) â ïðÿìóþ, ñóòü êðàò÷àéøèå. Ãåîäå-
çè÷åñêàÿ qt = Exp(λ, t), λ ∈ C, t > 0, ïðîåöèðóþùàÿñÿ íà ïëîñêîñòü (x, y) íå â ïðÿìóþ, èìååò âðåìÿ

ðàçðåçà tcut(λ) =
2K√
|c|
, ñîîòâåòñòâóþùåå åå ïåðâîìó ïåðåñå÷åíèþ ñ ïëîñêîñòüþ Ìàðòèíå {y = 0}.

Ìíîæåñòâî ðàçðåçà åñòü
Cut = {q ∈M | y = 0, z ̸= 0}.

Ýòî ìíîæåñòâî íå ïåðåñåêàåòñÿ ñ ïåðâîé êàóñòèêîé.
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2.3.7 Ñôåðà è ôðîíò

Ðàçíûå ñôåðû ñ öåíòðîì q0 = 0 ïåðåâîäÿòñÿ äðóã â äðóãà äèëàòàöèÿìè, ïîýòîìó äîñòàòî÷íî ðàññìîò-
ðåòü åäèíè÷íóþ ñôåðó

S = {q ∈M | d(q0, q) = 1}.
Ñôåðà S èçîáðàæåíà íà Ðèñ. 1 â êîîðäèíàòàõ (x, y, v), v = z − xy2/6. .

Ðèñ. 1: Ñôåðà â ïëîñêîì ñëó÷àå Ìàðòèíå

Òåîðåìà 2.3. Ïåðåñå÷åíèå ñôåðû S ñî ìíîæåñòâîì ðàçðåçà (ñì. Ðèñ. 2) åñòü êðèâàÿ k 7→ γ(k), ñîäåð-
æàùàÿñÿ â ïëîñêîñòè Ìàðòèíå {y = 0} è çàäàííàÿ ïàðàìåòðè÷åñêèìè óðàâíåíèÿìè

x(k) = −1 + 2
E(k)

K(k)
, (2.3)

z(k) =
1

6K3(k)
[(2k2 − 1)E(k) + k′2K(k)], (2.4)

ãäå k ∈ (0, 1), è êðèâàÿ, ïîëó÷åííàÿ èç γ ñèììåòðèåé ε2|{y=0} : (x, z) 7→ (−x,−z).
Åñëè k → +0, òî êðèâàÿ γ åñòü ñóæåíèå íà ïîëóïëîñêîñòü {z > 0} ãðàôèêà àíàëèòè÷åñêîé ôóíêöèè

z = − 2

3π2
(x− 1) + o(x− 1), x→ 1− 0.

Åñëè k → 1− 0, òî êðèâàÿ γ åñòü ãðàôèê ãëàäêîé íåàíàëèòè÷åñêîé ôóíêöèè

z =
X3

6
+ F (X) , X =

x+ 1

2
,

ãäå F åñòü ïëîñêàÿ ôóíêöèÿ

F (X) = −4X3e−
2
X + o

(
X3e−

2
X

)
, X → +0.

Òåîðåìà 2.4. Ïåðåñå÷åíèå ñôåðû S ñ ïëîñêîñòüþ Ìàðòèíå íå ñóáàíàëèòè÷íî, ïîýòîìó ñôåðà S íå
ñóáàíàëèòè÷íà.

Ðàññìîòðèì âîëíîâîé ôðîíò èç òî÷êè q0 çà åäèíè÷íîå âðåìÿ:

W = {q ∈M | q = Exp(λ, 1), λ ∈ C},

îñòàëüíûå ôðîíòû èç òî÷êè q0 ïåðåâîäÿòñÿ â ýòîò ôðîíò äèëàòàöèÿìè.

Òåîðåìà 2.5. Ïåðåñå÷åíèå âîëíîâîãî ôðîíòà W ñ ïëîñêîñòüþ Ìàðòèíå {y = 0} è ïîëóïðîñòðàíñòâîì
{z > 0} åñòü îáúåäèíåíèå êðèâûõ γn, n ∈ N, çàìûêàíèå êîòîðûõ èìååò äâå òî÷êè âåòâëåíèÿ x = ±1,
z = 0. Êðèâàÿ γn çàäàåòñÿ ïàðàìåòðè÷åñêèìè óðàâíåíèÿìè

xn(k) = −1 + 2
E(k)

K(k)
,

zn(k) =
1

6n2K3(k)
[(2k2 − 1)E(k) + k′2K(k)].
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Ðèñ. 2: Ïåðåñå÷åíèå ñôåðû ñ ïëîñêîñòüþ
Ìàðòèíå {y = 0}

Ýòà êðèâàÿ âáëèçè òî÷êè x = −1, z = 0 åñòü ãðàôèê ôóíêöèè

z =
1

6n2
X3 + F (X) ,

ãäå F (X) = αX3e−
2
X + o

(
X3e−

2
X

)
, α ̸= 0, à âáëèçè òî÷êè x = 1, z = 0 åñòü ãðàôèê ôóíêöèè

z = − 2

3n2π2
(x− 1) + o(x− 1).

Âíåøíÿÿ êðèâàÿ γ1 åñòü ïåðåñå÷åíèå γ ñôåðû ñ ïëîñêîñòüþ Ìàðòèíå {y = 0} è ïîëóïðîñòðàíñòâîì
{z > 0}, ñì. òåîðåìó 2.3.

Ïåðåñå÷åíèå ñôåðû S ñ ïëîñêîñòüþ Ìàðòèíå è ïîëóïðîñòðàíñòâîì {z > 0} åñòü ïàðàìåòðè÷åñêè çà-
äàííàÿ êðèâàÿ k 7→ (x(k), z(k)), k ∈ (0, 1), ñì. (2.3), (2.4). Ýòà êðèâàÿ ïðîäîëæàåòñÿ ïî íåïðåðûâíîñòè â
ïîëóïëîñêîñòü {z ⩾ 0} óñëîâèåì k ∈ [0, 1]. Ïîëó÷åííàÿ êðèâàÿ ïîëóàíàëèòè÷íà ïðè k ̸= 1. Îäíàêî ïðè
k = 1 ýòà êðèâàÿ íå ïîëóàíàëèòè÷íà, ïîýòîìó íå ñóáàíàëèòè÷íà.

Òåîðåìà 2.6. Ïåðåñå÷åíèå ñôåðû S ñ ïëîñêîñòüþ Ìàðòèíå {y = 0} è ïîëóïëîñêîñòüþ {z ⩾ 0} âáëèçè

òî÷êè X = 0, ãäå X =
x+ 1

2
, ÿâëÿåòñÿ ãðàôèêîì ôóíêöèè âèäà

z = F

(
X,

e−
1
X

X2

)
,

ãäå X ⩾ 0, è F åñòü àíàëèòè÷åñêîå îòîáðàæåíèå èç îêðåñòíîñòè òî÷êè (0, 0) ∈ R2 â R.
Ïîýòîìó ïåðåñå÷åíèå ñôåðû S ñ ïëîñêîñòüþ Ìàðòèíå ïðèíàäëåæèò exp-log êàòåãîðèè [116,117].

2.3.8 Áèáëèîãðàôè÷åñêèå êîììåíòàðèè

Ýòîò ðàçäåë îïèðàåòñÿ íà ðàáîòó [47].

2.4 Ñóáðèìàíîâà çàäà÷à íà ãðóïïå SE(2) åâêëèäîâûõ äâèæåíèé ïëîñêîñòè

2.4.1 Ïîñòàíîâêà çàäà÷è

Ìåõàíè÷åñêàÿ ïîñòàíîâêà Ðàññìîòðèì çàäà÷ó îá îïòèìàëüíîì äâèæåíèè äëÿ êèíåìàòè÷åñêîé ìîäå-
ëè ìîáèëüíîãî ðîáîòà íà ïëîñêîñòè. Ñîñòîÿíèå ðîáîòà çàäàåòñÿ åãî ïîëîæåíèåì íà ïëîñêîñòè (x, y) ∈ R2

è óãëîì îðèåíòàöèè θ ∈ S1 = R2/2πZ îòíîñèòåëüíî ïîëîæèòåëüíîãî íàïðàâëåíèÿ îñè àáñöèññ. Ðîáîò ìî-
æåò äâèãàòüñÿ ñ ïðîèçâîëüíîé ëèíåéíîé ñêîðîñòüþ u1 ∈ R è ïðè ýòîì ïîâîðà÷èâàòüñÿ ñ ïðîèçâîëüíîé
óãëîâîé ñêîðîñòüþ u2 ∈ R. Òðåáóåòñÿ ïåðåâåñòè ðîáîò èç íà÷àëüíîãî ñîñòîÿíèÿ g0 = (x0, y0, θ0) â êîíå÷íîå
ñîñòîÿíèå g1 = (x1, y1, θ1) âäîëü êðàò÷àéøåãî ïóòè â ïðîñòðàíñòâå ñîñòîÿíèé. Äëèíà ïóòè â ïðîñòðàíñòâå

ñîñòîÿíèé R2
x,y × S1

θ èçìåðÿåòñÿ èíòåãðàëîì
∫ t1
0
(ẋ2 + ẏ2 + α2θ̇2)1/2 dt, ãäå α > 0 � íåêîòîðîå çàäàííîå

÷èñëî, îïðåäåëÿþùåå êîìïðîìèññ ìåæäó ëèíåéíîé è óãëîâîé ñêîðîñòüþ.
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Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ è åå íîðìàëèçàöèÿ Îïèñàííàÿ çàäà÷à äëÿ ìîáèëüíîãî ðîáîòà
ôîðìàëèçóåòñÿ êàê çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ:

ẋ = u1 cos θ, ẏ = u1 sin θ, θ̇ = u2,

g = (x, y, θ) ∈ R2
x,y × S1

θ , u = (u1, u2) ∈ R2,

g(0) = g0, g(t1) = g1,

l =

∫ t1

0

√
u21 + α2u22 dt→ min .

Çàìåíîé ìàñøòàáà â ïëîñêîñòè (x, y):

(x, y, θ) 7→
(x
α
,
y

α
, θ
)
, (u1, u2) 7→

(u1
α
, u2

)
ìîæíî ñâåñòè ýòó çàäà÷ó ê ñëó÷àþ α = 1.

Ïàðàëëåëüíûìè ïåðåíîñàìè è ïîâîðîòàìè ïëîñêîñòè (x, y) ìîæíî äîáèòüñÿ ðàâåíñòâà g0 = (0, 0, 0).
Â èòîãå ïîëó÷àåì çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ:

ẋ = u1 cos θ, ẏ = u1 sin θ, θ̇ = u2, (2.5)

g = (x, y, θ) ∈ R2
x,y × S1

θ , u = (u1, u2) ∈ R2, (2.6)

g(0) = g0 = (0, 0, 0), g(t1) = g1 = (x1, y1, θ1), (2.7)

l =

∫ t1

0

√
u21 + u22 dt→ min . (2.8)

Ýòî ñóáðèìàíîâà çàäà÷à, çàäàííàÿ îðòîíîðìèðîâàííûì ðåïåðîì

X1 = cos θ
∂

∂x
+ sin θ

∂

∂y
, X2 =

∂

∂θ
. (2.9)

Ãðóïïà äâèæåíèé ïëîñêîñòè Ãðóïïà ñîáñòâåííûõ åâêëèäîâûõ äâèæåíèé ïëîñêîñòè G = SE(2) åñòü
ïîëóïðÿìîå ïðîèçâåäåíèå ãðóïïû ïàðàëëåëüíûõ ïåðåíîñîâ R2 è ãðóïïû âðàùåíèé SO(2):

SE(2) = R2 ⋉ SO(2).

Ýòà ãðóïïà èìååò ëèíåéíîå ïðåäñòàâëåíèå

SE(2) =


 cos θ − sin θ x

sin θ cos θ y
0 0 1

 | θ ∈ S1 = R/(2πZ), x, y ∈ R

 .

Äåéñòâèå äâèæåíèÿ g = (x, y, θ) íà âåêòîð (a, b) ∈ R2 âû÷èñëÿåòñÿ ñ ïîìîùüþ ìàòðè÷íîãî ïðîèçâåäåíèÿ:cos θ − sin θ x
sin θ cos θ y
0 0 1

 ·

ab
1

 =

a cos θ − b sin θ + x
a sin θ + b cos θ + y

1

 ,

òî åñòü
g : (a, b) 7→ (a cos θ − b sin θ + x, a sin θ + b cos θ + y).

Àëãåáðà Ëè ãðóïïû Ëè SE(2) åñòü

g = se(2) = span(E21 − E12, E13, E23),

ãäå Eij åñòü 3 × 3 ìàòðèöà ñ åäèíñòâåííûì íåíóëåâûì ýëåìåíòîì � åäèíèöåé â ñòðîêå i è ñòîëáöå j.
Áàçèñíûå ëåâîèíâàðèàíòíûå âåêòîðíûå ïîëÿ íà ãðóïïå SE(2) ñóòü

X1 = gE13 = cos θ
∂

∂x
+ sin θ

∂

∂y
,

X2 = g(E21 − E12) =
∂

∂θ
,

X3 = −gE23 = sin θ
∂

∂x
− cos θ

∂

∂y
,
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ñ òàáëèöåé óìíîæåíèÿ

[X1, X2] = X3, [X2, X3] = X1, [X1, X3] = 0. (2.10)

Îðòîíîðìèðîâàííûé ðåïåð (2.9) äëÿ ñóáðèìàíîâîé çàäà÷è (2.5)�(2.8) ñîñòîèò èç ëåâîèíâàðèàíòíûõ
ïîëåé, ïîýòîìó ýòà çàäà÷à � ëåâîèíâàðèàíòíàÿ ñóáðèìàíîâà çàäà÷à íà ãðóïïå G = SE(2).

Ñîãëàñíî êëàññèôèêàöèè Àãðà÷åâà-Áàðèëàðè [43], ýòî åäèíñòâåííàÿ, ñ òî÷íîñòüþ äî ëîêàëüíûõ èçî-
ìåòðèé, âïîëíå íåãîëîíîìíàÿ ñóáðèìàíîâà çàäà÷à íà SE(2), åé ñîîòâåòñòâóþò èíâàðèàíòû χ = κ = 1.

Ñóùåñòâîâàíèå îïòèìàëüíûõ óïðàâëåíèé â çàäà÷å (2.5)�(2.8) ñëåäóåò èç òåîðåì Ðàøåâñêîãî-×æîó è
Ôèëèïïîâà: ñèñòåìà èìååò ïîëíûé ðàíã, òàê êàê

g = span(X1, X2, X3), X3 = [X1, X2].

2.4.2 Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà

Àíîðìàëüíûå òðàåêòîðèè ïîñòîÿííû.
Íîðìàëüíûå ýêñòðåìàëè ñóòü òðàåêòîðèè ãàìèëüòîíîâîé ñèñòåìû λ̇ = H⃗(λ), λ ∈ T ∗G, ãäå H = (h21 +

h22)/2, hi(λ) = ⟨λ,Xi⟩, i = 1, 2, 3. Â êîîðäèíàòàõ ýòà ñèñòåìà çàïèñûâàåòñÿ êàê

ḣ1 = −h2h3, ḣ2 = h1h3, ḣ3 = h1h2, (2.11)

ẋ = h1 cos θ, ẏ = h1 sin θ, θ̇ = h2.

Íà ïîâåðõíîñòè óðîâíÿ {H = 1/2} â êîîðäèíàòàõ (γ, c), ãäå

h1 = sin
γ

2
, h2 = − cos

γ

2
, c = 2h3,

âåðòèêàëüíàÿ ïîäñèñòåìà (2.11) ãàìèëüòîíîâîé ñèñòåìû ïðèíèìàåò ôîðìó äâóëèñòíîãî íàêðûòèÿ ìàÿò-
íèêà:

γ̇ = c, ċ = − sin γ, (γ, c) ∈ C = g∗ ∩
{
H =

1

2

}
∼= (2S1

γ)× Rc, 2S1 = R/(4πZ). (2.12)

Ïåðâûé èíòåãðàë ýòîãî óðàâíåíèÿ � ýíåðãèÿ ìàÿòíèêà

E =
c2

2
− cos γ ∈ [−1,+∞). (2.13)

Ñèìïëåêòè÷åñêîå ñëîåíèå Íà êîàëãåáðå Ëè g∗ èìååòñÿ ôóíêöèÿ Êàçèìèðà F = h21 +h23. Ñèìïëåêòè-
÷åñêîå ñëîåíèå ñîñòîèò èç êðóãîâûõ öèëèíäðîâ {h21 + h23 = const > 0} è òî÷åê {h1 = h3 = 0, h2 = const}.

Ýíåðãèÿ ìàÿòíèêà åñòü ëèíåéíàÿ êîìáèíàöèÿ ôóíêöèè Êàçèìèðà è ãàìèëüòîíèàíà:

E = 2F − 2H.

Ñòðàòèôèêàöèÿ öèëèíäðà C è âûïðÿìëÿþùèå êîîðäèíàòû Öèëèíäð C ðàçáèâàåòñÿ íà èíâàðè-
àíòíûå ìíîæåñòâà ìàÿòíèêà (2.12) êðèòè÷åñêèìè ëèíèÿìè óðîâíÿ ýíåðãèè E:

C = ⊔5
i=1Ci, (2.14)

C1 = {λ ∈ C | E ∈ (−1, 1)},
C2 = {λ ∈ C | E ∈ (1,+∞)},
C3 = {λ ∈ C | E = 1, c ̸= 0},
C4 = {λ ∈ C | E = −1} = {(γ, c) ∈ C | γ = 2πn, c = 0},
C5 = {λ ∈ C | E = 1, c = 0} = {(γ, c) ∈ C | γ = π + 2πn, c = 0}, n ∈ Z.

Äëÿ ðåãóëÿðíîãî èíòåãðèðîâàíèÿ óðàâíåíèÿ ìàÿòíèêà (2.12) íà ñòðàòàõ C1, C2, C3 ââîäÿòñÿ êîîðäèíà-
òû (φ, k), âûïðÿìëÿþùèå ýòî óðàâíåíèå.

Åñëè λ = (γ, c) ∈ C1, òî

k =

√
E + 1

2
=

√
sin2

γ

2
+
c2

4
∈ (0, 1),

sin
γ

2
= s1k sn(φ, k), s1 = sgn cos(γ/2),

cos
γ

2
= s1 dn(φ, k),

c

2
= k cn(φ, k), φ ∈ [0, 4K(k)].
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Åñëè λ = (γ, c) ∈ C2, òî

k =

√
2

E + 1
=

1√
sin2 γ2 + c2

4

∈ (0, 1),

sin
γ

2
= s2 sn(φ/k, k), s2 = sgn c,

cos
γ

2
= cn(φ/k, k),

c

2
= (s2/k) dn(φ/k, k), φ ∈ [0, 4kK(k)].

Åñëè λ = (γ, c) ∈ C3, òî

k = 1,

sin
γ

2
= s1s2 thφ, s1 = sgn cos(γ/2), s2 = sgn c,

cos
γ

2
= s1/ chφ,

c

2
= s2/ chφ, φ ∈ (−∞,+∞).

Â êîîðäèíàòàõ (φ, k) ïîòîê ìàÿòíèêà (2.12) âûïðÿìëÿåòñÿ:

φ̇ = 1, k̇ = 0, λ = (φ, k) ∈ ∪3
i=1Ci.

Ïàðàìåòðèçàöèÿ ãåîäåçè÷åñêèõ Åñëè λ = (φ, k) ∈ C1, òî φt = φ+ t è

cos θt = cnφ cnφt + snφ snφt,

sin θt = s1(snφ cnφt − cnφ snφt),

θt = s1(amφ− amφt) (mod 2π),

xt = (s1/k)[cnφ(dnφ− dnφt) + snφ(t+ E(φ)− E(φt))],

yt = (1/k)[snφ(dnφ− dnφt)− cnφ(t+ E(φ)− E(φt))].

Åñëè λ ∈ C2, òî

cos θt = k2 snψ snψt + dnψ dnψt,

sin θt = k(snψ dnψt − dnψ snψt),

xt = s2k[dnψ(cnψ − cnψt) + snψ(t/k + E(ψ)− E(ψt))],

yt = s2[k
2 snψ(cnψ − cnψt)− dnψ(t/k + E(ψ)− E(ψt))],

ãäå
ψ = φ/k, ψt = φt/k = ψ + t/k.

Åñëè λ = (φ, k) ∈ C3, k = 1, òî φt = φ+ t è

cos θt = 1/(chφ chφt) + thφ thφt,

sin θt = s1(thφ/ chφt − thφt/ chφ),

xt = s1s2[(1/ chφ)(1/ chφ− 1/ chφt) + thφ(t+ thφ− thφt)],

yt = s2[thφ(1/ chφ− 1/ chφt)− (1/ chφ)(t+ thφ− thφt)].

Åñëè λ ∈ C4, òî
θt = −s1t, xt = 0, yt = 0.

Åñëè λ ∈ C5, òî
θt = 0, xt = t sgn sin(γ/2), yt = 0.

Ïðîåêöèè ãåîäåçè÷åñêèõ íà ïëîñêîñòü (x, y) â ñëó÷àÿõ C1, C2, C3 èçîáðàæåíû ñîîòâåòñòâåííî íà Ðèñ. 3,
4, 5.
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Ðèñ. 3: Íåèíôëåêñèîííàÿ êðèâàÿ
(xt, yt): λ ∈ C1

Ðèñ. 4: Èíôëåêñèîííàÿ êðèâàÿ
(xt, yt): λ ∈ C2

Ðèñ. 5: Òðàêòðèñà (xt, yt): λ ∈ C3

2.4.3 Ñèììåòðèè è ñòðàòû Ìàêñâåëëà

Ôàçîâûé ïîðòðåò ìàÿòíèêà (2.12) ñîõðàíÿåòñÿ ãðóïïîé ñèììåòðèé Sym, ïîðîæäåííîé îòðàæåíèÿìè
öèëèíäðà C â îñÿõ êîîðäèíàò γ, c, â íà÷àëå êîîðäèíàò (γ, c) = (0, 0), è ïîâîðîòîì íà óãîë 2π:

Sym = {Id, ε1, . . . ε7} ∼= Z2 × Z2 × Z2,

ãäå

ε1 : (γ, c) → (γ,−c),
ε2 : (γ, c) → (−γ, c),
ε3 : (γ, c) → (−γ,−c),
ε4 : (γ, c) → (γ + 2π, c),

ε5 : (γ, c) → (γ + 2π,−c),
ε6 : (γ, c) → (−γ + 2π, c),

ε7 : (γ, c) → (−γ + 2π,−c).

Ýòè ñèììåòðèè åñòåñòâåííî ïðîäîëæàþòñÿ íà ïðîîáðàç è îáðàç ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ.
Åñëè ν = (λ, t) = (γ, c, t) ∈ N = C × R+, òî ε

i(ν) = νi = (λi, t) = (γi, ci, t) ∈ N ,

(γ1, c1) = (γt,−ct),
(γ2, c2) = (−γt, ct),
(γ3, c3) = (−γ,−c),
(γ4, c4) = (γ + 2π, c),

(γ5, c5) = (γt + 2π,−ct),
(γ6, c6) = (−γt + 2π, ct),

(γ7, c7) = (−γ,−c).

Åñëè g = (x, y, θ) ∈ G, òî gi = εi(g) = (xi, yi, θi) ∈ G, ãäå

(x1, y1, θ1) = (x cos θ + y sin θ, x sin θ − y cos θ, θ),

(x2, y2, θ2) = (−x cos θ − y sin θ,−x sin θ + y cos θ, θ),

(x3, y3, θ3) = (−x,−y, θ),
(x4, y4, θ4) = (−x, y,−θ),
(x5, y5, θ5) = (−x cos θ − y sin θ, x sin θ − y cos θ,−θ),
(x6, y6, θ6) = (x cos θ + y sin θ,−x sin θ + y cos θ,−θ),
(x7, y7, θ7) = (x,−y,−θ).

Ïðåäëîæåíèå 2.3. Ãðóïïà Sym = {Id, ε1, . . . , ε7} åñòü ïîäãðóïïà ãðóïïû ñèììåòðèé ýêñïîíåíöèàëüíîãî
îòîáðàæåíèÿ.
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Òåîðåìà 2.7. Ïåðâîå âðåìÿ Ìàêñâåëëà, ñîîòâåòñòâóþùåå ãðóïïå ñèììåòðèé Sym, äëÿ ïî÷òè âñåõ
ãåîäåçè÷åñêèõ âûðàæàåòñÿ ñëåäóþùèì îáðàçîì:

λ ∈ C1 ⇒ t1MAX(λ) = 2K(k),

λ ∈ C2 ⇒ t1MAX(λ) = 2kp11(k),

λ ∈ C3 ⇒ t1MAX(λ) = +∞,

λ ∈ C4 ⇒ t1MAX(λ) = π,

λ ∈ C5 ⇒ t1MAX(λ) = +∞,

ãäå p = p11(k) ∈ (K(k), 2K(k)) åñòü ïåðâûé ïîëîæèòåëüíûé êîðåíü ôóíêöèè

f1(p, k) = cn p(E(p)− p)− dn p sn p.

Çàìå÷àíèå. Äëÿ òåõ ãåîäåçè÷åñêèõ, äëÿ êîòîðûõ ïåðâîå âðåìÿ Ìàêñâåëëà, ñîîòâåòñòâóþùåå ãðóïïå Sym,
íå ðàâíî t1MAX, îíî áîëüøå ýòîãî çíà÷åíèÿ, à t

1
MAX åñòü ïåðâîå ñîïðÿæåííîå âðåìÿ.

Òåîðåìà 2.8. Ôóíêöèÿ t1MAX : C → (0,+∞] èìååò ñëåäóþùèå ñâîéñòâà èíâàðèàíòíîñòè:

(1) t1MAX(λ) çàâèñèò òîëüêî îò E,

(2) t1MAX(λ) åñòü ïåðâûé èíòåãðàë ïîëÿ H⃗v,

(3) t1MAX(λ) èíâàðèàíòíî îòíîñèòåëüíî îòðàæåíèé εi ∈ Sym: åñëè (λ, t) ∈ C × R+, (λ
i, t) = εi(λ, t),

òî t1MAX(λ
i) = t1MAX(λ).

2.4.4 Îöåíêè ñîïðÿæåííîãî âðåìåíè

Òåîðåìà 2.9. (1) Åñëè λ ∈ C1 ∪ C3 ∪ C4 ∪ C5, òî t
1
conj(λ) = +∞.

(2) Åñëè λ ∈ C2, òî t
1
conj(λ) ∈ [2kp11, 4kK].

(3) Ñëåäîâàòåëüíî, t1conj(λ) ⩾ t1MAX(λ) äëÿ âñåõ λ ∈ C.

2.4.5 Äèôôåîìîðôíàÿ ñòðóêòóðà ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ

Ðàññìîòðèì ïîäìíîæåñòâî â ïðîñòðàíñòâå ñîñòîÿíèé, íå ñîäåðæàùåå íåïîäâèæíûõ òî÷åê îòðàæå-
íèé εi:

G̃ = {g ∈ G | εi(g) ̸= g, i = 1, . . . , 7} = {g ∈ G | R1(g)R2(g) sin θ ̸= 0},

R1 = y cos
θ

2
− x sin

θ

2
, R2 = x cos

θ

2
+ y sin

θ

2
,

è åãî ðàçáèåíèå íà êîìïîíåíòû ñâÿçíîñòè
G̃ = ⊔8

i=1Gi,

ãäå êàæäîå ìíîæåñòâî Gi õàðàêòåðèçóåòñÿ ïîñòîÿííûìè çíàêàìè ôóíêöèé sin θ, R1, R2, îïèñàííûìè â
òàáëèöå 1.

Gi G1 G2 G3 G4 G5 G6 G7 G8

sgn(sin θ) − − − − + + + +
sgn(R1) + + − − − − + +
sgn(R2) + − − + + − − +

Òàáëèöà 1: Îïðåäåëåíèå îáëàñòåé Gi

Òàêæå ðàññìîòðèì îòêðûòîå ïëîòíîå ïîäìíîæåñòâî â ïðîñòðàíñòâå âñåõ ïîòåíöèàëüíî îïòèìàëüíûõ
ãåîäåçè÷åñêèõ:

Ñ = {(λ, t) ∈ N | t < t1MAX(λ), ct/2 sin γt/2 ̸= 0},
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è åãî ñâÿçíûå êîìïîíåíòû

D1 = {(λ, t) ∈ N | t < t1MAX(λ), ct/2 > 0, γt/2 ∈ (−π, 0)},
D2 = {(λ, t) ∈ N | t < t1MAX(λ), ct/2 > 0, γt/2 ∈ (0, π)},
D3 = {(λ, t) ∈ N | t < t1MAX(λ), ct/2 < 0, γt/2 ∈ (0, π)},
D4 = {(λ, t) ∈ N | t < t1MAX(λ), ct/2 < 0, γt/2 ∈ (−π, 0)},
D5 = {(λ, t) ∈ N | t < t1MAX(λ), ct/2 > 0, γt/2 ∈ (π, 2π)},
D6 = {(λ, t) ∈ N | t < t1MAX(λ), ct/2 > 0, γt/2 ∈ (2π, 3π)},
D7 = {(λ, t) ∈ N | t < t1MAX(λ), ct/2 < 0, γt/2 ∈ (2π, 3π)},
D8 = {(λ, t) ∈ N | t < t1MAX(λ), ct/2 < 0, γt/2 ∈ (π, 2π)},

Ñ = ⊔8
i=1Di.

Òåîðåìà 2.10. Ñëåäóþùèå îòîáðàæåíèÿ ÿâëÿþòñÿ äèôôåîìîðôèçìàìè:

Exp : Di → Gi, i = 1, . . . , 8,

Exp : Ñ → G̃.

2.4.6 Âðåìÿ ðàçðåçà

Òåîðåìà 2.11. Äëÿ ëþáîãî λ ∈ C
tcut(λ) = t1MAX(λ).

Âðåìÿ ðàçðåçà èíâàðèàíòíî îòíîñèòåëüíî âåðòèêàëüíîé êîìïîíåíòû ãàìèëüòîíîâà ïîëÿ H⃗v, ïîýòîìó
ñóáðèìàíîâà ñòðóêòóðà íà ãðóïïå SE(2) ýêâèîïòèìàëüíà.

2.4.7 Ìíîæåñòâî ðàçðåçà è åãî ñòðàòèôèêàöèÿ

Òåîðåìà 2.12. Ìíîæåñòâî ðàçðåçà åñòü 2-ìåðíîå ñòðàòèôèöèðîâàííîå ìíîãîîáðàçèå ñî ñòðàòèôèêà-
öèåé

Cut = Cutglob ⊔Cut+loc ⊔Cut−loc,

Cutglob = {q ∈M | θ = π},
Cut+loc = {q ∈M | θ ∈ (−π, π), R2 = 0, R1 ⩾ R1

1(|θ|)},
Cut−loc = {q ∈M | θ ∈ (−π, π), R2 = 0, R1 ⩽ −R1

1(|θ|)},

ãäå

R1 = R1
1(θ), θ ∈ [0, π],

R1
1(θ) = 2(F (v11(k), k)− E(v11(k), k)), k = k11(θ),

v11(k) = am(p11(k), k), k ∈ [0, 1),

à ôóíêöèÿ k = k11(θ), θ ∈ [0, π], åñòü îáðàòíàÿ ôóíêöèÿ ê óáûâàþùåé ôóíêöèè

θ(k) = 2 arcsin(k sin v11(k)), k ∈ [0, 1].

Íà÷àëüíàÿ òî÷êà g0 = Id ñîäåðæèòñÿ â çàìûêàíèè êàæäîé êîìïîíåíòû Cut+loc, Cut
−
loc, è îòäåëåíà îò

êîìïîíåíòû Cutglob.

Ìíîæåñòâî ðàçðåçà Cut ⊂ SE(2) èçîáðàæåíî íà Ðèñ. 6 (â âûïðÿìëÿþùèõ êîîðäèíàòàõ R1 = y cos θ2 −
x sin θ

2 , R2 = x cos θ2 + y sin θ
2 ) è íà Ðèñ. 7 (ïðè âëîæåíèè â ïîëíîòîðèé � ìîäåëü ãðóïïû SE(2)).

2.4.8 Ñôåðû

Ñóáðèìàíîâû ñôåðû SR ãîìåîìîðôíû (íî íå äèôôåîìîðôíû):

� åâêëèäîâîé ñôåðå S2 ïðè R ∈ (0, π),

� ñôåðå ñ îòîæäåñòâëåííûìè ïîëþñàìè S è N : S2/{S ∼ N} ïðè R = π,

� òîðó T2 ïðè R > π,

Íà Ðèñ. 8, 9, 10 èçîáðàæåíû ñóáðèìàíîâû ñôåðû ðàäèóñîâ π/2, π, 3π/2 ñîîòâåòñòâåííî, âëîæåííûå â
ïîëíîòîðèé � ìîäåëü ãðóïïû SE(2).
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Ðèñ. 6: Ìíîæåñòâî ðàçðåçà â âûïðÿìëÿþùèõ êîîðäèíàòàõ (R1, R2, θ)

Ðèñ. 7: Ìíîæåñòâî ðàçðåçà â SE(2)

Ðèñ. 8: Ñóáðèìàíîâà ñôåðà Sπ/2 ⊂ SE(2)
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Ðèñ. 9: Ñóáðèìàíîâà ñôåðà Sπ ⊂ SE(2)

Ðèñ. 10: Ñóáðèìàíîâà ñôåðà S3π/2 ⊂ SE(2)
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2.4.9 Ìåòðè÷åñêèå ïðÿìûå

Ìåòðè÷åñêèå ïðÿìûå, ïðîõîäÿùèå ÷åðåç åäèíè÷íûé ýëåìåíò g0 = Id, ñóòü g(t) = Exp(λ, t), t ∈ R, ãäå
λ ∈ C3∪C5. Ãåîäåçè÷åñêèå Exp(λ, t), λ ∈ C3, ïðîåöèðóþòñÿ íà ïëîñêîñòü (x, y) â òðàêòðèñû, à ãåîäåçè÷åñêèå
Exp(λ, t), λ ∈ C5 � â ïðÿìûå (x, y) = (±t, 0).

2.4.10 Ìîäåëü âåëîñèïåäà

Ñóáðèìàíîâó çàäà÷ó íà ãðóïïå SE(2) ìîæíî ðàññìàòðèâàòü êàê çàäà÷ó îá îïòèìàëüíîì äâèæåíèè
ìîäåëè âåëîñèïåäà.

Ïóñòü ïåðåäíåå è çàäíåå êîëåñà âåëîñèïåäà êàñàþòñÿ çåìëè â òî÷êàõ f è b ñîîòâåòñòâåííî, à ðàññòîÿíèå
ìåæäó ýòèìè òî÷êàìè (äëèíà ðàìû âåëîñèïåäà) ïîñòîÿííî è ðàâíî ℓ. Ïðè äâèæåíèè âåëîñèïåäà òî÷êè
f è b ïðîáåãàþò äâå êðèâûå � ïåðåäíèé è çàäíèé ïóòè. Ïðè ýòîì îòðåçîê f − b â êàæäûé ìîìåíò
âðåìåíè êàñàåòñÿ çàäíåãî ïóòè. Íàçîâåì äâèæåíèå âåëîñèïåäà îïòèìàëüíûì, åñëè îíî ìèíèìèçèðóåò
äëèíó ïåðåäíåãî ïóòè. Òîãäà çàäà÷à îá îïòèìàëüíîì äâèæåíèè âåëîñèïåäà åñòü â òî÷íîñòè ñóáðèìàíîâà
çàäà÷à íà ãðóïïå SE(2) (2.5)�(2.8).

Áóäåì ãîâîðèòü, ÷òî äâå êðèâûå íà ïëîñêîñòè èìåþò îäèíàêîâóþ ôîðìó, åñëè îäíó èç íèõ ìîæíî
ïåðåâåñòè â äðóãóþ êîìïîçèöèåé äâèæåíèé è ðàñòÿæåíèé. Øèðèíà ïëîñêîé êðèâîé åñòü íèæíÿÿ ãðàíü
ðàññòîÿíèé ìåæäó äâóìÿ ïàðàëëåëüíûìè ïðÿìûìè, îãðàíè÷èâàþùèìè ïîëîñó, ñîäåðæàùóþ ýòó êðèâóþ.

Òåîðåìà 2.13. Îïòèìàëüíàÿ òðàåêòîðèÿ ïåðåäíåãî êîëåñà âåëîñèïåäà b(t) åñòü ëèáî ïðÿìàÿ, ëèáî äóãà
íåèíôëåêñèîííîé ýëàñòèêè øèðèíû íå áîëüøå 2ℓ. Òàêèì îáðàçîì âîçíèêàåò ëþáàÿ ôîðìà íåèíôëåêñè-
îííîé ýëàñòèêè.

Òåîðåìà 2.14. Áåñêîíå÷íîå äâèæåíèå âåëîñèïåäà ÿâëÿåòñÿ îïòèìàëüíûì íà êàæäîì ñâîåì îòðåçêå
òîãäà è òîëüêî òîãäà, êîãäà îíî èìååò îäèí èç ñëåäóþùèõ äâóõ òèïîâ:

(1) ïåðåäíèé ïóòü b(t) åñòü ïðÿìàÿ, à çàäíèé ïóòü f(t) åñòü òðàêòðèñà èëè ïðÿìàÿ,

(2) ïåðåäíèé ïóòü b(t) åñòü ñîëèòîí Ýéëåðà (êðèòè÷åñêàÿ ýëàñòèêà) øèðèíû 2ℓ, à çàäíèé ïóòü f(t)
åñòü òðàêòðèñà.

2.4.11 Ãðóïïà èçîìåòðèé è îäíîðîäíûå ãåîäåçè÷åñêèå

Òåîðåìà 2.15. Ãðóïïà èçîìåòðèé ñóáðèìàíîâîé ñòðóêòóðû íà SE(2) åñòü Isom(SE(2)) = SE(2)⋊ (Z2 ×
Z2), ãäå ñïðàâà ïåðâûé ñîìíîæèòåëü SE(2) äåéñòâóåò íà ñåáå ëåâûìè ñäâèãàìè, âòîðîé ñîìíîæèòåëü
Z2 äåéñòâóåò íà ïàðó (b, f) êàê îòðàæåíèå ïëîñêîñòè â êàêîé-íèáóäü îñè, à òðåòèé ñîìíîæèòåëü Z2

äåéñòâóåò êàê îòðàæåíèå (b, f) 7→ (b, 2b− f).

Ãåîäåçè÷åñêàÿ γ íà ñóáðèìàíîâîì ìíîãîîáðàçèè M íàçûâàåòñÿ îäíîðîäíîé, åñëè îíà ÿâëÿåòñÿ îäíî-
ðîäíûì ïðîñòðàíñòâîì íåêîòîðîé îäíîïàðàìåòðè÷åñêîé ïîäãðóïïû â ãðóïïå èçîìåòðèé Isom(M), ò.å. ñó-
ùåñòâóåò îäíîïàðàìåòðè÷åñêàÿ ïîäãðóïïà {φs | s ∈ R} ⊂ Isom(M) òàêàÿ, ÷òî:

1. ∀ s ∈ R φs(γ) ⊂ γ,

2. ∀ g1, g2 ∈ γ ∃ s ∈ R : φs(g1) = g2.

Ñóáðèìàíîâî ìíîãîîáðàçèå íàçûâàåòñÿ ãåîäåçè÷åñêè îðáèòàëüíûì, åñëè âñå åãî ãåîäåçè÷åñêèå îäíî-
ðîäíû.

Òåîðåìà 2.16. Îäíîðîäíûå ãåîäåçè÷åñêèå íà SE(2) åñòü g(t) = Exp(λ, t), λ ∈ C4∪C5. Ýòî îäíîïàðàìåò-
ðè÷åñêèå ïîäãðóïïû etX2 è etX1 , îíè ïðîåöèðóþòñÿ íà ïëîñêîñòü (x, y) ñîîòâåòñòâåííî â òî÷êó (0, 0) è
ïðÿìóþ y = 0.

Ïîýòîìó SE(2) íå ÿâëÿåòñÿ ãåîäåçè÷åñêè îðáèòàëüíûì ïðîñòðàíñòâîì.

2.4.12 Áèáëèîãðàôè÷åñêèå êîììåíòàðèè

Ðàçäåëû 2.4.1�2.4.3 îïèðàþòñÿ íà [49], ðàçäåëû 2.4.4�2.4.6, 2.4.8, 2.4.9 � íà [50], ðàçäåë 2.4.7 � íà [51],
ðàçäåëû 2.4.10 è 2.4.11 � íà [52,53].
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2.5 Ñóáðèìàíîâà çàäà÷à íà ãðóïïå SH(2)
äâèæåíèé ïñåâäîåâêëèäîâîé ïëîñêîñòè

2.5.1 Ãðóïïà SH(2) äâèæåíèé ïñåâäîåâêëèäîâîé ïëîñêîñòè

Ïñåâäîåâêëèäîâà ïëîñêîñòü Ïñåâäîåâêëèäîâîé ïëîñêîñòüþ íàçûâàåòñÿ äâóìåðíîå âåùåñòâåííîå ëè-
íåéíîå ïðîñòðàíñòâî, â êîòîðîì çàäàíà çíàêîïåðåìåííàÿ áèëèíåéíàÿ ôîðìà

(x,y) = x1y1 − x2y2, x = (x1, x2), y = (y1, y2).

Ðàññòîÿíèå r ìåæäó òî÷êàìè x = (x1, x2) è y = (y1, y2) îïðåäåëÿåòñÿ ôîðìóëàìè

r2 = (x− y,x− y) = (x1 − y1)
2 − (x2 − y2)

2,

r =

{
|r| ïðè r2 ⩾ 0,

i|r| ïðè r2 < 0.

Ìíîæåñòâî òî÷åê x = (x1, x2), íàõîäÿùèõñÿ íà íóëåâîì ðàññòîÿíèè îò íà÷àëà êîîðäèíàò (x21 − x22 = 0),
íàçûâàåòñÿ ñâåòîâûì êîíóñîì. Äîïîëíåíèå ïñåâäîåâêëèäîâîé ïëîñêîñòè äî ñâåòîâîãî êîíóñà ðàñïàäàåòñÿ
íà 4 ñâÿçíûå êîìïîíåíòû � êâàäðàíòû (sgn(x1 − x2) = ±1, sgn(x1 + x2) = ±1).

Ãðóïïà Ëè SH(2) è àëãåáðà Ëè sh(2) Äâèæåíèåì ïñåâäîåâêëèäîâîé ïëîñêîñòè íàçûâàåòñÿ åå ëèíåé-
íîå ïðåîáðàçîâàíèå, ñîõðàíÿþùåå îðèåíòàöèþ, êâàäðàíòû, è ðàññòîÿíèå ìåæäó òî÷êàìè ýòîé ïëîñêîñòè.
Ãðóïïà äâèæåíèé ïñåâäîåâêëèäîâîé ïëîñêîñòè îáîçíà÷àåòñÿ SH(2). Ýòà ãðóïïà èìååò ëèíåéíîå ïðåäñòàâ-
ëåíèå

SH(2) =


 ch z sh z x

sh z ch z y
0 0 1

 | x, y, z,∈ R

 .

Äåéñòâèå äâèæåíèÿ g = (x, y, z) íà òî÷êó a = (a1, a2) ïñåâäîåâêëèäîâîé ïëîñêîñòè âû÷èñëÿåòñÿ ñ ïîìîùüþ
ìàòðè÷íîãî ïðîèçâåäåíèÿ: ch z sh z x

sh z ch z y
0 0 1

 a1
a2
1

 =

 a1 ch z + a2 sh z + x
a1 sh z + a2 ch z + y

1

 ,

ò.å. g : (a1, a2) 7→ (a1 ch z + a2 sh z + x, a1 sh z + a2 ch z + y).
G = SH(2) åñòü ãðóïïà Ëè ñ àëãåáðîé Ëè g = sh(2) = span(E21 + E12, E13, E23). Áàçèñíûå ëåâîèíâàðè-

àíòíûå âåêòîðíûå ïîëÿ íà ãðóïïå SH(2) ñóòü

X1 = Lg∗E13 = ch z
∂

∂ x
+ sh z

∂

∂ y
,

X2 = Lg∗(E21 + E12) =
∂

∂ z
,

X3 = Lg∗E23 = sh z
∂

∂ x
+ ch z

∂

∂ y
,

ñ òàáëèöåé óìíîæåíèÿ
[X1, X2] = −X3, [X2.X3] = X1, [X1, X3] = 0. (2.15)

2.5.2 Ñóáðèìàíîâà çàäà÷à íà SH(2)

Ðàññìîòðèì ñóáðèìàíîâó çàäà÷ó íà ãðóïïå SH(2) ñ îðòîíîðìèðîâàííûì ðåïåðîì (X1, X2):

ġ = u1X1 + u2X2, g ∈ G = SH(2), u = (u1, u2) ∈ R2, (2.16)

g(0) = g0 = Id, g(t1) = g1, (2.17)

l =

∫ t1

0

√
u21 + u22dt→ min . (2.18)

Ñîãëàñíî êëàññèôèêàöèè Àãðà÷åâà-Áàðèëàðè [43], ýòî åäèíñòâåííàÿ, ñ òî÷íîñòüþ äî ëîêàëüíûõ èçî-
ìåòðèé, íåèíòåãðèðóåìàÿ ñóáðèìàíîâà çàäà÷à ðàíãà 2 íà ãðóïïå SH(2), åé ñîîòâåòñòâóþò èíâàðèàíòû
χ = −κ = 1.
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2.5.3 Ãåîäåçè÷åñêèå

Ñóùåñòâîâàíèå îïòèìàëüíûõ óïðàâëåíèé â çàäà÷å (2.16)�(2.18) ñëåäóåò èç òåîðåì Ðàøåâñêîãî-×æîó è
Ôèëèïïîâà.

Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà Àíîðìàëüíûå òðàåêòîðèè ïîñòîÿííû.
Íîðìàëüíûå ýêñòðåìàëè ñóòü ïðîåêöèè òðàåêòîðèé ãàìèëüòîíîâîé ñèñòåìû λ̇ = H⃗(λ), λ ∈ T ∗G, ãäå

H = (h21 + h22)/2, hi(λ) = ⟨λ,Xi⟩, i = 1, 2, 3. Â êîîðäèíàòàõ ýòà ñèñòåìà çàïèñûâàåòñÿ êàê

ḣ1 = h2h0, (2.19)

ḣ2 = −h1h0, (2.20)

ḣ0 = h1h2, (2.21)

ẋ = h1 ch z,

ẏ = h1 sh z,

ż = h2.

Íà ïîâåðõíîñòè óðîâíÿ {H = 1/2} â êîîðäèíàòàõ (γ, c), ãäå

h1 = cos
γ

2
, h2 = sin

γ

2
, c = −2h3,

âåðòèêàëüíàÿ ïîäñèñòåìà (2.19)�(2.21) ïðèíèìàåò ôîðìó äâóëèñòíîãî íàêðûòèÿ ìàÿòíèêà

γ̇ = c, ċ = − sin γ, (γ, c) ∈ g∗ ∩ {H = 1/2} ≃ (2S1
γ)× Rc. (2.22)

Ïåðâûé èíòåãðàë ýòîãî óðàâíåíèÿ � ýíåðãèÿ ìàÿòíèêà

E =
c2

2
− cos γ = 2h23 − h21 + h22 ∈ [−1,+∞).

Ñèìïëåêòè÷åñêîå ñëîåíèå Íà êîàëãåáðå Ëè g∗ èìååòñÿ ôóíêöèÿ Êàçèìèðà F = h21 −h23. Ñèìïëåêòè-
÷åñêîå ñëîåíèå ñîñòîèò èç:

� ãèïåðáîëè÷åñêèõ öèëèíäðîâ (êîìïîíåíò ñâÿçíîñòè ïîâåðõíîñòåé {h21 − h23 = const ̸= 0}),

� ïîëóïëîñêîñòåé (êîìïîíåíò ñâÿçíîñòè ïîâåðõíîñòè {h21 − h23 = 0, h21 + h23 ̸= 0}),

� òî÷åê {h1 = h3 = 0, h2 = const}.

Ýíåðãèÿ ìàÿòíèêà åñòü ëèíåéíàÿ êîìáèíàöèÿ ôóíêöèè Êàçèìèðà è ãàìèëüòîíèàíà: E = 2H − 2F .

Ñòðàòèôèêàöèÿ öèëèíäðà C è âûïðÿìëÿþùèå êîîðäèíàòû Òàê êàê âåðòèêàëüíàÿ ïîäñèñòåìà
ãàìèëüòîíîâîé ñèñòåìû äëÿ çàäà÷è íà SH(2) � ìàÿòíèê (2.22) � ñîâïàäàåò ñ òàêîâîé ñèñòåìîé (2.12) äëÿ
çàäà÷è íà SE(2), òî ñòðàòèôèêàöèÿ öèëèíäðà C è âûïðÿìëÿþùèå êîîðäèíàòû (φ, k) äëÿ çàäà÷è íà SH(2)
ñîâïàäàþò ñ òàêîâûìè äëÿ çàäà÷è íà SE(2), ñì. ï. 2.4.2.

Ïàðàìåòðèçàöèÿ ãåîäåçè÷åñêèõ Åñëè λ = (φ, k) ∈ C1, òî φt = φ+ t è x
y
z

 =


s1
2

[(
w + 1

w(1−k2)

)
[E(φ)− E(φ0)] +

(
k

w(1−k2) − kw
)
[snφ− snφ0]

]
1
2

[(
w − 1

w(1−k2)

)
[E(φ)− E(φ0)]−

(
k

w(1−k2) + kw
)
[snφ− snφ0]

]
s1 ln [(dnφ− kcnφ)w]


ãäå w = 1

dnφ0−kcnφ0
.

Åñëè λ = (φ, k) ∈ C2, òî ψ = φ
k , ψt =

φt

k = ψ + t
k è

x =
1

2

(
1

w(1− k2)
− w

)[
E(ψ)− E(ψ0)− k′2(ψ − ψ0)

]
+
1

2

(
kw +

k

w(1− k2)

)
[snψ − snψ0] ,

y = −s2
2

(
1

w(1− k2)
+ w

)[
E(ψ)− E(ψ0)− k′2(ψ − ψ0)

]
+
s2
2

(
kw − k

w(1− k2)

)
[snψ − snψ0] ,

z = s2 ln[(dnψ − kcnψ)w],
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ãäå w = 1
dnψ0−kcnψ0

.

Åñëè λ = (φ, k) ∈ C3, k = 1, òî φt = φ+ t è x
y
z

 =

 s1
2

[
1
w (φ− φ0) + w (thφ− thφ0)

]
s2
2

[
1
w (φ− φ0)− w (thφ− thφ0)

]
−s1s2 ln[w sechφ]

 ,

ãäå w = chφ0.
Åñëè λ = (γ, c) ∈ C4, òî  x

y
z

 =

 sgn
(
cos γ2

)
t

0
0

 .

Åñëè λ = (γ, c) ∈ C5, òî  x
y
z

 =

 0
0

sgn
(
sin γ

2

)
t

 .

Ïðîåêöèÿ ãåîäåçè÷åñêîé íà ïëîñêîñòü (x, y) èìååò êðèâèçíó
tg γ

2

(ch 2z)3/2
. Îíà èìååò òî÷êè ïåðåãèáà ïðè

sin γ
2 = 0 (åñëè λ ∈ C1 ∪ C2 ∪ C3) è òî÷êè âîçâðàòà ïðè cos γ2 = 0 (åñëè λ ∈ C2).

2.5.4 Ñèììåòðèè è ñòðàòû Ìàêñâåëëà

Ôàçîâûé ïîðòðåò ìàÿòíèêà (2.22) èìååò ãðóïïó ñèììåòðèé Sym = {Id, ε1, . . . , ε7}, îïèñàííóþ â ðàçäåëå
2.4.3. Ïðîäîëæåíèå ýòîé ãðóïïû ñèììåòðèé íà ïðîîáðàç ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ N = C × R+

îïèñàíî â òîì æå ðàçäåëå. Ïðîäîëæåíèå ýòîé ãðóïïû ñèììåòðèé íà îáðàç ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ
èìååò âèä

εi : g = (x, y, z) 7→ gi = εi(g) = (xi, yi, zi),

ãäå

(x1, y1, z1) = (x ch z − y sh z, x sh z − y ch z, z),

(x2, y2, z2) = (x ch z − y sh z, −x sh z + y ch z, −z),
(x3, y3, z3) = (x, −y, −z),
(x4, y4, z4) = (−x, y, −z), (2.23)

(x5, y5, z5) = (−x ch z + y sh z, x sh z − y ch z, −z),
(x6, y6, z6) = (−x ch z + y sh z, −x sh z + y ch z, z),

(x7, y7, z7) = (−x, −y, z).

Èìååò ìåñòî ïðåäëîæåíèå, àíàëîãè÷íîå ïðåäëîæåíèþ 2.3.

Òåîðåìà 2.17. Ïåðâîå âðåìÿ Ìàêñâåëëà, ñîîòâåòñòâóþùåå ãðóïïå ñèììåòðèé Sym, äëÿ ïî÷òè âñåõ
ãåîäåçè÷åñêèõ âûðàæàåòñÿ ñëåäóþùèì îáðàçîì:

λ ∈ C1 =⇒ t1MAX(λ) = 4K(k),

λ ∈ C2 =⇒ t1MAX(λ) = 4kK(k),

λ ∈ C3 ∪ C4 ∪ C5 =⇒ t1MAX(λ) = +∞.

Èìååò ìåñòî

Ñëåäñòâèå 2.1. Äëÿ ëþáîãî λ ∈ C ïåðâîå âðåìÿ Ìàêñâåëëà t1MAX ðàâíî ïåðèîäó êîëåáàíèé ìàÿòíèêà
(2.22).

Èìååò ìåñòî òåîðåìà, àíàëîãè÷íàÿ òåîðåìå 2.8.

2.5.5 Îöåíêè ñîïðÿæåííîãî âðåìåíè

Îáîçíà÷èì ÷åðåç p11(k) ∈ (2K, 3K) ïåðâûé ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ cn pE(p)− sn pdn p = 0.

Òåîðåìà 2.18. Åñëè λ ∈ C1, òî 4K(k) ⩽ t1conj(λ) ⩽ 2p11(k). Áîëåå òîãî,

lim
k→+0

t1conj(λ) = 2π, lim
k→1−0

t1conj(λ) = +∞.
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Òåîðåìà 2.19. Åñëè λ ∈ C2, òî 4kK(k) ⩽ t1conj(λ) ⩽ 2kp11(k). Áîëåå òîãî,

lim
k→+0

t1conj(λ) = 0, lim
k→1−0

t1conj(λ) = +∞.

Òåîðåìà 2.20. Åñëè λ ∈ C4, òî t
1
conj(λ) = 2π.

Åñëè λ ∈ C3 ∪ C5, òî t
1
conj(λ) = +∞.

Òåîðåìà 2.21. Íèæíèå îöåíêè äëÿ t1conj(λ) ïðè λ ∈ C1∪C2, ïðèâåäåííûå â òåîðåìàõ 2.18 è 2.19, òî÷íû:

(1) åñëè λ = (φ, k) ∈ C1 è snφ = 0, òî t1conj(λ) = 4K(k),

(2) åñëè λ = (φ, k) ∈ C2 è sn φ
k = 0, òî t1conj(λ) = 4kK(k).

2.5.6 Âðåìÿ ðàçðåçà

Òåîðåìà 2.22. Äëÿ ëþáîãî λ ∈ C

tcut(λ) = min(t1MAX(λ), t
1
conj(λ)) =


4K(k), λ ∈ C1,

4kK(k), λ ∈ C2,

2π, λ ∈ C4,

+∞, λ ∈ C3 ∪ C5.

Òåîðåìà 2.23. (1) Ôóíêöèÿ tcut : C → (0,+∞] çàâèñèò òîëüêî îò ýíåðãèè E ìàÿòíèêà (2.22).

(2) Ôóíêöèÿ tcut èíâàðèàíòíà îòíîñèòåëüíî âåðòèêàëüíîé êîìïîíåíòû ãàìèëüòîíîâà ïîëÿ H⃗v è ñèì-
ìåòðèé εi ∈ Sym.

(3) Ôóíêöèÿ tcut ÿâëÿåòñÿ íåïðåðûâíîé íà C è ãëàäêîé íà C1 ∪ C2.

(4) limE→−1 tcut = 2π, limE→1 tcut = +∞, limE→+∞ tcut = 0.

2.5.7 Äèôôåîìîðôíàÿ ñòðóêòóðà ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ

Ðàññìîòðèì îòêðûòîå âñþäó ïëîòíîå ïîäìíîæåñòâî â G, íå ñîäåðæàùåå ïåðâûõ òî÷åê Ìàêñâåëëà:

G̃ = {g ∈ G | z ̸= 0}

è åãî ðàçáèåíèå íà êîìïîíåíòû ñâÿçíîñòè

G̃ = G1 ⊔G2, G1 = {g ∈ G | z > 0}, G2 = {g ∈ G | z < 0}.

Òàêæå ðàññìîòðèì îòêðûòîå ïëîòíîå ïîäìíîæåñòâî â ïðîñòðàíñòâå âñåõ ïîòåíöèàëüíî îïòèìàëüíûõ ãåî-
äåçè÷åñêèõ

Ñ =
{
(λ, t) ∈ ∪3

i=1N1 ∪N5 | t < tcut(λ), sin
(γt/2

2

)
̸= 0
}

è åãî ðàçáèåíèå íà êîìïîíåíòû ñâÿçíîñòè

Ñ = D1 ⊔D2,

D1 =
{
(λ, t) ∈ Ñ | sin

(γt/2
2

)
> 0
}
,

D2 =
{
(λ, t) ∈ Ñ | sin

(γt/2
2

)
< 0
}
.

Òåîðåìà 2.24. Îòîáðàæåíèÿ

Exp : Di → Gi, i = 1, 2,

Exp : Ñ → G̃

ñóòü äèôôåîìîðôèçìû.
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2.5.8 Ìíîæåñòâî ðàçðåçà

Òåîðåìà 2.25. Ìíîæåñòâî ðàçðåçà Cut ñîäåðæèòñÿ â ïëîñêîñòè {z = 0}. Èìååò ìåñòî ðàçáèåíèå íà
ñâÿçíûå êîìïîíåíòû:

Cut = Cut+loc ⊔Cut−loc ⊔Cut+glob ⊔Cut−glob,

ãäå

� Cut+loc åñòü ÷àñòü ïëîñêîñòè {z = 0}, îãðàíè÷åííàÿ êðèâîé

x = ±4ka(k)

1− k2
, y =

4a(k)

1− k2
, k ∈ [0, 1),

a(k) = E(k)− (1− k2)K(k),

ñîäåðæàùàÿ ëó÷ {z = x = 0, y > 0} çà âû÷åòîì íà÷àëüíîé òî÷êè Id = {x = y = z = 0},

� Cut−loc ïîëó÷àåòñÿ èç Cut+loc îòðàæåíèåì (x, y) 7→ (x,−y),

� Cut+glob åñòü ÷àñòü ïëîñêîñòè {z = 0}, îãðàíè÷åííàÿ êðèâîé

x =
4E(k)

1− k2
, y = ±4kE(k)

1− k2
, k ∈ [0, 1),

a(k) = E(k)− (1− k2)K(k),

ñîäåðæàùàÿñÿ â ïîëóïëîñêîñòè {z = 0, x > 0},

� Cut−glob ïîëó÷àåòñÿ èç Cut+glob îòðàæåíèåì (x, y) 7→ (−x,−y).

Êîìïîíåíòû ñâÿçíîñòè Cut±loc ñîäåðæàò â ñâîåì çàìûêàíèè íà÷àëüíóþ òî÷êó Id, à êîìïîíåíòû Cut±glob
íåò.

Ìíîæåñòâî ðàçðåçà èçîáðàæåíî íà Ðèñ. 11. Íà Ðèñ. 12 èçîáðàæåíî ìíîæåñòâî ðàçðåçà è ïåðâàÿ êàó-
ñòèêà Conj1.

-10 -5 0 5 10

-10

-5

0

5

10

x

y

Ðèñ. 11: Ìíîæåñòâî ðàçðåçà íà SH(2)

2.5.9 Ñôåðû

Ñóáðèìàíîâû ñôåðû SR, R > 0, ãîìåîìîðôíû äâóìåðíîé åâêëèäîâîé ñôåðå, ñì. ñôåðó Sπ íà Ðèñ. 13
è ñôåðó S2π íà Ðèñ. 14.

Ñôåðû èìåþò îñîáåííîñòè ïðè ïåðåñå÷åíèè ñî ìíîæåñòâîì ðàçðåçà, ñì. ïåðåñå÷åíèå Cut è Sπ∩{z < 0}
íà Ðèñ. 15 è ïåðåñå÷åíèå Cut è S2π ∩ {z < 0} íà Ðèñ. 16.
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Ðèñ. 12: Ïåðâàÿ êàóñòèêà è ìíîæåñòâî ðàçðåçà íà
SH(2)

Ðèñ. 13: Ñôåðà Sπ ⊂ SH(2) Ðèñ. 14: Ñôåðà S2π ⊂ SH(2)
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Ðèñ. 15: Ïåðåñå÷åíèå ïîëóñôåðû Sπ ∩{z < 0} ñî
ìíîæåñòâîì ðàçðåçà

Ðèñ. 16: Ïåðåñå÷åíèå ïîëóñôåðû S2π ∩ {z < 0}
ñî ìíîæåñòâîì ðàçðåçà

2.5.10 Ñòðóêòóðà îïòèìàëüíîãî ñèíòåçà

Òåîðåìà 2.26. (1) Äëÿ ëþáîé òî÷êè g1 ∈ Cut \Conj1 = int{z=0} Cut ñóùåñòâóþò ðîâíî äâå êðàò÷àé-
øèå, ñîåäèíÿþùèå òî÷êè Id è g1, ïðè÷åì äëÿ ýòèõ êðàò÷àéøèõ g1 åñòü òî÷êà ðàçðåçà è òî÷êà
Ìàêñâåëëà, íî íå ñîïðÿæåííàÿ òî÷êà.

(2) Äëÿ ëþáîé òî÷êè g1 ∈ Cut∩Conj1 = (∂{z=0} Cut) \ {Id} ñóùåñòâóåò åäèíñòâåííàÿ êðàò÷àéøàÿ,
ñîåäèíÿþùàÿ òî÷êè Id è g1, ïðè÷åì äëÿ ýòîé êðàò÷àéøåé g1 åñòü òî÷êà ðàçðåçà è ñîïðÿæåííàÿ
òî÷êà, íî íå òî÷êà Ìàêñâåëëà.

(3) Äëÿ ëþáîé òî÷êè g1 ∈ G \ (Cut∪ Id) ñóùåñòâóåò åäèíñòâåííàÿ êðàò÷àéøàÿ, ñîåäèíÿþùàÿ òî÷êè
Id è g1, ïðè÷åì äëÿ ýòîé êðàò÷àéøåé g1 íå ÿâëÿåòñÿ íè òî÷êà ðàçðåçà, íè ñîïðÿæåííîé òî÷êîé,
íè òî÷êîé Ìàêñâåëëà.

2.5.11 Ìåòðè÷åñêèå ïðÿìûå

Ìåòðè÷åñêèå ïðÿìûå, ïðîõîäÿùèå ÷åðåç åäèíè÷íûé ýëåìåíò Id, ñóòü

g(t) = Exp(λ, t), t ∈ R, λ ∈ C3 ∪ C5.

2.5.12 Áèáëèîãðàôè÷åñêèå êîììåíòàðèè

Ðàçäåë 2.5.1 îïèðàåòñÿ íà êíèãó [39], ðàçäåëû 2.5.2, 2.5.3 � íà [54], ðàçäåëû 2.5.4, 2.5.5 � íà [55],
ðàçäåëû 2.5.6�2.5.11 � íà [56].

2.6 Çàäà÷à Ýéëåðà îá ýëàñòèêàõ

2.6.1 Èñòîðèÿ çàäà÷è

Â 1691 ãîäó ß. Áåðíóëëè ðàññìîòðåë çàäà÷ó î ôîðìå îäíîðîäíîãî ïëîñêîãî óïðóãîãî ñòåðæíÿ, ñæè-
ìàåìîãî âíåøíåé ñèëîé. Îí âûâåë óðàâíåíèÿ äëÿ óïðóãîãî ñòåðæíÿ, çàêðåïëåííîãî âåðòèêàëüíî â ãî-
ðèçîíòàëüíîé ñòåíå è ñîãíóòîãî ñèëîé, íàïðàâëÿþùåé åãî âåðõíèé êîíåö ãîðèçîíòàëüíî (ïðÿìîóãîëüíàÿ
ýëàñòèêà):

dy =
x2dx√
1− x4

, ds =
dx√
1− x4

, x ∈ [0, 1),

ãäå (x, y) åñòü óïðóãèé ñòåðæåíü, à s � åãî ïàðàìåòð äëèíû (ñòåðæåíü îòêëîíÿåòñÿ ïî ãîðèçîíòàëè íà
ðàññòîÿíèå 1). ß. Áåðíóëëè ïðîèíòåãðèðîâàë ýòè äèôôåðåíöèàëüíûå óðàâíåíèÿ â ðÿäàõ è ïîëó÷èë äâó-
ñòîðîííèå îöåíêè èõ ðåøåíèÿ â êîíå÷íîé òî÷êå x = 1 [64].
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Â 1742 ãîäó Ä. Áåðíóëëè â ñâîåì ïèñüìå [63] ê Ýéëåðó íàïèñàë, ÷òî óïðóãàÿ ýíåðãèÿ ñòåðæíÿ ïðî-

ïîðöèîíàëüíà âåëè÷èíå J =

∫
ds

R2
, ãäå R � ðàäèóñ êðèâèçíû ñòåðæíÿ, è ïðåäëîæèë îòûñêèâàòü ôîðìó

óïðóãîãî ñòåðæíÿ èç âàðèàöèîííîãî ïðèíöèïà J → min. Â ýòî âðåìÿ Ýéëåð ïèñàë ñâîé òðàêòàò ïî âà-
ðèàöèîííîìó èñ÷èñëåíèþ ¾Methodus inveniendi . . . ¿ [60], îïóáëèêîâàííûé â 1744 ãîäó, è ñíàáäèë ñâîþ
êíèãó ïðèëîæåíèåì ¾De curvis elesticis¿, â êîòîðîì îí ïðèìåíèë òîëüêî ÷òî ðàçðàáîòàííûå ìåòîäû ê çà-
äà÷å îá óïðóãèõ ñòåðæíÿõ. Ýéëåð ðàññìîòðåë òîíêóþ îäíîðîäíóþ óïðóãóþ ïëàñòèíó, ïðÿìîëèíåéíóþ â
åñòåñòâåííîì (íå íàïðÿæåííîì) ñîñòîÿíèè. Îí ïîñòàâèë ñëåäóþùóþ çàäà÷ó äëÿ ïðîôèëÿ ïëàñòèíû:

¾. . . ñðåäè âñåõ êðèâûõ îäíîé è òîé æå äëèíû, êîòîðûå íå òîëüêî ïðîõîäÿò ÷åðåç A è B, íî è êàñàþò-
ñÿ â ýòèõ òî÷êàõ ïðÿìûõ, çàäàííûõ ïî ïîëîæåíèþ, îïðåäåëèòü òó, äëÿ êîòîðîé çíà÷åíèå âûðàæåíèÿ∫ B

A

ds

R2
áóäåò íàèìåíüøèì¿.

Ýéëåð íàïèñàë óðàâíåíèå, èçâåñòíîå ñåé÷àñ êàê óðàâíåíèå Ýéëåðà-Ëàãðàíæà, äëÿ ñîîòâåòñòâóþùåé
âàðèàöèîííîé çàäà÷è è ñâåë åãî ê óðàâíåíèÿì

dy =
(α+ βx+ γx2) dx√
a4 − (α+ βx+ γx2)2

, ds =
a2 dx√

a4 − (α+ βx+ γx2)2
,

ïàðàìåòðû êîòîðûõ âûðàæàþòñÿ ÷åðåç óïðóãèå õàðàêòåðèñòèêè è äëèíó ñòåðæíÿ, à òàêæå âåëè÷èíó íà-
ãðóçêè. Ãîâîðÿ ñîâðåìåííûì ÿçûêîì, Ýéëåð èññëåäîâàë êà÷åñòâåííîå ïîâåäåíèå ýëëèïòè÷åñêèõ ôóíêöèé,
ïàðàìåòðèçóþùèõ óïðóãèå êðèâûå ñ ïîìîùüþ êà÷åñòâåííîãî àíàëèçà îïðåäåëÿþùèõ èõ óðàâíåíèé. Ïî-
ñëå ðàáîòû Ëåîíàðäà Ýéëåðà êðèâûå, ïðåäñòàâëÿþùèå ôîðìó îäíîðîäíîãî ïëîñêîãî ñòðåæíÿ, íàçûâàþòñÿ
ýëàñòèêàìè Ýéëåðà. Ýéëåð îïèñàë âñå òèïû ýëàñòèê è óêàçàë çíà÷åíèÿ ïàðàìåòðîâ, äëÿ êîòîðûõ ýòè òèïû
ðåàëèçóþòñÿ. Ýéëåð ðàçäåëèë âñå ýëàñòèêè íà 9 êëàññîâ, èçîáðàæåííûõ íà ðèñóíêàõ:

1. ïðÿìàÿ ëèíèÿ,

2. ñèíóñîîáðàçíàÿ êðèâàÿ, Ðèñ. 19,

3. ïðÿìîóãîëüíàÿ ýëàñòèêà, Ðèñ. 20,

4. Ðèñ. 21,

5. çàìêíóòàÿ ýëàñòèêà â ôîðìå âîñüìåðêè, Ðèñ. 22,

6. Ðèñ. 23,

7. íåïåðèîäè÷åñêàÿ ýëàñòèêà ñ îäíîé ïåòëåé, ¾ñîëèòîí Ýéëåðà¿, Ðèñ. 24,

8. Ðèñ. 25,

9. îêðóæíîñòü.

Ýëàñòèêè òèïîâ 2�6, èìåþùèå òî÷êè ïåðåãèáà, íàçûâàþòñÿ èíôëåêñèîííûìè, ýëàñòèêà òèïà 7 íàçûâàåò-
ñÿ êðèòè÷åñêîé, à ýëàñòèêè òèïà 8 áåç òî÷åê ïåðåãèáà íàçûâàþòñÿ íåèíôëåêñèîííûìè. Ñåìåéñòâî âñåõ
ýëàñòèê èçîáðàæåíî íà Ðèñ. 17.

Ïåðâóþ ÿâíóþ ïàðàìåòðèçàöèþ ýëàñòèê Ýéëåðà ïîëó÷èë Ë. Çààëøþòö â 1880 ã. [73].
Â 1906 ã. áóäóùèé íîáåëåâñêèé ëàóðåàò Ìàêñ Áîðí çàùèòèë äèññåðòàöèþ ¾Óñòîé÷èâîñòü óïðóãèõ

êðèâûõ íà ïëîñêîñòè è â ïðîñòðàíñòâå¿ [66]. Îí ðàññìîòðåë çàäà÷ó îá ýëàñòèêàõ ìåòîäàìè âàðèàöèîííîãî
èñ÷èñëåíèÿ è âûâåë èç óðàâíåíèÿ Ýéëåðà-Ëàãðàíæà óðàâíåíèÿ

ẋ = cos θ, ẏ = sin θ,

Aθ̈ +R sin(θ − γ) = 0, A,R, γ = const .

Òî åñòü óãîë θ íàêëîíà ýëàñòèê óäîâëåòâîðÿåò óðàâíåíèþ ìàòåìàòè÷åñêîãî ìàÿòíèêà. Äàëåå, Áîðí èçó÷èë
óñòîé÷èâîñòü ýëàñòèê ñ çàêðåïëåííûìè êîíöàìè è êàñàòåëüíûìè íà êîíöàõ. Îí äîêàçàë, ÷òî äóãà ýëàñòè-
êè áåç òî÷åê ïåðåãèáà óñòîé÷èâà (â ýòîì ñëó÷àå óãîë θ ìîíîòîíåí è ìîæåò áûòü âûáðàí ïàðàìåòðîì íà
ýëàñòèêå; Áîðí ïîêàçàë, ÷òî âòîðàÿ âàðèàöèÿ ôóíêöèîíàëà óïðóãîé ýíåðãèè J = 1

2

∫
θ̇2dt ïîëîæèòåëüíà).

Â îáùåì ñëó÷àå Áîðí çàïèñàë ÿêîáèàí, îáðàùàþùèéñÿ â íóëü â ñîïðÿæåííûõ òî÷êàõ. Â ñèëó ñëîæíî-
ñòè ôóíêöèé, âõîäÿùèõ â ÿêîáèàí, Áîðí îãðàíè÷èëñÿ ÷èñëåííûì èññëåäîâàíèåì ñîïðÿæåííûõ òî÷åê. Îí
ïåðâûì ÷èñëåííî ïîñòðîèë ÷åðòåæè ýëàñòèê è ïðîâåðèë òåîðåòè÷åñêèå ðåçóëüòàòû ñ ïîìîùüþ ýêñïåðè-
ìåíòîâ ñ óïðóãèìè ñòåðæíÿìè. Áîëåå òîãî, Áîðí èññëåäîâàë óñòîé÷èâîñòü ýëàñòèê ñ ðàçëè÷íûìè äðóãèìè
ãðàíè÷íûìè óñëîâèÿìè è ïîëó÷èë íåêîòîðûå ðåçóëüòàòû äëÿ òðåõìåðíûõ óïðóãèõ êðèâûõ.

Â 1993 ã. Â. Äæóðäæåâè÷ [98] îáíàðóæèë ýëàñòèêè Ýéëåðà â çàäà÷å î êà÷åíèè øàðà ïî ïëîñêîñòè
áåç ïðîêðó÷èâàíèÿ è ïðîñêàëüçûâàíèÿ (ñì. ðàçäåë 2.8), à Ð. Áðîêåòò è Ë. Äàè [112] � â ñóáðèìàíîâîé

27



Ðèñ. 17: Ýëàñòèêè Ýéëåðà

çàäà÷å íà ãðóïïå Êàðòàíà (ñì. ðàçäåë 2.10). Ýëàñòèêè Ýéëåðà òàêæå óäèâèòåëüíûì îáðàçîì ïîÿâëÿþòñÿ
â ïëîñêîé ñóáðèìàíîâîé çàäà÷å Ìàðòèíå (ñì. ðàçäåë 2.3), ñóáðèìàíîâûõ çàäà÷àõ íà ãðóïïàõ SE(2) (ñì.
ðàçäåë 2.4) è íà ãðóïïå Ýíãåëÿ (ñì. ðàçäåë 2.9). Áûëî áû èíòåðåñíî ïîíÿòü, ïî÷åìó ýëàñòèêè Ýéëåðà
ïîÿâëÿþòñÿ â ñòîëüêèõ çàäà÷àõ îïòèìàëüíîãî óïðàâëåíèÿ.

Äàëåå çàäà÷à Ýéëåðà îá ýëàñòèêàõ èññëåäîâàëàñü â ðàáîòàõ [57,59,61,71,74�77], íà êîòîðûå îïèðàåòñÿ
èçëîæåíèå â ýòîì ðàçäåëå.

2.6.2 Ïîñòàíîâêà çàäà÷è

Ìåõàíè÷åñêàÿ ïîñòàíîâêà Ïóñòü îäíîðîäíûé óïðóãèé ñòåðæåíü íà ïëîñêîñòè R2 èìååò äëèíó l > 0.
Âûáåðåì ëþáûå òî÷êè a0, a1 ∈ R2 è ïðîèçâîëüíûå åäèíè÷íûå êàñàòåëüíûå âåêòîðà vi ∈ TaiR2, |vi| = 1,
i = 0, 1. Çàäà÷à çàêëþ÷àåòñÿ â òîì, ÷òîáû íàéòè ïðîôèëü ñòåðæíÿ γ : [0, l] → R2, |γ̇(s)| ≡ 1, âûõîäÿùåãî
èç òî÷êè a0 è ïðèõîäÿùåãî â òî÷êó a1 ñ ñîîòâåòñòâóþùèìè êàñàòåëüíûìè âåêòîðàìè v0 è v1:

γ(0) = a0, γ(l) = a1,

γ̇(0) = v0, γ̇(l) = v1,

ñ ìèíèìàëüíîé óïðóãîé ýíåðãèåé

J =
1

2

∫ l

0

k2(s)ds→ min,

ãäå k(s) � êðèâèçíà êðèâîé γ(s).

Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ Âûáåðåì íà ïëîñêîñòè R2 äåêàðòîâû êîîðäèíàòû (x, y). Áóäåì
îáîçíà÷àòü ïàðàìåòð äëèíû s íà êðèâîé γ ÷åðåç t, è ïóñòü t1 = l. Èñêîìàÿ êðèâàÿ èìååò ïàðàìåòðèçàöèþ
γ(t) = (x(t), y(t)), t ∈ [0, t1], à åå ãðàíè÷íûå òî÷êè èìåþò êîîðäèíàòû ai = (xi, yi), i = 0, 1. Îáîçíà÷èì
÷åðåç θ(t) óãîë ìåæäó êàñàòåëüíûì âåêòîðîì γ̇(t) è ïîëîæèòåëüíûì íàïðàâëåíèåì îñè x. Íàêîíåö, ïóñòü
êàñàòåëüíûå âåêòîðû â ãðàíè÷íûõ òî÷êàõ êðèâîé γ èìåþò êîîðäèíàòû vi = (cos θi, sin θi), i = 0, 1, ñì.
Ðèñ. 18.

Òîãäà èñêîìàÿ êðèâàÿ γ(t) = (x(t), y(t)) åñòü ïðîåêöèÿ òðàåêòîðèè ñëåäóþùåé óïðàâëÿåìîé ñèñòåìû:

ẋ = cos θ, (2.24)

ẏ = sin θ, (2.25)

θ̇ = u, (2.26)

g = (x, y, θ) ∈M = R2
x,y × S1

θ , u ∈ R, (2.27)

g(0) = g0 = (x0, y0, θ0), g(t1) = g1 = (x1, y1, θ1), t1 ôèêñèðîâàíî. (2.28)

Äëÿ íàòóðàëüíî ïàðàìåòðèçîâàííîé êðèâîé γ êðèâèçíà ðàâíà óãëîâîé ñêîðîñòè: k = θ̇ = u, îòêóäà ïîëó-
÷àåì ôóíêöèîíàë êà÷åñòâà

J =
1

2

∫ t1

0

u2(t) dt→ min . (2.29)
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a1

a0

γ(t) θ(t)

θ0
θ1

x

y

Ðèñ. 18: Ïîñòàíîâêà çàäà÷è îá ýëàñòèêàõ
Ýéëåðà

Åñòåñòâåííûé êëàññ äîïóñòèìûõ óïðàâëåíèé äëÿ çàäà÷è (2.24)�(2.29) åñòü u(·) ∈ L2[0, t1], ïîýòîìó äîïó-
ñòèìàÿ òðàåêòîðèÿ åñòü g(·) ∈W 1,2([0, t1],M).

Â âåêòîðíûõ îáîçíà÷åíèÿõ çàäà÷à ïðèíèìàåò ôîðìó:

ġ = X1(g) + uX2(g), g ∈M = R2 × S1, u ∈ R, (2.30)

g(0) = g0, g(t1) = g1, t1 ôèêñèðîâàíî,

J =
1

2

∫ t1

0

u2dt→ min, u ∈ L2[0, t1],

ãäå âåêòîðíûå ïîëÿ â ïðàâîé ÷àñòè ñèñòåìû (2.30) ñóòü

X1 = cos θ
∂

∂ x
+ sin θ

∂

∂ y
, X2 =

∂

∂ θ
.

Ïðîñòðàíñòâî ñîñòîÿíèé M = R2 × S1 èìååò åñòåñòâåííóþ ñòðóêòóðó ãðóïïû äâèæåíèé ïëîñêîñòè G =
R2 ⋉ SO(2), ñì. ðàçäåë 2.4. Ïðè ýòîì âåêòîðíûå ïîëÿ X1, X2 ñòàíîâÿòñÿ ëåâîèíâàðèàíòíûìè ïîëÿìè íà
ãðóïïå Ëè G. Òàáëèöà óìíîæåíèÿ â àëãåáðå Ëè g = se(2) ïðèâåäåíà â (2.10).

Òàêèì îáðàçîì, çàäà÷à Ýéëåðà îá ýëàñòèêàõ (2.24)�(2.29) åñòü ëåâîèíâàðèàíòíàÿ çàäà÷à îïòèìàëüíîãî
óïðàâëåíèÿ íà ãðóïïå SE(2). Ïîýòîìó ìîæíî ñ÷èòàòü, ÷òî g0 = Id = (0, 0, 0).

2.6.3 Ìíîæåñòâî äîñòèæèìîñòè

Òåîðåìà 2.27. Ìíîæåñòâî äîñòèæèìîñòè ñèñòåìû (2.30) èç òî÷êè Id = (0, 0, 0) çà âðåìÿ t1 > 0 åñòü

A(t1) = {(x, y, θ) ∈ G | x2 + y2 < t21 èëè (x, y, θ) = (t1, 0, 0)}.

Òîïîëîãè÷åñêè ìíîæåñòâî äîñòèæèìîñòèA(t1) åñòü îòêðûòûé ïîëíîòîðèé (âíóòðåííîñòü òîðà) ñ îäíîé
òî÷êîé íà ãðàíèöå. Áóäåì äàëåå ðàññìàòðèâàòü çàäà÷ó îá ýëàñòèêàõ ïðè åñòåñòâåííîì óñëîâèè óïðàâëÿå-
ìîñòè: g1 ∈ A(t1).

2.6.4 Ñóùåñòâîâàíèå è îãðàíè÷åííîñòü îïòèìàëüíûõ óïðàâëåíèé

Òåîðåìà 2.28. Ïóñòü g1 ∈ A(t1). Òîãäà ñóùåñòâóåò îïòèìàëüíîå óïðàâëåíèå u ∈ L2[0, t1]. Áîëåå òîãî,
u ∈ L∞[0, t1]. Ïîýòîìó îïòèìàëüíîå óïðàâëåíèå óäîâëåòâîðÿåò ïðèíöèïó ìàêñèìóìà Ïîíòðÿãèíà.

2.6.5 Ýêñòðåìàëè

Àíîðìàëüíûå òðàåêòîðèè Ïðîõîäÿùàÿ ÷åðåç òî÷êó Id íàòóðàëüíî ïàðàìåòðèçîâàííàÿ àíîðìàëüíàÿ
òðàåêòîðèÿ åñòü (x, y, θ) = (t, 0, 0), t ∈ [0, t1]. Îíà ïðîåöèðóåòñÿ íà ïëîñêîñòü (x, y) â îòðåçîê � ýòî óïðóãèé
ñòåðæåíü â îòñóòñòâèå âíåøíèõ ñèë. Óïðóãàÿ ýíåðãèÿ â ýòîì ñëó÷àå äîñòèãàåò àáñîëþòíîãî ìèíèìóìà J =
0, ïîýòîìó àíîðìàëüíàÿ òðàåêòîðèÿ îïòèìàëüíà. Èìåííî ýòà òðàåêòîðèÿ ïðèõîäèò â åäèíñòâåííóþ òî÷êó
(t1, 0, 0) íà ãðàíèöå ìíîæåñòâà äîñòèæèìîñòè A(t1). Àíîðìàëüíàÿ òðàåêòîðèÿ îäíîâðåìåííî íîðìàëüíà.

Íîðìàëüíûå ýêñòðåìàëè Íîðìàëüíûå ýêñòðåìàëè óäîâëåòâîðÿþò ãàìèëüòîíîâîé ñèñòåìå λ̇ = H⃗(λ),
λ ∈ T ∗G, ãäå H = h1 +

1
2h

2
2, hi(λ) = ⟨λ,Xi⟩, i = 1, 2, 3. Â êîîðäèíàòàõ ýòà ñèñòåìà èìååò âèä

ḣ1 = −h2h3, ḣ2 = h3, ḣ3 = h1h2, (2.31)

ġ = X1 + h2X2. (2.32)
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Âåðòèêàëüíàÿ ïîäñèñòåìà (2.31) èìååò èíòåãðàë � ôóíêöèþ Êàçèìèðà F = h21 + h23.
Ââåäåì êîîðäèíàòû

c = h2, h1 = −r cos γ, h2 = −r sin γ,

â êîòîðûõ âåðòèêàëüíàÿ ïîäñèñòåìà (2.31) ïðèíèìàåò ôîðìó ìàòåìàòè÷åñêîãî ìàÿòíèêà

γ̇ = c, ċ = −r sin γ, c ∈ R, γ ∈ S1, r ≡ const ⩾ 0, (2.33)

èçâåñòíîãî êàê êèíåòè÷åñêèé àíàëîã Êèðõãîôà äëÿ ýëàñòèê. Ïîëíàÿ ýíåðãèÿ ìàÿòíèêà åñòü

E = H =
c2

2
− r cos γ ∈ [−r,+∞).

Ñòðàòèôèêàöèÿ ïðîîáðàçà ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ è âûïðÿìëÿþùèå êîîðäèíàòû

Ýêñïîíåíöèàëüíîå îòîáðàæåíèå çà âðåìÿ t1 > 0 â çàäà÷å îá ýëàñòèêàõ åñòü

Expt1 : N = g∗ → G, λ 7→ π ◦ et1H⃗(λ),

ãäå π : T ∗G→ G åñòü êàíîíè÷åñêàÿ ïðîåêöèÿ.
Ïðîîáðàç ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ N = g∗ ðàçáèâàåòñÿ íà èíâàðèàíòíûå ìíîãîîáðàçèÿ ãà-

ìèëüòîíîâà ïîëÿ H⃗ êðèòè÷åñêèìè ìíîæåñòâàìè ýíåðãèè E = H:

N = ⊔7
i=1Ni,

N1 = {λ ∈ N | r ̸= 0, E ∈ (−r, r)},
N2 = {λ ∈ N | r ̸= 0, E ∈ (r,+∞)},
N3 = {λ ∈ N | r ̸= 0, E = r, γ ̸= π},
N4 = {λ ∈ N | r ̸= 0, E = −r},
N5 = {λ ∈ N | r ̸= 0, E = r, γ = π},
N6 = {λ ∈ N | r = 0, c ̸= 0},
N7 = {λ ∈ N | r = c = 0}.

Íà ìíîæåñòâàõ N1, N2, N3 ââåäåì êîîðäèíàòû (φ, k, r) ñëåäóþùèì îáðàçîì:

λ = (γ, c, r) ∈ N1 ⇒


sin γ

2 = k sn(
√
rφ, k),

c
2 = k

√
r cn(

√
rφ, k),

cos γ2 = dn(
√
rφ, k),

k =

√
E + r

2r
∈ (0, 1),

√
rφ (mod 4K(k)) ∈ [0, 4K(k)],

λ = (γ, c, r) ∈ N2 ⇒


sin γ

2 = ± sn
(√

rφ
k , k

)
,

c
2 = ±

√
r
k dn

(√
rφ
k , k

)
,

cos γ2 = cn
(√

rφ
k , k

)
,

k =

√
2r

E + r
∈ (0, 1),

√
rφ (mod 2K(k)k) ∈ [0, 2K(k)k], ± = sgn c,

λ = (γ, c, r) ∈ N3 ⇒


sin γ

2 = ± th(
√
rφ),

c
2 = ±

√
r

ch(
√
rφ)

,

cos γ2 = 1
ch(

√
rφ)

,

k = 1, φ ∈ R, ± = sgn c.

Ïàðàìåòðèçàöèÿ ýêñòðåìàëåé Â îáëàñòè N1 ∩N2 ∪N3 óðàâíåíèå ìàÿòíèêà âûïðÿìëÿåòñÿ:

φ̇ = 1, k̇ = ṙ = 0,

ïîýòîìó èìååò ðåøåíèÿ
φt = φ+ t, k, r ≡ const .
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Â èñõîäíûõ êîîðäèíàòàõ (γ, c) óðàâíåíèå ìàÿòíèêà (2.33) èìååò ðåøåíèÿ:

λ ∈ N1 ⇒


sin γt

2 = k1 sn(
√
rφt),

cos γt2 = dn(
√
rφt),

ct
2 = k

√
r cn(

√
rφt),

λ ∈ N2 ⇒


sin γt

2 = ± sn
(√

rφt

k

)
,

cos γt2 = cn
(√

rφt

k

)
,

ct
2 = ±

√
r
k dn

(√
rφt

k

)
, ± = sgn c,

λ ∈ N3 ⇒


sin γt

2 = ± th(
√
rφt),

cos γt2 = 1
ch(

√
rφt)

,
ct
2 = ±

√
r

ch(
√
rφt)

, ± = sgn c.

Â âûðîæäåííûõ ñëó÷àÿõ ∪7
i=4Ni óðàâíåíèå ìàÿòíèêà (2.33) èíòåãðèðóåòñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ:

λ ∈ N4 ⇒ γt ≡ 0, ct ≡ 0,

λ ∈ N5 ⇒ γt ≡ π, ct ≡ 0,

λ ∈ N6 ⇒ γt = ct+ γ, ct ≡ c,

λ ∈ N7 ⇒ ct ≡ 0, r ≡ 0.

Ïàðàìåòðèçàöèÿ ðåøåíèé ãîðèçîíòàëüíîé ïîäñèñòåìû (2.32) èìååò ñëåäóþùèé âèä.
Åñëè λ ∈ N1, òî

sin
θt
2

= k dn(
√
rφ) sn(

√
rφt)− k sn(

√
rφ) dn(

√
rφt),

cos
θt
2

= dn(
√
rφ) dn(

√
rφt) + k2 sn(

√
rφ) sn(

√
rφt),

xt =
2√
r
dn2(

√
rφ)(E(

√
rφt)− E(

√
rφ))

+
4k2√
r
dn(

√
rφ) sn(

√
rφ)(cn

√
rφ)− cn(

√
rφt))

+
2k2√
r
sn2(

√
rφ)(

√
rt+ E(

√
rφ)− E(

√
rφt))− t,

yt =
2k√
r
(2 dn2(

√
rφ)− 1)(cn(

√
rφ)− cn(

√
rφt))

− 2k√
r
sn(

√
rφ) dn(

√
rφ)(2(E(

√
rφt)− E(

√
rφ))−

√
rt).

Åñëè λ ∈ N2, òî

sin
θt
2

= ±(cn(
√
rψ) sn(

√
rψt)− sn(

√
rψ) cn(

√
rψt)),

cos
θt
2

= cn(
√
rψ) cn(

√
rψt) + sn(

√
rψ) sn(

√
rψt),

xt =
1√
r
(1− 2 sn2(

√
rψ))

(
2

k
(E(

√
rψt)− E(

√
rψ))− 2− k2

k2
√
rt

)
+

4

k
√
r
cn(

√
rψ) sn(

√
rψ)(dn(

√
rψ)− dn(

√
rψt)),

yt = ±
(

2

k
√
r
(2 cn2(

√
rψ)− 1)(dn(

√
rψ)− dn(

√
rψt))

− 2√
r
sn(

√
rψ) cn(

√
rψ)

(
2

k
(E(

√
rψt)− E(

√
rψ))− 2− k2

k2
√
rt

))
.

ãäå ± = sgn c, ψt =
φt

k = φ+t
k .
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Åñëè λ ∈ N3, òî

sin
θt
2

= ±
(
th(

√
rφt)

ch(
√
rφ)

− th
√
rφ)

ch(
√
rφt)

)
,

cos
θt
2

=
1

ch(
√
rφ) ch(

√
rφt)

+ th(
√
rφ) th(

√
rφt),

xt = (1− 2 th2(
√
rφ))t

+
4 th(

√
rφ)√

r ch(
√
rφ)

(
1

ch(
√
rφ)

− 1

ch(
√
rφt)

)
,

yt = ±
(

2√
r

(
2

ch2
√
rφ)

− 1

)(
1

ch(
√
rφ)

− 1

ch(
√
rφt)

)
−2

th(
√
rφ)

ch(
√
rφ)

t

)
.

ãäå ± = sgn c.
Åñëè λ ∈ N4 ∪N5 ∪N7, òî

θt = 0, xt = t, yt = 0.

Åñëè λ ∈ N6, òî

θt = ct, xt =
sin ct

c
, yt =

1− cos ct

c
.

Ýëàñòèêè Ýéëåðà Ïðîåêöèè ýêñòðåìàëüíûõ òðàåêòîðèé íà ïëîñêîñòü (x, y) ñóòü ýéëåðîâû ýëàñòèêè.
Ýòè êðèâûå óäîâëåòâîðÿþò óðàâíåíèÿì

ẋ = cos θ, ẏ = sin θ,

θ̈ = −r sin(θ − γ), r, γ ≡ const . (2.34)

Â çàâèñèìîñòè îò çíà÷åíèÿ ýíåðãèè ìàÿòíèêà E = θ̇2

2 −r cos(θ−γ) ∈ [−r,+∞) è ôóíêöèè Êàçèìèðà r ⩾ 0,
ýëàñòèêè èìåþò ðàçíûå êà÷åñòâåííûå òèïû, îòêðûòûå Ýéëåðîì.

Åñëè ýíåðãèÿ E ïðèíèìàåò ìèíèìàëüíîå çíà÷åíèå −r < 0, ò.å. λ ∈ N4, òî ýëàñòèêà (xt, yt) åñòü ïðÿìàÿ.
Ñîîòâåòñòâóþùåå äâèæåíèå ìàÿòíèêà (2.34) (êèíåòè÷åñêèé àíàëîã Êèðõãîôà) åñòü óñòîé÷èâîå ïîëîæåíèå
ðàâíîâåñèÿ.

Åñëè E ∈ (−r, r), r > 0, ò.å. λ ∈ N1, òî ìàÿòíèê (2.34) êîëåáëåòñÿ ìåæäó ýêñòðåìàëüíûìè çíà÷åíèÿìè
óãëà, è óãëîâàÿ ñêîðîñòü θ̇ ìåíÿåò çíàê. Ñîîòâåòñòâóþùèå ýëàñòèêè èìåþò òî÷êè ïåðåãèáà ïðè θ̇ = 0 è
âåðøèíû ïðè |θ̇| = max, ò.ê. θ̇ åñòü êðèâèçíà ýëàñòèêè. Òàêèå ýëàñòèêè íàçûâàþòñÿ èíôëåêñèîííûìè, ñì.
Ðèñ. 19�23. Ðàçíûå ñëó÷àè íà ýòèõ ðèñóíêàõ îïðåäåëÿþòñÿ çíà÷åíèÿìè ìîäóëÿ ýëëèïòè÷åñêèõ ôóíêöèé

k =
√
E+r
2r ∈ (0, 1):

k ∈
(
0,

1√
2

)
⇒ Ðèñ. 19,

k =
1√
2

⇒ Ðèñ. 20,

k ∈
(

1√
2
, k0

)
⇒ Ðèñ. 21,

k = k0 ⇒ Ðèñ. 22,

k ∈ (k0, 1) ⇒ Ðèñ. 23.

Çíà÷åíèå k = 1/
√
2 ñîîòâåòñòâóåò ïðÿìîóãîëüíîé ýëàñòèêå, èññëåäîâàííîé ß. Áåðíóëëè (ñì. ðàçäåë 2.6.1),

Ðèñ. 20. Çíà÷åíèå k ≈ 0, 909 ñîîòâåòñòâóåò ïåðèîäè÷åñêîé ýëàñòèêå â ôîðìå âîñüìåðêè, ñì. Ðèñ. 22. Êàê
îòìå÷àë Ýéëåð, ïðè k → 0 èíôëåêñèîííûå ýëàñòèêè ïîõîæè íà ñèíóñîèäû, ÷òî ñîîòâåòñòâóåò ãàðìîíè÷å-
ñêîìó îñöèëëÿòîðó θ̈ = −r(θ − γ) êàê êèíåòè÷åñêîìó àíàëîãó Êèðõãîôà, ñì. Ðèñ. 19.

Åñëè E = r > 0 è θ− γ ̸= π, ò.å. λ ∈ N3, òî ìàÿòíèê (2.34) ñòðåìèòñÿ ê íåóñòîé÷èâîìó ïîëîæåíèþ ðàâ-
íîâåñèÿ (θ − γ = π, θ̇ = 0) âäîëü ñåïàðàòðèñû ñåäëà, à ñîîòâåòñòâóþùàÿ êðèòè÷åñêàÿ ýëàñòèêà (¾ñîëèòîí
Ýéëåðà¿) èìååò îäíó ïåòëþ, ñì. Ðèñ. 24.

Åñëè E = r > 0 è θ − γ = π, ò.å. λ ∈ N5, òî ìàÿòíèê (2.34) íàõîäèòñÿ â íåóñòîé÷èâîì ïîëîæåíèè
ðàâíîâåñèÿ (θ − γ = π, θ̇ = 0) è ýëàñòèêà åñòü ïðÿìàÿ.

Åñëè E > r > 0, ò.å. λ ∈ N2, òî êèíåòè÷åñêèé àíàëîã Êèðõãîôà åñòü ìàÿòíèê (2.34), âðàùàþùèéñÿ
ïðîòèâ ÷àñîâîé ñòðåëêè (θ̇ > 0) èëè ïî ÷àñîâîé ñòðåëêå (θ̇ < 0). Ñîîòâåòñòâóþùèå ýëàñòèêè èìåþò
íåíóëåâóþ êðèâèçíó θ̇, íå èìåþò òî÷åê ïåðåãèáà è íàçûâàþòñÿ íåèíôëåêñèîííûìè, ñì. Ðèñ. 25.
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Åñëè r = 0 è θ̇ ̸= 0, ò.å. λ ∈ N6, òî ìàÿòíèê (2.34) ðàâíîìåðíî âðàùàåòñÿ â íåâåñîìîñòè, è ñîîòâåòñòâó-
þùàÿ ýëàñòèêà åñòü îêðóæíîñòü.

Íàêîíåö, åñëè r = 0 è θ̇ = 0, ò.å. λ ∈ N7, òî ìàÿòíèê (2.34) íåïîäâèæåí â íåâåñîìîñòè (ïîëîæåíèå
ðàâíîâåñèÿ íåóñòîé÷èâî), è ýëàñòèêà åñòü ïðÿìàÿ.

Èçîáðàæåíèÿ ýëàñòèê íà Ðèñ. 19�25 íå âñåãäà ïåðåäàþò îòíîøåíèå x/y äëÿ ýêîíîìèè ìåñòà.
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Ðèñ. 19: Èíôëåêñèîííàÿ ýëàñòèêà Ðèñ. 20: Ïðÿìîóãîëüíàÿ ýëàñòèêà
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Ðèñ. 21: Èíôëåêñèîííàÿ ýëàñòèêà Ðèñ. 22: Ýëàñòèêà-âîñüìåðêà
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Ðèñ. 23: Èíôëåêñèîííàÿ ýëàñòèêà Ðèñ. 24: Êðèòè÷åñêàÿ ýëàñòèêà

Ïåðèîäè÷åñêèå äâèæåíèÿ ìàÿòíèêà (2.33), (2.34) èìåþò ïåðèîä

T =


4K(k)√

r
, λ ∈ N1,

2kK(k)√
r
, λ ∈ N2,

2π
|c| , λ ∈ N6.

2.6.6 Ñèììåòðèè è ñòðàòû Ìàêñâåëëà

Ôàçîâûé ïîðòðåò ìàÿòíèêà (2.33) ñîõðàíÿåòñÿ ãðóïïîé ñèììåòðèé Sym, ïîðîæäåííîé îòðàæåíèåì ε1

â îñè γ, îòðàæåíèåì ε2 â îñè c, è îòðàæåíèåì ε3 â íà÷àëå êîîðäèíàò (γ, c) = (0, 0):

Sym = {Id, ε1, ε2, ε3} ≃ Z2 × Z2.
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Ðèñ. 25: Íåèíôëåêñèîííàÿ ýëàñòèêà

Ýòè ñèììåòðèè åñòåñòâåííî ïðîäîëæàþòñÿ íà ïðîîáðàç N = g∗ è îáðàç G ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ
Expt. Åñëè ν = (γ, c, r) ∈ N , òî

εi(ν) = νi = (γi, ci, r) ∈ N,

ãäå

(γ1, c1) = (γt,−ct),
(γ2, c2) = (−γt, ct),
(γ3, c3) = (−γ,−c).

Åñëè g = (x, y, θ) ∈ G, òî εi(g) = (xi, yi, θi) ∈ G, ãäå

(x1, y1, θ1) = (x cos θ + y sin θ,−x sin θ + y cos θ,−θ),
(x2, y2, θ2) = (x cos θ + y sin θ, x sin θ − y cos θ, θ),

(x3, y3, θ3) = (x,−y,−θ).

Ïðåäëîæåíèå 2.4. Ãðóïïà Sym = {Id, ε1, ε2, ε3} ñîñòîèò èç ñèììåòðèé ýêñïîíåíöèàëüíîãî îòîáðàæå-
íèÿ.

Òåîðåìà 2.29. Ïåðâîå âðåìÿ Ìàêñâåëëà, ñîîòâåòñòâóþùåå ãðóïïå ñèììåòðèé Sym, äëÿ ïî÷òè âñåõ
ýêñòðåìàëüíûõ òðàåêòîðèé gt = Expt(λ), λ ∈ N , âûðàæàåòñÿ ñëåäóþùèì îáðàçîì:

λ ∈ N1 ⇒ t1MAX =
2√
r
p1(k),

p1(k) = min(2K(k), p1z(k)) =

{
2K(k), k ∈ (0, k0],

p1z(k), k ∈ (k0, 1),

λ ∈ N2 ⇒ t1MAX =
2√
r
kK(k),

λ ∈ N6 ⇒ t1MAX =
2π

|c|
,

λ ∈ N3 ∪N4 ∪N5 ∪N7 ⇒ t1MAX = +∞.

Çäåñü p = p1z(k) ∈ (K, 3K) åñòü ïåðâûé ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ sn pdn p− (2E(p)− p) cn p = 0,
à k0 ≈ 0, 909 åñòü êîðåíü óðàâíåíèÿ 2E(k)−K(k) = 0.

Èìååò ìåñòî çàìå÷àíèå, àíàëîãè÷íîå çàìå÷àíèþ ïîñëå òåîðåìû 2.7, è òåîðåìà îá èíâàðèàíòíûõ ñâîé-
ñòâàõ ôóíêöèè t1MAX : N → (0,+∞], àíàëîãè÷íàÿ òåîðåìå 2.8.

2.6.7 Îöåíêè ñîïðÿæåííîãî âðåìåíè

Äëÿ ýëàñòèê Ýéëåðà âîïðîñ ëîêàëüíîé îïòèìàëüíîñòè î÷åíü âàæåí ñ ïðèêëàäíîé òî÷êè çðåíèÿ, ò.ê.
ëîêàëüíàÿ îïòèìàëüíîñòü ýëàñòèêè îçíà÷àåò åå óñòîé÷èâîñòü îòíîñèòåëüíî ìàëûõ âîçìóùåíèé ïðîôèëÿ
ïðè çàêðåïëåííûõ êîíöàõ è êàñàòåëüíûõ íà êîíöàõ. Ñ òåîðåòè÷åñêîé òî÷êè çðåíèÿ ðåøåíèå ýòîãî âîïðîñà
âàæíî êàê øàã â íàïðàâëåíèè èññëåäîâàíèÿ ãëîáàëüíîé îïòèìàëüíîñòè ýëàñòèê.

Òåîðåìà 2.30. Ïóñòü λ = (k, φ, r) ∈ N1. Òîãäà ïåðâîå ñîïðÿæåííîå âðåìÿ t1conj(λ) íà òðàåêòîðèè Expt(λ)

ïðèíàäëåæèò îòðåçêó ñ êîíöàìè
4K(k)√

r
è

2p1(k)√
r

, à èìåííî:
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(1) k ∈ (0, k0) ⇒ t1conj ∈
[
4K(k)√

r
,
2p11(k)√

r

]
,

(2) k = k0 ⇒ t1conj =
4K(k)√

r
=

2p11(k)√
r

,

(3) k ∈ (k0, 1) ⇒ t1conj ∈
[
2p11(k)√

r
,
4K(k)√

r

]
,

ãäå ôóíêöèÿ p1(k) îïðåäåëåíà â òåîðåìå 2.29.

Ñëåäñòâèå 2.2. Ïóñòü λ = (k, φ, r) ∈ N1. Òîãäà

(1) k ∈ (0, k0) ⇒ t1conj ∈ [T, t11] ⊂ [T, 3T/2), t11 = 2p11/
√
r ∈ (T, 3T/2),

(2) k = k0 ⇒ t1conj = T ,

(3) k ∈ (k0, 1) ⇒ t1conj ∈ [t11, T ] ⊂ (T/2, T ], t11 = 2p11/
√
r ∈ (T/2, T ),

ãäå T =
4K(k)√

r
åñòü ïåðèîä êîëåáàíèé ìàÿòíèêîâ (2.33), (2.34).

Ñëåäñòâèå 2.3. Ïóñòü λ = (k, φ, r) ∈ N1, t1 > 0, è ïóñòü

Γ = {(xt, yt) | t ∈ [0, t1]}, g(t) = (xt, yt, θt) = Expt(λ), (2.35)

åñòü äóãà ñîîòâåòñòâóþùåé ýëàñòèêè.

(1) Åñëè äóãà Γ íå ñîäåðæèò òî÷åê ïåðåãèáà, òî îíà ëîêàëüíî îïòèìàëüíà.

(2) Åñëè k ∈ (0, k0] è äóãà Γ ñîäåðæèò ðîâíî îäíó òî÷êó ïåðåãèáà, òî îíà ëîêàëüíî îïòèìàëüíà.

(3) Åñëè äóãà Γ ñîäåðæèò íå ìåíåå òðåõ òî÷åê ïåðåãèáà âíóòðè ñåáÿ, òî îíà íå ÿâëÿåòñÿ ëîêàëüíî
îïòèìàëüíîé.

Ðàññìîòðèì äóãè èíôëåêñèîííûõ ýëàñòèê (2.35), öåíòðèðîâàííûå â âåðøèíå, ò.å. ïóñòü â òî÷êå (xt1/2, yt1/2)
äîñòèãàåòñÿ ëîêàëüíûé ýêñòðåìóì êðèâèçíû ýëàñòèêè. Ïðèìåðû òàêèõ äóã ñì. íà Ðèñ. 26, 27.
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Ðèñ. 26: Ýëàñòèêè, öåíòðèðîâàííûå â âåðøèíå Ðèñ. 27: Ýëàñòèêè, öåíòðèðîâàííûå â âåðøèíå

Îáîçíà÷èì t11 = 2√
r
p1(k), ãäå ôóíêöèÿ p1(k) îïðåäåëåíà â òåîðåìå 2.29.

Òåîðåìà 2.31. Ïóñòü èíôëåêñèîííàÿ ýëàñòèêà Γ öåíòðèðîâàíà â âåðøèíå.

(1) Åñëè t < t11, òî ýëàñòèêà Γ óñòîé÷èâà.

(2) Åñëè t = t11, òî êîíåö ýëàñòèêè Γ ÿâëÿåòñÿ ïåðâîé ñîïðÿæåííîé òî÷êîé.

(3) Åñëè t > t11, òî ýëàñòèêà Γ íåóñòîé÷èâà.

Ðàññìîòðèì äóãè èíôëåêñèîííûõ ýëàñòèê (2.35), öåíòðèðîâàííûå â òî÷êå ïåðåãèáà, ò.å. ïóñòü â òî÷êå
(xt1/2, yt1/2) ýëàñòèêà èìååò íóëåâóþ êðèâèçíó. Ïðèìåðû òàêèõ äóã ñì. íà Ðèñ. 28.

Òåîðåìà 2.32. Ïóñòü ýëàñòèêà Γ öåíòðèðîâàíà â òî÷êå ïåðåãèáà. Ïóñòü òàêæå k ∈ (0, k0].

(1) Åñëè t < T , òî ýëàñòèêà Γ óñòîé÷èâà.

(2) Åñëè t = T , òî êîíåö ýëàñòèêè Γ ÿâëÿåòñÿ ïåðâîé ñîïðÿæåííîé òî÷êîé.

(3) Åñëè t > T , òî ýëàñòèêà Γ íåóñòîé÷èâà.

Òåîðåìà 2.33. Ïóñòü λ ∈ N2 ∪N3 ∪N6. Òîãäà ýêñòðåìàëüíàÿ òðàåêòîðèÿ g(t) = Expt(λ) íå ñîäåðæèò
ñîïðÿæåííûõ òî÷åê ïðè t > 0.

Èòàê, åñëè äóãà ýëàñòèêè íå ñîäåðæèò òî÷åê ïåðåãèáà, òî îíà óñòîé÷èâà; åñëè îíà ñîäåðæèò íå ìåíåå
òðåõ òî÷åê ïåðåãèáà âíóòðè ñåáÿ, òî îíà íåóñòîé÷èâà. Åñëè åñòü îäíà èëè äâå òî÷êè ïåðåãèáà, òî ýëàñòèêà
ìîæåò áûòü óñòîé÷èâîé èëè íåóñòîé÷èâîé.
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Ðèñ. 28: Ýëàñòèêè, öåíòðèðîâàííûå â òî÷êå ïåðåãèáà

2.6.8 Äèôôåîìîðôíàÿ ñòðóêòóðà ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ

Ïóñòü t1 = 1, Exp = Exp1,

A = A1 = {(x, y, θ) ∈ G | x2 + y2 < 1 èëè (x, y, θ) = (1, 0, 0)}.

Ñëó÷àé îáùåãî t1 > 0 ñâîäèòñÿ ê ÷àñòíîìó ñëó÷àþ t1 = 0 ãîìîòåòèÿìè ïëîñêîñòè (x, y):

(x, y, θ, t, u, t1, J) 7→ (x̃, ỹ, θ̃, t̃, ũ, t̃1, J̃) = (esx, esy, θ, est, e−su, est1, e
−sJ).

Ðàññìîòðèì ïîäìíîæåñòâî â A, íå ñîäåðæàùåå íåïîäâèæíûõ òî÷åê îòðàæåíèé ε1, ε2:

G̃ = {g ∈ A | εi(g) ̸= g, i = 1, 2} =

{
g ∈ A | sin θ

2
P (g) ̸= 0

}
,

P (g) = x sin
θ

2
− y cos

θ

2
,

è åãî ðàçáèåíèå íà êîìïîíåíòû ñâÿçíîñòè

G̃ = G+ ⊔G−,

G± = {g ∈ G | θ ∈ (0, 2π), x2 + y2 < 1, sgnP (g) = ±1}.

Òàêæå ðàññìîòðèì îòêðûòîå ïëîòíîå ïîäìíîæåñòâî â ïðîñòðàíñòâå âñåõ ïîòåíöèàëüíî îïòèìàëüíûõ ýêñ-
òðåìàëüíûõ òðàåêòîðèé:

Ñ = {λ ∈ ∪3
i=1Ni | t1 < t1MAX(λ), ct1/2 sin γt1/2 ̸= 0},

è åãî ñâÿçíûå êîìïîíåíòû

Ñ = ⊔4
i=1Di,

D1 = {λ ∈ ∪3
i=1Ni | t1 < t1MAX(λ), ct1/2 > 0, sin γt1/2 > 0},

D2 = {λ ∈ ∪3
i=1Ni | t1 < t1MAX(λ), ct1/2 < 0, sin γt1/2 > 0},

D3 = {λ ∈ ∪3
i=1Ni | t1 < t1MAX(λ), ct1/2 < 0, sin γt1/2 < 0},

D4 = {λ ∈ ∪3
i=1Ni | t1 < t1MAX(λ), ct1/2 > 0, sin γt1/2 < 0}.

Òåîðåìà 2.34. Ñëåäóþùèå îòîáðàæåíèÿ ÿâëÿþòñÿ äèôôåîìîðôèçìàìè:

Exp : D1 → G+, Exp : D2 → G−, Exp : D3 → G+, Exp : D4 → G−.

Ñëåäñòâèå 2.4. Îòîáðàæåíèå Exp : Ñ → G̃ åñòü äâóëèñòíîå íàêðûòèå.

2.6.9 Îïòèìàëüíûå ýëàñòèêè äëÿ ðàçëè÷íûõ ãðàíè÷íûõ óñëîâèé

Ãðàíè÷íûå óñëîâèÿ îáùåãî ïîëîæåíèÿ Åñëè g1 ∈ G+, òî ñóùåñòâóåò åäèíñòâåííàÿ ïàðà (λ1, λ3) ∈
D1 × D3, äëÿ êîòîðîé Exp(λ1) = Exp(λ3) = g1. Îïòèìàëüíàÿ òðàåêòîðèÿ íàõîäèòñÿ ñðåäè òðàåêòîðèé
q1(t) = Expt(λ1) è q

3(t) = Expt(λ3), t ∈ [0, 1]. Äëÿ îòûñêàíèÿ îïòèìàëüíîé òðàåêòîðèè íåîáõîäèìî âçÿòü

òó èç íèõ, äëÿ êîòîðîé ôóíêöèîíàë êà÷åñòâà J [qi(·)] = 1
2

∫ 1

0
(cit)

2dt ïðèíèìàåò ìåíüøåå çíà÷åíèå. Åñëè
J [q1(·)] = J [q3(·)], òî îïòèìàëüíû îáå òðàåêòîðèè, ýòîò ñëó÷àé èçîáðàæåí íà Ðèñ. 29.

Åñëè g1 ∈ G−, òî îïòèìàëüíûå òðàåêòîðèè âûáèðàþòñÿ àíàëîãè÷íî ñðåäè ñîîòâåòñòâóþùèõ êîâåêòî-
ðàì λ2 ∈ D2 è λ4 ∈ D4, äëÿ êîòîðûõ Exp(λ2) = Exp(λ4) = g1.

Ñëó÷àé (x1, y1, θ1) = (1, 0, 0) Îïòèìàëüíàÿ ýëàñòèêà åñòü îòðåçîê (x, y) = (t, 0), t ∈ [0, 1].
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Ðèñ. 29: Äâå îïòèìàëüíûå
íåñèììåòðè÷íûå ýëàñòèêè
ñ îäèíàêîâûìè ãðàíè÷íû-
ìè óñëîâèÿìè

Ñëó÷àé x1 > 0, y1 = 0, θ1 = π Â ýòîì ñëó÷àå g1 ∈ G+ è óðàâíåíèå Exp(λ) = g1, λ ∈ G̃, èìååò äâà êîðíÿ
λ1 ∈ D1 è λ3 ∈ D3. Òðàåêòîðèè q

1(t) = Expt(λ1) è q
3(t) = Expt(λ3) èìåþò îäèíàêîâîå çíà÷åíèå ôóíê-

öèîíàëà J , ïîýòîìó îïòèìàëüíû. Ñîîòâåòñòâóþùèå îïòèìàëüíûå èíôëåêñèîííûå ýëàñòèêè ñèììåòðè÷íû
îòíîñèòåëüíî îñè x, ñì. Ðèñ. 30.

Ðèñ. 30: Îïòèìàëüíûå ýëàñòèêè äëÿ x1 > 0,
y1 = 0, θ1 = π

Ðèñ. 31: Îïòèìàëüíûå ýëàñòèêè äëÿ x1 < 0,
y1 = 0, θ1 = π

Ñëó÷àé x1 < 0, y1 = 0, θ1 = π Ýòîò ñëó÷àé àíàëîãè÷åí ïðåäûäóùåìó ñëó÷àþ, ñì. Ðèñ. 31.

Ñëó÷àé x1 = 0, y1 = 0, θ1 = π Åäèíñòâåííàÿ îïòèìàëüíàÿ ýëàñòèêà -¾êàïëÿ¿ îïðåäåëÿåòñÿ ïàðàìåòðà-
ìè λ = (φ, k, r) ∈ N1, φ = τ

2p −
1
2 , r = 4p2, sn τ = 0, 1− 2k2 sn2 p− 0, 2E(p)− p = 0, ñì. Ðèñ. 32.

Ðèñ. 32: Îïòèìàëüíàÿ ýëàñòèêà -¾êàïëÿ¿
äëÿ x1 = 0, y1 = 0, θ1 = π

Ñëó÷àé x1 = 0, y1 = 0, θ1 = 0 Ñóùåñòâóþò äâå îïòèìàëüíûå ýëàñòèêè � îêðóæíîñòè, ñèììåòðè÷íûå
îòíîñèòåëüíî îñè x.
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Ñëó÷àé x1 > 0, y1 = 0, θ1 = 0 Èìåþòñÿ äâå èëè ÷åòûðå îïòèìàëüíûõ ýëàñòèêè; ñóùåñòâóåò òàêîå
x∗ ∈ (0, 4, 0, 5), ÷òî:

� åñëè x1 ∈ (0, x∗), òî èìåþòñÿ äâå îïòèìàëüíûå íåèíôëåêñèîííûå ýëàñòèêè, ñì. Ðèñ. 33,

� åñëè x1 ∈ (x∗, 1), òî èìåþòñÿ äâå îïòèìàëüíûå èíôëåêñèîííûå ýëàñòèêè, ñì. Ðèñ. 34,

� åñëè x1 = x∗, òî ñóùåñòâóþò ÷åòûðå îïòèìàëüíûå ýëàñòèêè (äâå èíôëåêñèîííûå è äâå íåèíôëåêñè-
îííûå), ñì. Ðèñ. 35,

Ðèñ. 33: Îïòèìàëüíûå ýëàñòèêè äëÿ x1 > 0,
y1 = 0, θ1 = 0, x1 ∈ (0, x∗)

Ðèñ. 34: Îïòèìàëüíûå ýëàñòèêè äëÿ x1 > 0,
y1 = 0, θ1 = 0, x1 ∈ (x∗, 1)

Ðèñ. 35: Îïòèìàëüíûå ýëàñòèêè
äëÿ x1 > 0, y1 = 0, θ1 = 0, x1 =
x∗

Ñëó÷àé x1 < 0, y1 = 0, θ1 = 0 Ñóùåñòâóþò äâå îïòèìàëüíûå íåèíôëåêñèîííûå ýëàñòèêè, ñì. Ðèñ. 36.

2.6.10 Áèáëèîãðàôè÷åñêèå êîììåíòàðèè

Ðàçäåë 2.6.1 ïî èñòîðèè çàäà÷è îá ýëàñòèêàõ îïèðàåòñÿ íà êëàññè÷åñêèå èñòî÷íèêè [58,78,79]. Èìååòñÿ
òàêæå çàìå÷àòåëüíîå îïèñàíèå [68] ýòîé èñòîðèè.

Çàìåòèì, ÷òî çàäà÷à îá ýëàñòèêàõ äîëãîå âðåìÿ ïðåäñòàâëÿëà ëèøü òåîðåòè÷åñêèé èíòåðåñ è ñëóæèëà
îäíèì èç ïðèìåðîâ ïðèëîæåíèÿ òåîðèè ýëëèïòè÷åñêèõ ôóíêöèé (ñì., íàïðèìåð, [58, 80]). Â ñâÿçè ñ øè-
ðîêèì âíåäðåíèåì ñòàëè â ïðàêòèêó ïðîåêòèðîâàíèÿ è ïîÿâëåíèåì ãèáêèõ òîíêîñòåííûõ êîíñòðóêöèé,
ñòèìóëèðîâàâøèì ðàçâèòèå òåîðèè óñòîé÷èâîñòè äåôîðìèðóåìûõ ñèñòåì, ðåøåíèå çàäà÷è îá ýëàñòèêàõ
ñòàëî ïðèîáðåòàòü ïðàêòè÷åñêîå çíà÷åíèå. Âîçíèêëè, â ÷àñòíîñòè, âàæíûå äëÿ èíæåíåðíûõ ïðèëîæåíèé
âîïðîñû: êàêîâî ïîâåäåíèå ñæàòîé ñòîéêè ïðè íàãðóçêàõ, ïðåâûøàþùèõ ýéëåðîâî êðèòè÷åñêîå çíà÷åíèå,
êàêîâà ïðè ýòîì ôîðìà ñòîéêè, åäèíñòâåííà ëè ýòà ôîðìà è óñòîé÷èâà ëè îíà? Ðåøåíèþ ýòèõ âîïðî-
ñîâ ïîñâÿùåíû ìíîãî÷èñëåííûå èññëåäîâàíèÿ [81�88], ãäå ðàññìàòðèâàëèñü ðàçëè÷íûå óñëîâèÿ îïèðàíèÿ
è íàãðóæåíèÿ ãèáêèõ íåðàñòÿæèìûõ ñòåðæíåé. Â ïîñëåäíèå äåñÿòèëåòèÿ èíòåðåñ ê ýëàñòèêàì âîçðîñ
â ñâÿçè ñ ïðèìåíåíèåì òåîðèè ãèáêèõ ñòåðæíåé ê àíàëèçó ìèêðî- è íàíîñòðóêòóð â áèîëîãèè è íàíî-
òåõíîëîãèÿõ [89�92]. Ïîäòâåðæäåíî ñóùåñòâîâàíèå ìíîæåñòâåííûõ ôîðì ðàâíîâåñèÿ ïðè ôèêñèðîâàííîé
íàãðóçêå.
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Ðèñ. 36: Îïòèìàëüíûå ýëàñòèêè
äëÿ x1 < 0, y1 = 0, θ1 = 0

Ðàçäåëû 2.6.2�2.6.6 îïèðàþòñÿ íà ðàáîòó [74], ðàçäåëû 2.6.7 � íà ðàáîòû [75] è [61], ðàçäåëû 2.6.8 è
2.6.9 � íà ðàáîòû [77] è [76].

2.7 Ëåâîèíâàðèàíòíàÿ ñóáðèìàíîâà çàäà÷à îáùåãî âèäà íà ãðóïïå SO(3)

2.7.1 Ïîñòàíîâêà çàäà÷è

Èç êëàññèôèêàöèè êîíòàêòíûõ ëåâîèíâàðèàíòíûõ ñóáðèìàíîâûõ ñòðóêòóð íà òðåõìåðíûõ ãðóïïàõ
Ëè [43] ñëåäóåò, ÷òî äëÿ ïðîèçâîëüíîé òàêîé ñòðóêòóðû íà ãðóïïå G = SO(3) ìîæíî âûáðàòü îðòîíîðìè-
ðîâàííûé ðåïåð (X1, X2) ñ òàáëèöåé óìíîæåíèÿ

[X2, X1] = X3, [X1, X3] = (κ+ χ)X2, [X2, X3] = (χ− κ)X1, (2.36)

ãäå κ ⩾ χ ⩾ 0 ñóòü äèôôåðåíöèàëüíûå èíâàðèàíòû ñóáðèìàíîâîé ñòðóêòóðû. Ðàâíîìåðíîå ðàñòÿæåíèå
ïîëåé (X1, X2) ïðîïîðöèîíàëüíî èçìåíÿåò ôóíêöèþ ðàññòîÿíèÿ è îáà èíâàðèàíòà κ è χ. Â ðàáîòå [43]
èñïîëüçîâàíà íîðìàëèçàöèÿ κ2 + χ2 = 1. Â ýòîì ðàçäåëå óäîáíåå ïðèíÿòü κ + χ = 1 è èñïîëüçîâàòü
èíâàðèàíò a =

√
2χ ∈ [0, 1). Ñëó÷àé a = 0 ñîîòâåòñòâóåò îñåñèììåòðè÷íîé ñóáðèìàíîâîé ñòðóêòóðå,

ðàññìîòðåííîé â ðàáîòå [44].
Ñëåäóþùèå âåêòîðíûå ïîëÿ óäîâëåòâîðÿþò òàáëèöå óìíîæåíèÿ (2.36):

X1(g) = Lg∗A2, X2(g) =
√

1− a2Lg∗A1, X3(g) =
√

1− a2Lg∗A3,

ãäå áàçèñ A1, A2, A3 àëãåáðû Ëè g = so(3) èìååò âèä

A1 =

0 0 0
0 0 −1
0 1 0

 , A2 =

 0 0 1
0 0 0
−1 0 0

 , A3 =

0 −1 0
1 0 0
0 0 0

 . (2.37)

2.7.2 Ïàðàìåòðèçàöèÿ ãåîäåçè÷åñêèõ

Àíîðìàëüíûå ýêñòðåìàëüíûå òðàåêòîðèè ïîñòîÿííû.
Äëÿ ïàðàìåòðèçàöèè íîðìàëüíûõ ãåîäåçè÷åñêèõ ââåäåì ãàìèëüòîíèàíû hi(λ) = ⟨λ,Xi(g)⟩, i = 1, 2, 3,

H = 1
2 (h

2
1 + h22). Íàòóðàëüíî ïàðàìåòðèçîâàííûå ýêñòðåìàëè ïàðàìåòðèçóþòñÿ òî÷êàìè öèëèíäðà C =

g∗ ∩ {H = 1
2}. Ââåäåì íà ýòîì öèëèíäðå êîîðäèíàòû (ψ, c):

h1 = cosψ, h2 = − sinψ, h3 = c.

Íîðìàëüíàÿ ãàìèëüòîíîâà ñèñòåìà ÏÌÏ èìååò âèä

ḣ1 = h2h3, ḣ2 = −h1h3, ḣ3 = a2h1h2, (2.38)

ġ = h1X1(g) + h2X2(g). (2.39)

Âåðòèêàëüíàÿ ïîäñèñòåìà (2.38) çàäàåò íà öèëèíäðå C óðàâíåíèå ìàÿòíèêà

ψ̇ = c, ċ = −a
2

2
sin 2ψ. (2.40)
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Ýòîò öèëèíäð èìååò ñòðàòèôèêàöèþ
C = ⊔5

i=1Ci

íà èíâàðèàíòíûå ìíîæåñòâà ñèñòåìû (2.40), êîòîðûå îïðåäåëÿþòñÿ çíà÷åíèåì ïîëíîé ýíåðãèè ìàÿòíèêà
E = 2c2 − a2 cos 2ψ:

C1 = {λ ∈ C : E ∈ (−a2, a2)}, (îáëàñòü âíóòðè ñåïàðàòðèñ),

C2 = {λ ∈ C : E ∈ (a2,+∞)}, (îáëàñòü âíå ñåïàðàòðèñ),

C3 = {λ ∈ C : E = a2, c ̸= 0}, (ñåïàðàòðèñû),

C4 = {λ ∈ C : E = −a2}, (óñòîé÷èâîå ïîëîæåíèå ðàâíîâåñèÿ),

C5 = {λ ∈ C : E = a2, c = 0}, (íåóñòîé÷èâîå ïîëîæåíèå ðàâíîâåñèÿ).

Ââåäåì íà ìíîæåñòâàõ C1, C2, C3 êîîðäèíàòû (θ, k), âûïðÿìëÿþùèå óðàâíåíèå ìàÿòíèêà (2.40). Â îáëà-
ñòè C1:

sinψ = s1k sn (aθ, k) , s1 = sgn (cosψ) ,

cosψ = s1 dn (aθ, k) , k =

√
E + a2

2a2
∈ (0, 1),

c = ak cn (aθ, k) , θ ∈ [0, 4K(k)/a].

Â îáëàñòè C2:

sinψ = s2 sn

(
aθ

k
, k

)
, s2 = sgn(c),

cosψ = cn

(
aθ

k
, k

)
, k =

√
2a2

E + a2
∈ (0, 1),

c =
s2a

k
dn

(
aθ

k
, k

)
, θ ∈ [0, 4kK(k)/a].

Íà ìíîæåñòâå C3:

sinψ = s1s2 th aθ,

cosψ =
s1

ch aθ
,

c =
s2a

ch aθ
,

θ ∈ (−∞,+∞), k = 1.

Òîãäà ïðè (ψ0, c0) ∈ C1 ∪ C2 ∪ C3 ðåøåíèå óðàâíåíèÿ ìàÿòíèêà åñòü θ(t) = t + θ0, k ≡ const. Ïðè
(ψ0, c0) ∈ C4 èìååì ψ ≡ πn, n ∈ Z, c = 0, à ïðè (ψ0, c0) ∈ C5 èìååì ψ ≡ −π

2 + πn, n ∈ Z, c = 0.
Äëÿ ïàðàìåòðèçàöèè ðåøåíèé ãîðèçîíòàëüíîé ïîäñèñòåìû (2.39) ïðåäñòàâèì èõ ñ ïîìîùüþ óãëîâ

Ýéëåðà
gt = exp(−φ1(0)A3) exp(−φ2(0)A1) exp(φ3(t)A3) exp(φ2(t)A1) exp(φ1(t)A3).

Òîãäà

cosφ2 =
c√
M
, sinφ2 =

√
M − c2

M
, (2.41)

cosφ1 =
h1

√
1− a2√

M − c2
, sinφ1 =

√
h2

M − c
, (2.42)

ãäå M = h22 + (1− a2)h21 + c2 åñòü ïåðâûé èíòåãðàë ïîäñèñòåìû (2.38).
Óãîë φ3 óäîâëåòâîðÿåò óðàâíåíèþ

φ̇3 =

√
M(1− a2)

M − c2
=

√
M(1− a2)

1− a2h21
(2.43)

è ÿâëÿåòñÿ ìîíîòîííîé ôóíêöèåé âðåìåíè ò.ê. 0 <
√
M(1− a2) ⩽ φ̇3 ⩽

√
M/(1− a2). Ðåøåíèÿ ýòîãî

óðàâíåíèÿ èìåþò âèä:
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1. â C1:

φ3 =

√
1− a2(1− k2)

a2(1− a2)

(
Π

(
a2k2

a2 − 1
; am(aθ, k), k

)
− Π

(
a2k2

a2 − 1
; am(aθ0, k), k

))
;

2. â C2:

φ3 =

√
k2 + a2(1− k2)

a2(1− a2)

(
Π

(
a2

a2 − 1
; am

(
aθ

k
, k

)
, k

)
− Π

(
a2

a2 − 1
; am

(
aθ0
k
, k

)
, k

))
;

3. â C3:

φ3 =
√
1− a2t+

(
arctan

(
a√

1− a2
th aθ

)
− arctan

(
a√

1− a2
th aθ0

))
;

4. â C4:
φ3 = t;

5. â C5:

φ3 =
√
1− a2t.

Çäåñü am(φ, k) � àìïëèòóäà ßêîáè, à Π(n;φ, k) � ýëëèïòè÷åñêèé èíòåãðàë òðåòüåãî ðîäà. Çàìåòèì, ÷òî èç
ïîñëåäíèõ äâóõ âûðàæåíèé âèäíî, ÷òî ãåîäåçè÷åñêèå, êîòîðûå ñîîòâåòñòâóþò îáëàñòÿì C4 è C5, ÿâëÿþòñÿ
âðàùåíèÿìè âîêðóã ãîðèçîíòàëüíûõ áàçèñíûõ âåêòîðîâ e1 = (1, 0, 0), e2 = (0, 1, 0) ∈ R3.

2.7.3 Ïåðèîäè÷åñêèå ãåîäåçè÷åñêèå

Ïðåäëîæåíèå 2.5. Äëÿ ëþáîãî a ∈ (0, 1) â ñîîòâåòñòâóþùåé ñóáðèìàíîâîé çàäà÷å íà ãðóïïå SO(3)
ñóùåñòâóåò áåñêîíå÷íîå êîëè÷åñòâî ãåîäåçè÷åñêèõ.

Â ñëó÷àå λ ∈ C1 (λ ∈ C2) ïåðèîäè÷åñêàÿ ãåîäåçè÷åñêàÿ ìîæåò èìåòü òîëüêî ïåðèîä T = 4K(k)
a

(T = 4kK(k)
a ), è òàêèå òðàåêòîðèè ñóùåñòâóþò òîãäà è òîëüêî òîãäà, êîãäà äëÿ íåêîòîðûõ n,m ∈ N

âûïîëíåíî ðàâåíñòâî φ3(mT ) = 2πn. Ýòî ðàâåíñòâî âûïîëíÿåòñÿ âäîëü íåêîòîðîé ãåîäåçè÷åñêîé òîãäà
è òîëüêî òîãäà, êîãäà

n

m
>

1

a
(2.44)

â ñëó÷àå C1 è
n

m
> 1 (2.45)

â ñëó÷àå C2. Ðàçëè÷íûì íåñîêðàòèìûì äðîáÿì n
m ∈ Q+ ñîîòâåòñòâóþò ðàçëè÷íûå ïåðèîäè÷åñêèå ãåî-

äåçè÷åñêèå.

Ïðåäëîæåíèå 2.6. Ëþáàÿ ïåðèîäè÷åñêàÿ ãåîäåçè÷åñêàÿ äëÿ λ ∈ C1 (λ ∈ C2) îäíîçíà÷íî îïðåäåëÿåòñÿ
íåñîêðàòèìîé äðîáüþ n

m ∈ Q+, óäîâëåòâîðÿþùåé óñëîâèþ (2.44) (ñîîòâ. (2.45)).
Ïðè λ ∈ C3 ãåîäåçè÷åñêèå íåïåðèîäè÷íû.
Ïðè λ ∈ C4 ∪ C5 ãåîäåçè÷åñêèå ïåðèîäè÷íû.

Òàê êàê π1(SO(3)) = Z2, òî ñóùåñòâóþò òîëüêî äâà ãîìîòîïè÷åñêèõ êëàññà çàìêíóòûõ ïóòåé íà
SO(3). Ñëåäóþùåå óòâåðæäåíèå ïîêàçûâàåò, êàêèå èç ïåðèîäè÷åñêèõ ãåîäåçè÷åñêèõ ñòÿãèâàåìû (íóëü-
ãîìîòîïíû).

Ïðåäëîæåíèå 2.7. Ðàññìîòðèì ïåðèîäè÷åñêóþ ãåîäåçè÷åñêóþ gt ∈ SO(3), êîòîðàÿ ÿâëÿåòñÿ ïðîåêöèåé
ýêñòðåìàëè λt ∈ C1 (λt ∈ C2) è êîòîðàÿ çàäàíà ñâîåé íåñîêðàòèìîé äðîáüþ n

m ∈ Q+, óäîâëåòâîðÿþùåé
(2.44) (ñîîòâ. (2.45)). Â ýòîì ñëó÷àå ãåîäåçè÷åñêàÿ gt ñòÿãèâàåìà òîãäà è òîëüêî òîãäà, êîãäà n ÷åòíî.

Âñå ãåîäåçè÷åñêèå, ñîîòâåòñòâóþùèå λ ∈ C4 ∪ C5, íåñòÿãèâàåìû.

2.7.4 Óñëîâèÿ îïòèìàëüíîñòè

Ðàññìîòðèì òðåõìåðíóþ åäèíè÷íóþ ñôåðó â àëãåáðå êâàòåðíèîíîâ

S3 = {q = q0 + iq1 + jq2 + kq3 ∈ H | (q0)2 + (q1)2 + (q2)2 + (q3)2 = 1}.

Ñôåðà S3 îäíîñâÿçíà è îáðàçóåò äâóëèñòíîå íàêðûòèå ãðóïïû SO(3). Ãåîäåçè÷åñêàÿ gt ∈ SO(3) èìååò
ëèôò qt ∈ S3, q0 = 1, âèäà

qt = exp

(
−φ1(0)

2
k

)
exp

(
−φ2(0)

2
i

)
exp

(
φ3(t)

2
k

)
exp

(
φ2(t)

2
i

)
exp

(
φ1(t)

2
k

)
,

ãäå óãëû Ýéëåðà φi(t) ñîâïàäàþò ñ àíàëîãè÷íûìè óãëàìè â (2.41)�(2.43).
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Òåîðåìà 2.35. Ïóñòü gt ∈ SO(3), t ∈ [0, t1], åñòü ãåîäåçè÷åñêàÿ, à qt ∈ S3, q0 = 1, åñòü åå ëèôò íà S3.
Ïóñòü θt åñòü ñîîòâåòñòâóþùàÿ âûïðÿìëåííàÿ êîîðäèíàòà ìàÿòíèêà (2.40), è τ = a(θ0 +

t
2 ).

Òîãäà êðèâàÿ gt íåîïòèìàëüíà, åñëè äëÿ íåêîòîðîãî t ∈ (0, t1) âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ óñëî-
âèé:

(1) q0t = 0,

(2) q1t = 0 è sn τ ̸= 0, åñëè λ0 ∈ C1 ∪ C2, èëè τ ̸= 0, åñëè λ0 ∈ C3,

(3) q2t = 0 è cn τ ̸= 0, åñëè λ0 ∈ C1,

(3) q3t = 0 è cn τ ̸= 0, åñëè λ0 ∈ C2.

2.7.5 Áèáëèîãðàôè÷åñêèå êîììåíòàðèè

Ðåçóëüòàòû ýòîãî ðàçäåëà ïîëó÷åíû â ðàáîòå [45].

2.8 Çàäà÷à î êà÷åíèè øàðà ïî ïëîñêîñòè

áåç ïðîêðó÷èâàíèÿ è ïðîñêàëüçûâàíèÿ

2.8.1 Èñòîðèÿ çàäà÷è

Â 1983 ãîäó Äæ. Õàììåðñëè [97] ðàññìîòðåë ñëåäóþùóþ îêñôîðäñêóþ çàäà÷ó î øàðå. Øàð åäèíè÷íîãî
ðàäèóñà ëåæèò íà áåñêîíå÷íîé ãîðèçîíòàëüíîé ïëîñêîñòè. Ñîñòîÿíèå øàðà îïðåäåëÿåòñÿ åãî ïðîñòðàí-
ñòâåííîé îðèåíòàöèåé è ïîëîæåíèåì íà ïëîñêîñòè. Òðåáóåòñÿ ïåðåâåñòè øàð èç çàäàííîãî íà÷àëüíîãî
ñîñòîÿíèÿ â çàäàííîå êîíå÷íîå ñîñòîÿíèå ñ ïîìîùüþ ïîñëåäîâàòåëüíîñòè êà÷åíèé. Êàæäîå êà÷åíèå âû-
ïîëíÿåòñÿ âäîëü íåêîòîðîé ïðÿìîé íà ïëîñêîñòè: äëèíà è íàïðàâëåíèå êà÷åíèé âûáèðàþòñÿ íàìè, íî
êà÷åíèå äîëæíî âûïîëíÿòüñÿ áåç ïðîêðó÷èâàíèé è ïðîñêàëüçûâàíèé, òî åñòü îñü âðàùåíèÿ äîëæíà áûòü
ãîðèçîíòàëüíîé è ñêîðîñòü øàðà â òî÷êå êàñàíèÿ ñ ïëîñêîñòüþ äîëæíà áûòü íóëåâîé. Êàêîå íàèìåíüøåå
÷èñëî êà÷åíèé N íåîáõîäèìî äëÿ äîñòèæåíèÿ ëþáîãî êîíå÷íîãî ñîñòîÿíèÿ? Ñ èñïîëüçîâàíèåì êâàòåðíè-
îíîâ Õàììåðñëè ïîêàçàë, ÷òî N ∈ {3, 4}. Äàëåå, îí ïîñòàâèë äâå êîíòèíóàëüíûå âåðñèè çàäà÷è î øàðå:

(a) íàéòè êðèâóþ Γ íà ïëîñêîñòè ìèíèìàëüíîé äëèíû T , ïåðåâîäÿùóþ øàð â çàäàííîå êîíå÷íîå ñîñòî-
ÿíèå;

(b) ïåðåâåñòè øàð ïðîñòî â íåêîòîðóþ çàäàííóþ îðèåíòàöèþ, íå çàáîòÿñü î åå ïîëîæåíèè íà ïëîñêîñòè.

Äëÿ çàäà÷è (b) Õàììåðñëè óêàçûâàåò, ÷òî îïòèìàëüíàÿ êðèâàÿ Γ åñòü îòðåçîê èëè äóãà îêðóæíîñòè, è
0 ⩽ T ⩽ π

√
3, ãäå âåðõíÿÿ ãðàíèöà äîñòèãàåòñÿ, òîëüêî åñëè òðåáóåìàÿ ïåðåîðèåíòàöèÿ ñôåðû åñòü åå

ïîâîðîò íà π âîêðóã âåðòèêàëüíîé îñè.
Â çàêëþ÷èòåëüíîì ðàçäåëå ñòàòüè [97] ¾Âàðèàíòû äëÿ äâàäöàòü ïåðâîãî âåêà¿ Õàììåðñëè ñòàâèò ðÿä

âàðèàöèé è îáîáùåíèé óêàçàííûõ çàäà÷ î øàðå, îñòàþùèõñÿ îòêðûòûìè äî ñèõ ïîð.
Â 1986 ãîäó À. Àðòóðñ è Äæ. Óîëø [95] èññëåäîâàëè çàäà÷ó (a). Ñ èñïîëüçîâàíèåì êâàòåðíèîíîâ è

ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà îíè äîêàçàëè, ÷òî òî÷êà êîíòàêòà øàðà è ïëîñêîñòè (x, y) óäîâëåòâîðÿåò
óðàâíåíèÿì:

ẋ = sinψ, ẏ = − cosψ,

ψ̈ = λ cos(ψ + ε), λ, ε ≡ const .

Àðòóðñ è Óîëø óêàçàëè, ÷òî ýòè äèôôåðåíöèàëüíûå óðàâíåíèÿ èíòåãðèðóþòñÿ â ýëëèïòè÷åñêèõ èíòåãðà-
ëàõ ïåðâîãî è òðåòüåãî ðîäà, è îñòàâèëè çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ÷èñëåííîãî èññëåäîâàíèÿ.

Íåçàâèñèìî îò ýòèõ ðàáîò, â 1993 ãîäó Ð. Áðîêåòò è Ë. Äàè [112] ïîñòàâèëè ¾çàäà÷ó î ïëàñòèíàõ è øàðå¿
(The Plate-Ball Problem). Îíè ðàññìîòðåëè øàð, êàòÿùèéñÿ áåç ïðîêðó÷èâàíèÿ è ïðîñêàëüçûâàíèÿ ìåæäó
äâóìÿ ïëîñêèìè ãîðèçîíòàëüíûìè ïëàñòèíàìè, ðàññòîÿíèå ìåæäó êîòîðûìè ðàâíî äèàìåòðó øàðà. Áðî-
êåòò è Äàè çàïèñàëè óïðàâëÿåìóþ ñèñòåìó äëÿ øàðà â ôîðìå (2.46)�(2.50) è ïîêàçàëè, ÷òî íèëüïîòåíòíàÿ
àïïðîêñèìàöèÿ ýòîé ñèñòåìû ýêâèâàëåíòíà óïðàâëÿåìîé ñèñòåìå (2.117) íà ãðóïïå Êàðòàíà (ñì. ðàçäåë
2.10).

Â òîì æå 1993 ãîäó Â. Äæóðäæåâè÷ [98] ïîäðîáíî èññëåäîâàë çàäà÷ó îá îïòèìàëüíîì êà÷åíèè øàðà ïî
ïëîñêîñòè áåç ïðîêðó÷èâàíèé è ïðîñêàëüçûâàíèé, îïèðàÿñü íà ïîñòàíîâêó Áðîêåòòà è Äàè [112], è íåçà-
âèñèìî îò ðàáîò [95,97]. Äæóðäæåâè÷ ðàññìîòðåë ýòó çàäà÷ó êàê ëåâîèíâàðèàíòíóþ çàäà÷ó îïòèìàëüíîãî
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óïðàâëåíèÿ íà ãðóïïå Ëè G = R2 × SO(3):

ẋ = u1, ẏ = u2, (2.46)

Ṙ = R

 0 0 −u1
0 0 −u2
u1 u2 0

 , (2.47)

g = (x, y,R) ∈ G, u = (u1, u2) ∈ R2, (2.48)

g(0) = Id = (0, 0, E11 + E22 + E33), g(t1) = g1, (2.49)

J =
1

2

∫ t1

0

(u21 + u22) dt→ min . (2.50)

Äàëåå, îí ïðèìåíèë ê ýòîé çàäà÷å ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà â èíâàðèàíòíîé ôîðìóëèðîâêå äëÿ
ãðóïï Ëè (ñì. [2,25], è ïîëó÷èë ñëåäóþùèå ðåçóëüòàòû. Îïòèìàëüíûå àíîðìàëüíûå óïðàâëåíèÿ ïîñòîÿí-
íû è ïîðîæäàþò êà÷åíèå øàðà ïî ïðÿìîé; ýòè óïðàâëåíèÿ íåñòðîãî àíîðìàëüíû. Íîðìàëüíûå ýêñòðåìàëè
ñóòü òðàåêòîðèè ãàìèëüòîíîâîé ñèñòåìû ñ ãàìèëüòîíèàíîì H = 1

2 (h1 −H2)
2 + 1

2 (h2 +H1)
2, ãäå ãàìèëü-

òîíèàíû h1 è h2 ñîîòâåòñòâóþò âåêòîðíûì ïîëÿì ∂
∂x è ∂

∂y , à ãàìèëüòîíèàíû H1, H2, H3 ñîîòâåòñòâóþò

ëåâîèíâàðèàíòíûì ïîëÿì íà SO(3), çàäàþùèì âðàùåíèå òðåõìåðíîãî ïðîñòðàíñòâà ñ ãåíåðàòîðàìè

A1 = E32 − E23, A2 = E13 − E31, A3 = E21 − E12.

Âåðòèêàëüíàÿ ïîäñèñòåìà ýòîé ãàìèëüòîíîâîé ñèñòåìû åñòü

ḣ1 = ḣ2 = 0,

Ḣ1 = (h1 −H2)H3, Ḣ2 = (h2 +H1)H3,

Ḣ3 = −h1H1 − h2H2.

Ýòà ïîäñèñòåìà èìååò èíòåãðàëû h1, h2, H è M = H2
1 +H2

2 +H2
3 , ïîýòîìó èíòåãðèðóåìà. Áîëåå òîãî, ýòà

ïîäñèñòåìà ñâåäåíà ê óðàâíåíèþ ìàÿòíèêà. Äëÿ èíòåãðèðîâàíèÿ óðàâíåíèÿ äëÿ îðèåíòàöèè øàðà R(t) ∈
SO(3) ââîäÿòñÿ óãëû Ýéëåðà φ1, φ2, φ3, äëÿ ýòèõ óãëîâ ïîëó÷åíû äèôôåðåíöèàëüíûå óðàâíåíèÿ, êîòîðûå
êà÷åñòâåííî èññëåäîâàíû è ÷àñòè÷íî ïðîèíòåãðèðîâàíû. Ïîêàçàíî, ÷òî òðàåêòîðèÿ òî÷êè êîíòàêòà øàðà
è ïëîñêîñòè (x(t), y(t)) åñòü ýéëåðîâà ýëàñòèêà, ñì. ðàçäåë 2.6. Ïîëó÷åíà ñâÿçü ìåæäó òèïîì ïåðåñå÷åíèÿ
öèëèíäðà {H = const} è ñôåðû {M = const}, òèïîì ýëàñòèê è êà÷åñòâåííûì ïîâåäåíèåì óãëîâ Ýéëåðà
φ1, φ2, φ3.

Äàëüíåéøåå èçëîæåíèå â ýòîì ðàçäåëå îïèðàåòñÿ íà [93,94].

2.8.2 Ïîñòàíîâêà çàäà÷è

Ìåõàíè÷åñêàÿ ïîñòàíîâêà Ðàññìàòðèâàåòñÿ ìåõàíè÷åñêàÿ ñèñòåìà, ñîñòîÿùàÿ èç äâóõ ãîðèçîíòàëü-
íûõ ïëîñêîñòåé è ñôåðû, êàñàþùåéñÿ ýòèõ ïëîñêîñòåé. Íèæíÿÿ ïëîñêîñòü íåïîäâèæíà, à ñôåðà êàòèòñÿ
áåç ïðîêðó÷èâàíèÿ è ïðîñêàëüçûâàíèÿ áëàãîäàðÿ ãîðèçîíòàëüíîìó äâèæåíèþ âåðõíåé ïëîñêîñòè. Ñîñòî-
ÿíèå òàêîé ñèñòåìû îïèñûâàåòñÿ òî÷êîé êîíòàêòà ñôåðû ñ íèæíåé ïëîñêîñòüþ è îðèåíòàöèåé ñôåðû â
òðåõìåðíîì ïðîñòðàíñòâå. Òðåáóåòñÿ ïåðåêàòèòü ñôåðó èç çàäàííîãî íà÷àëüíîãî ñîñòîÿíèÿ â çàäàííîå
òåðìèíàëüíîå ñîñòîÿíèå òàê, ÷òîáû êðèâàÿ, ïðîáåãàåìàÿ òî÷êîé êîíòàêòà íà ïëîñêîñòè, èìåëà ìèíèìàëü-
íóþ äëèíó. Óïðàâëåíèåì ÿâëÿåòñÿ ñêîðîñòü âåðõíåé ïëîñêîñòè, èëè, ÷òî ýêâèâàëåíòíî, ñêîðîñòü öåíòðà
ñôåðû.

Ðàññìàòðèâàåòñÿ êèíåìàòèêà äàííîé ñèñòåìû, ïîýòîìó íàëè÷èå âåðõíåé ïëîñêîñòè ìîæíî èãíîðèðî-
âàòü è èçó÷àòü êà÷åíèå ñôåðû ïî (íèæíåé) ïëîñêîñòè áåç ïðîêðó÷èâàíèÿ è ïðîñêàëüçûâàíèÿ. Îòñóò-
ñòâèå ïðîñêàëüçûâàíèÿ îçíà÷àåò, ÷òî ìãíîâåííàÿ ñêîðîñòü òî÷êè êîíòàêòà ñôåðû è ïëîñêîñòè ðàâíà íó-
ëþ, à îòñóòñòâèå ïðîêðó÷èâàíèÿ îçíà÷àåò, ÷òî âåêòîð óãëîâîé ñêîðîñòè ñôåðû ãîðèçîíòàëåí. Êà÷åíèå
îäíîé ïîâåðõíîñòè ïî äðóãîé áåç ïðîêðó÷èâàíèÿ è ïðîñêàëüçûâàíèÿ ìîäåëèðóåò ðàáîòó ðóêè ðîáîòà-
ìàíèïóëÿòîðà, è çàäà÷è î òàêîì äâèæåíèè âûçûâàþò áîëüøîé èíòåðåñ â ìåõàíèêå, ðîáîòîòåõíèêå è òåîðèè
óïðàâëåíèÿ (ñì., íàïðèìåð, ðàáîòû [2,96,158,188,190]).

Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà Ïóñòü e1, e2, e3 � íåïîäâèæíûé ïðàâûé ðåïåð â ïðîñòðàíñòâå R3, òàêîé,
÷òî âåêòîðû e1, e2 ëåæàò â ïëîñêîñòè R2 ∼= (R2, 0) ⊂ R3, ïî êîòîðîé êàòèòñÿ ñôåðà S2 åäèíè÷íîãî ðàäèóñà,
à âåêòîð e3 íàïðàâëåí â ïîëóïðîñòðàíñòâî, ñîäåðæàùåå ýòó ñôåðó. Ðåïåð e1, e2, e3 çàêðåïëåí â òî÷êå
O ∈ (R2, 0). Ïóñòü f1, f2, f3 � ïîäâèæíûé ïðàâûé ðåïåð, çàêðåïëåííûé â êàòÿùåéñÿ ñôåðå S2. Îáîçíà÷èì
êîîðäèíàòû òî÷êè â R3 â áàçèñå e1, e2, e3 êàê (x, y, z), à êîîðäèíàòû ýòîé òî÷êè â áàçèñå f1, f2, f3,
ïåðåíåñåííîì â òî÷êó O, êàê (X,Y, Z). Òàêèì îáðàçîì,

xe1 + ye2 + ze3 = Xf1 + Y f2 + Zf3.
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Ïóñòü ìàòðèöà R ∈ SO(3) ïåðåâîäèò êîîðäèíàòû òî÷êè â íåïîäâèæíîì ðåïåðå e1, e2, e3 â åå êîîðäèíàòû
â ïîäâèæíîì ðåïåðå f1, f2, f3, ò.å.  X

Y
Z

 = R

 x
y
z

 .

Ñîñòîÿíèå ñèñòåìû ¾ñôåðà S2 è ïëîñêîñòü R2¿ çàäàåòñÿ êîîðäèíàòàìè (x, y) òî÷êè êîíòàêòà S2 è R2, è
ìàòðèöåé âðàùåíèÿ R. Â êà÷åñòâå óïðàâëåíèé áóäåì èñïîëüçîâàòü âåêòîð (u1, u2) ñêîðîñòè öåíòðà ñôåðû.
Çàäà÷à îá îïòèìàëüíîì êà÷åíèè ñôåðû ïî ïëîñêîñòè ôîðìàëèçóåòñÿ êàê ñëåäóþùàÿ çàäà÷à îïòèìàëüíîãî
óïðàâëåíèÿ:

ẋ = u1, (2.51)

ẏ = u2, (2.52)

Ṙ = R(u2A1 − u1A2), (2.53)

Q = (x, y,R) ∈ G = R2 × SO(3), (2.54)

u = (u1, u2) ∈ R2, (2.55)

Q(0) = Q0 = (0, 0, Id), Q(t1) = Q1, (2.56)

l =

∫ t1

0

√
u21 + u22 dt→ min . (2.57)

Çäåñü è äàëåå ìû èñïîëüçóåì áàçèñíûå ìàòðèöû â àëãåáðå Ëè so(3):

A1 =

 0 0 0
0 0 −1
0 1 0

 , A2 =

 0 0 1
0 0 0
−1 0 0

 , A3 =

 0 −1 0
1 0 0
0 0 0

 . (2.58)

Ëåâîèíâàðèàíòíàÿ ñóáðèìàíîâà çàäà÷à Çàäà÷à (2.51)�(2.57) åñòü ëåâîèíâàðèàíòíàÿ ñóáðèìàíîâà
çàäà÷à íà ãðóïïå Ëè G = R2 × SO(3). Ââåäåì ñëåäóþùèé ëåâîèíâàðèàíòíûé ðåïåð íà ýòîé ãðóïïå Ëè:

e1 =
∂

∂ x
, e2 =

∂

∂ y
, Vi(R) = RAi, i = 1, 2, 3.

Â òåðìèíàõ ëåâîèíâàðèàíòíûõ ïîëåé

X1 = e1 − V2, X2 = e2 + V1,

óïðàâëÿåìàÿ ñèñòåìà (2.51)�(2.55) ïðèíèìàåò âèä

Q̇ = u1X1(Q) + u2X2(Q), Q ∈ G = R2 × SO(3), (u1, u2) ∈ R2. (2.59)

Ôóíêöèîíàë (2.57) åñòü ôóíêöèîíàë ñóáðèìàíîâîé äëèíû äëÿ ëåâîèíâàðèàíòíîé ñóáðèìàíîâîé ñòðóêòó-
ðû, çàäàííîé ïîëÿìè X1, X2 êàê îðòîíîðìèðîâàííûì áàçèñîì:

l =

∫ t1

0

⟨Q̇, Q̇⟩1/2 dt→ min, (2.60)

⟨Xi, Xj⟩ = δij , i, j = 1, 2.

Ñóùåñòâîâàíèå îïòèìàëüíûõ óïðàâëåíèé Ìàòðè÷íûå êîììóòàòîðû [Ai, Aj ] = AiAj − AjAi âû-
÷èñëÿþòñÿ ñëåäóþùèì îáðàçîì:

[A1, A2] = A3, [A2, A3] = A1, [A3, A1] = A2.

Òàáëèöà óìíîæåíèÿ â àëãåáðå Ëè g = R2 ⊕ so(3) = span(e1, e2, V1, V2, V3) ãðóïïû Ëè G èìååò âèä:

ad ei = 0, [V1, V2] = V3, [V2, V3] = V1, [V3, V1] = V2.

Â ñèëó ðàâåíñòâ
[X1, X2] = V3, [X1, V3] = −V1, [X2, V3] = −V2,

âåêòîðíûå ïîëÿ X1, X2 â ïðàâîé ÷àñòè ñèñòåìû (2.59) ïîðîæäàþò àëãåáðó Ëè g. Ïî òåîðåìå Ðàøåâñêîãî-
×æîó, ñèñòåìà (2.59) âïîëíå óïðàâëÿåìà. Èç òåîðåìû Ôèëèïïîâà ñëåäóåò ñóùåñòâîâàíèå îïòèìàëüíûõ
óïðàâëåíèé â çàäà÷å (2.51)�(2.57) äëÿ ëþáûõ Q0, Q1 ∈ G â êëàññå ñóùåñòâåííî îãðàíè÷åííûõ èçìåðèìûõ
óïðàâëåíèé.
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2.8.3 Ýêñòðåìàëè

Ââåäåì ëèíåéíûå íà ñëîÿõ T ∗G ãàìèëüòîíèàíû:

hi(λ) = ⟨λ, ei⟩, i = 1, 2,

Hi(λ) = ⟨λ, Vi⟩, i = 1, 2, 3.

Àíîðìàëüíûå òðàåêòîðèè Àíîðìàëüíûå òðàåêòîðèè ïîñòîÿííîé ñêîðîñòè èìåþò âèä

xt = u1t, yt = u2t,

Rt = exp(t(u2A1 − u1A2)).

Îíè íåñòðîãî àíîðìàëüíû è îïòèìàëüíû. Â àíîðìàëüíîì ñëó÷àå ñôåðà ðàâíîìåðíî êàòèòñÿ ïî ïðÿìîé.

Íîðìàëüíàÿ ãàìèëüòîíîâà ñèñòåìà Â íîðìàëüíîì ñëó÷àå ãàìèëüòîíîâà ñèñòåìà ñ ãàìèëüòîíèàíîì

H =
1

2
((h1 −H2)

2 + (h2 +H1)
2)

çàïèñûâàåòñÿ â êîîðäèíàòàõ òàê

ḣ1 = ḣ2 = 0, (2.61)

Ḣ1 = (h1 −H2)H3, (2.62)

Ḣ2 = (h2 +H1)H3, (2.63)

Ḣ3 = −h1H1 − h2H2, (2.64)

Q̇ = (h1 −H2)X1 + (h2 +H1)X2. (2.65)

Êàê âñåãäà â ñóáðèìàíîâûõ çàäà÷àõ, ìîæíî îãðàíè÷èòüñÿ ãåîäåçè÷åñêèìè åäèíè÷íîé ñêîðîñòè, ò.å. ýêñòðå-
ìàëüíûìè òðàåêòîðèÿìè, âäîëü êîòîðûõ H ≡ 1

2 . Ïðè òàêîì îãðàíè÷åíèè óäîáíî ïåðåéòè â ñîïðÿæåííîì
ïðîñòðàíñòâå îò êîîðäèíàò (h1, h2, H1, H2, H3) ê íîâûì êîîðäèíàòàì (r, α, θ, c):

h1 = r cosα, h2 = r sinα, (2.66)

h1 −H2 = cos(θ + α), h2 +H1 = sin(θ + α), (2.67)

c = H3.

Ïîñëå ýòîãî ãàìèëüòîíîâà ñèñòåìà äëÿ íîðìàëüíûõ ýêñòðåìàëåé (2.61)�(2.65) ïðèíèìàåò ñëåäóþùóþ ôîð-
ìó:

θ̇ = c, (2.68)

ċ = −r sin θ, (2.69)

α̇ = ṙ = 0, (2.70)

ẋ = cos(θ + α), (2.71)

ẏ = sin(θ + α), (2.72)

Ṙ = RΩ, Ω = sin(θ + α)A1 − cos(θ + α)A2. (2.73)

Ñåìåéñòâî íîðìàëüíûõ ýêñòðåìàëåé λt ïàðàìåòðèçóåòñÿ öèëèíäðîì C, ñîñòîÿùèì èç íà÷àëüíûõ òî÷åê
λ = λt|t=0:

C = {λ ∈ g∗ | H(λ) = 1/2}
∼= {(h1, h2, H1, H2, H3) ∈ R5 | (h1 −H2)

2 + (h2 +H1)
2 = 1}

∼= {(θ, c, α, r) | θ ∈ S1, c ∈ R, α ∈ S1, r ⩾ 0}.

Ýêñïîíåíöèàëüíîå îòîáðàæåíèå îïðåäåëÿåòñÿ êàê

Exp(λ, t) = π ◦ etH⃗(λ) = Qt,

Exp : N →M,

N = C × R+ = {(λ, t) | λ ∈ C, t > 0}.

Â ñëó÷àå r = 0 ýëàñòèêà (xt, yt) åñòü ïðÿìàÿ (ïðè H3 = c = 0) èëè îêðóæíîñòü (ïðè H3 = c ̸= 0), áóäåì
íàçûâàòü òàêèå ýëàñòèêè âûðîæäåííûìè.

Â ñëó÷àå r ̸= 0 ýëàñòèêà (xt, yt) ïðèíàäëåæèò îäíîìó èç ÷åòûðåõ êëàññîâ â çàâèñèìîñòè îò ïîëíîé
ýíåðãèè E = c2/2− r cos θ ìàÿòíèêà (2.68), (2.69), ñì. ðàçäåë 2.6:
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1. èíôëåêñèîííûé ïðè E ∈ (−r, r),

2. íåèíôëåêñèîííûé ïðè E ∈ (r,+∞),

3. êðèòè÷åñêèé ïðè E = r, c ̸= 0,

4. ïðÿìàÿ ïðè E = −r è ïðè E = r, c = 0.

Ýëàñòèêè êëàññîâ 1�3 áóäåì íàçûâàòü íåâûðîæäåííûìè.

Ñèìïëåêòè÷åñêîå ñëîåíèå Íà êîàëãåáðå Ëè g∗ èìåþòñÿ ôóíêöèè Êàçèìèðà h1, h2,M = H2
1+H

2
2+H

2
3 .

Ñèìïëåêòè÷åñêîå ñëîåíèå ñîñòîèò èç:

� ñôåð {h1, h2 = const, M = const > 0},

� òî÷åê {h1, h2 = const, H1 = H2 = H3 = 0}.

Íîðìàëüíàÿ ãàìèëüòîíîâà ñèñòåìà èìååò èíòåãðàëû h1, h2,M , E = 1
2 (M+h21+h

2
2)−H è èíòåãðèðóåìà

â ýëëèïòè÷åñêèõ ôóíêöèÿõ è èíòåãðàëàõ.
Ðàçëè÷íûå òèïû ãåîäåçè÷åñêèõ, ïðîåöèðóþùèõñÿ â ýéëåðîâû ýëàñòèêè (xt, yt), ñîîòâåòñòâóþò ðàçíûì

òèïàì ïåðåñå÷åíèÿ ïîâåðõíîñòè óðîâíÿ ãàìèëüòîíèàíà {H = const} ñ ñèìïëåêòè÷åñêèìè ëèñòàìè.

Âûïðÿìëÿþùèå êîîðäèíàòû Öèëèíäð C = {λ ∈ g∗ | H(λ) = 1
2} ñòðàòèôèöèðóåòñÿ ñîãëàñíî ðàçíûì

òèïàì äâèæåíèÿ ìàÿòíèêà (2.68), (2.69):

C = ⊔7
i=1Ci,

C1 = {λ ∈ C | E ∈ (−r, r), r > 0},
C2 = {λ ∈ C | E ∈ (r,+∞), r > 0},
C3 = {λ ∈ C | E = r > 0, c ̸= 0},
C4 = {λ ∈ C | E = −r, r > 0},
C5 = {λ ∈ C | E = r > 0, c = 0},
C6 = {λ ∈ C | r = 0, c ̸= 0},
C7 = {λ ∈ C | r = 0, c = 0}.

Â îáëàñòè ∪3
i=1Ci ââåäåì êîîðäèíàòû (φ, k, α, r), âûïðÿìëÿþùèå óðàâíåíèÿ ìàÿòíèêà (2.68), (2.69).

Åñëè λ = (θ, c, α, r) ∈ C1, òî

sin(θ/2) = k sn(
√
rφ, k), cos(θ/2) = dn(

√
rφ, k), c/2 = k

√
r cn(

√
rφ, k),

ïðè ýòîì k =
√
(E + r)/(2r) ∈ (0, 1),

√
rφ (mod 4K) ∈ [0, 4K].

Åñëè λ = (θ, c, α, r) ∈ C2, òî

sin(θ/2) = ± sn(
√
rφ/k, k), cos(θ/2) = cn(

√
rφ/k, k), c/2 = ±

√
r/k dn(

√
rφ/k, k),

ãäå ± = sgn c, ïðè ýòîì k =
√
2r/(E + r) ∈ (0, 1),

√
rφ (mod 2kK) ∈ [0, 2kK].

Åñëè λ ∈ C3, òî

sin(θ/2) = ± th(
√
rφ), cos(θ/2) = 1/ ch(

√
rφ), c/2 = ±

√
r/ ch(

√
rφ),

ãäå ± = sgn c, ïðè ýòîì k = 1, φ ∈ (−∞,+∞).
Â íîâûõ êîîðäèíàòàõ óðàâíåíèÿ ìàÿòíèêà (2.68), (2.69) ïðèíèìàþò ôîðìó:

φ̇ = 1, k̇ = 0, α̇ = 0, ṙ = 0,

îòêóäà φt = φ+ t; k, α, r = const.
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Èíòåãðèðîâàíèå âåðòèêàëüíîé ïîäñèñòåìû ãàìèëüòîíîâîé ñèñòåìû ÏÌÏ Åñëè λ ∈ C1, òî

sin(θt/2) = k sn(
√
rφt, k), cos(θt/2) = dn(

√
rφt, k), ct/2 = k

√
r cn(

√
rφt, k).

Åñëè λ ∈ C2, òî

sin(θt/2) = ± sn(
√
rφt/k, k), cos(θt/2) = cn(

√
rφt/k, k), ct/2 = ±

√
r/k dn(

√
rφt/k, k),

ãäå ± = sgn c.
Åñëè λ ∈ C3, òî

sin(θt/2) = ± th(
√
rφt), cos(θt/2) = 1/ ch(

√
rφt), ct/2 = ±

√
r/ ch(

√
rφt),

ãäå ± = sgn c.
Äëÿ ñëó÷àåâ λ ∈ ∪7

i=4Ci ñèñòåìà (2.68)�(2.70) èíòåãðèðóåòñÿ íåïîñðåäñòâåííî: θt ≡ 0, ct ≡ 0 ïðè λ ∈ C4;
θt ≡ π, ct ≡ 0 ïðè λ ∈ C5; θt = ct+ θ, ct ≡ c ̸= 0 ïðè λ ∈ C6; θt ≡ θ, ct ≡ 0 ïðè λ ∈ C7.

Èíòåãðèðîâàíèå óðàâíåíèé äëÿ x, y Äëÿ èíòåãðèðîâàíèÿ óðàâíåíèé (2.71), (2.72) ñ íà÷àëüíûì
óñëîâèåì x0 = y0 = 0 âîñïîëüçóåìñÿ ñèììåòðèåé çàäà÷è � ïîâîðîòîì

x = x̄ cosα− ȳ sinα, y = x̄ sinα+ ȳ cosα.

Â íîâûõ ïåðåìåííûõ ïîëó÷àåì çàäà÷ó Êîøè

˙̄xt = cos θt, ˙̄yt = sin θt, x̄0 = ȳ0 = 0, (2.74)

ðåøåíèÿ êîòîðîé ïàðàìåòðèçóþòñÿ ñëåäóþùèì îáðàçîì.
Åñëè λ ∈ C1, òî

x̄t = (2(E(
√
rφt)− E(

√
rφ))−

√
rt)/

√
r,

ȳt = 2k(cn(
√
rφ)− cn(

√
rφt))/

√
r.

Åñëè λ ∈ C2, òî

x̄t = 2
(
E(

√
rφt/k)− E(

√
rφ/k)− (2− k2)

√
rt/(2k)

)
/(k

√
r),

ȳt = ±2(dn(
√
rφ/k)− dn(

√
rφt/k))/(k

√
r), ± = sgn c.

Åñëè λ ∈ C3, òî

x̄t = (2(th(
√
rφt)− th(

√
rφ))−

√
rt)/

√
r,

ȳt = ±2(1/ ch(
√
rφ)− 1/ ch(

√
rφt))/

√
r, ± = sgn c.

Ïðè λ ∈ ∪7
i=4Ci óðàâíåíèÿ (2.74) èíòåãðèðóþòñÿ íåïîñðåäñòâåííî: x̄t = t, ȳt = 0 ïðè λ ∈ C4; x̄t = −t,

ȳt = 0 ïðè λ ∈ C5; x̄t = (sin(ct+ θ)− sin θ)/c, ȳt = (cos θ − cos(ct+ θ))/c ïðè λ ∈ C6; x̄t = t cos θ, ȳt = t sin θ
ïðè λ ∈ C7.

Èíòåãðèðîâàíèå óðàâíåíèé äëÿ R Ïóñòü M = H2
1 +H2

2 +H2
3 > 0. Òîãäà

R(t) = e(α−φ
0
3)A3e−φ

0
2A2eφ1(t)A3eφ2(t)A2e(φ3(t)−α)A3 , (2.75)

ãäå óãëû φi îïðåäåëÿþòñÿ èç ñîîòíîøåíèé (2.76)�(2.82) ïðè r ̸= 1 è (2.79)�(2.83) ïðè r = 1, à óãîë φ1

óäîâëåòâîðÿåò íà÷àëüíîìó óñëîâèþ φ0
1 = 0.

Âõîäÿùèå â ðàçëîæåíèå (2.75) ýêñïîíåíòû ìàòðèö, ñîäåðæàùèå φ2, φ3, âûðàæàþòñÿ ÷åðåç cosφ2, sinφ2,
cosφ3, sinφ3, êîòîðûå ñ ïîìîùüþ ñîîòíîøåíèé (2.76), (2.77), (2.79), (2.80) âûðàæåíû ÷åðåç ïåðåìåííûå
c, cos(θ/2), sin(θ/2), êîòîðûå, â ñâîþ î÷åðåäü ïðåäñòàâëåíû âûøå êàê ôóíêöèè ýëëèïòè÷åñêèõ êîîðäèíàò
èëè íåïîñðåäñòâåííî. Ïðè r = 1 èìååì φ1(t) =

√
Mt/2. Èíòåãðèðîâàíèå óðàâíåíèÿ (2.78) ïðè r ̸= 1

âûíåñåíî â ñëåäóþùèé ïóíêò.
Â ñëó÷àå M = 0 èìååì r = 1, c = 0, θ = 0, îòêóäà u1 = cosα, u2 = sinα. Ïîýòîìó Ω = u2A1 − u1A2 ≡

const è R(t) = etΩ.

47



Èíòåãðèðîâàíèå óðàâíåíèé äëÿ φ1 Âäîëü íîðìàëüíûõ ãåîäåçè÷åñêèõ óãëû φi óäîâëåòâîðÿþò ïðè
r ̸= 1 ðàâåíñòâàì:

cosφ2 = c/
√
M, sinφ2 = ±

√
M − c2/

√
M, (2.76)

cosφ3 = ∓ sin θ/
√
M − c2, sinφ3 = ±(r − cos θ)/

√
M − c2, (2.77)

φ̇1 =
√
M(1− r cos θ)/(M − c2), (2.78)

à ïðè r = 1 ðàâåíñòâàì:

cosφ2 = c/
√
M, sinφ2 = ±2 sin(θ/2)/

√
M, (2.79)

cosφ3 = ∓ cos(θ/2), sinφ3 = ± sin(θ/2), (2.80)

φ̇1 =
√
M/2. (2.81)

Ââåäåì â ðàññìîòðåíèå ýëëèïòè÷åñêèé èíòåãðàë III ðîäà â ñëåäóþùåé ôîðìå:

Π(n, u, k) =

∫ u

0

dt

(1− n sin2 t)
√

1− k2 sin2 t
=

∫ F (u,k)

0

dv

1− n sn2 v
. (2.82)

Ïóñòü r ̸= 1. Åñëè λ1 ∈ C1, òî

φ1(t) =

√
M

2
t+

√
M(1 + r)

2
√
r(1− r)

(Π(l, am(
√
r(φ+ t)), k)−Π(l, am(

√
rφ), k)), (2.83)

ãäå l = − 4k2r
(1−r)2 .

Åñëè λ1 ∈ C2, òî

φ1(t) =

√
M

2
t+

√
Mk(1 + r)

2
√
r(1− r)

(Π(l, am(
√
r(φ+ t)/k), k)−Π(l, am(

√
rφ/k), k)),

ãäå l = − 4r
(1−r)2 .

Åñëè λ1 ∈ C3, òî

φ1(t) =

√
M

2
t+

√
Mk(1− r2)

8r3/2
(I(

√
r(φ+ t), a)− I(

√
rφ, a)),

I(v, a) =

∫ v

0

dt

a2 + th2 t
=
at− arctg a+ arctg(et(a2 ch t+ sh t)/a)

a+ a3
,

ãäå a = (1− r)/(2
√
r).

Åñëè λ1 ∈ C6, òî φ1(t) =
√
1 + c2 t.

Åñëè λ ∈ C4 ∪ C5 ∪ C7, òî θt ≡ const = θ, Ω = sin(α+ θ)A1 − cos(α+ θ)A2 ≡ const, R(t) = etΩ.

Óïðàâëÿåìàÿ ñèñòåìà â òåðìèíàõ êâàòåðíèîíîâ Äëÿ îïèñàíèÿ îðèåíòàöèè êàòÿùåéñÿ ñôåðû óäîá-
íî, íàðÿäó ñ ìàòðèöåé âðàùåíèÿ R, èñïîëüçîâàòü êâàòåðíèîíû.

Ïóñòü H = {q = q0 + iq1 + jq2 + kq3 | q0, . . . , q3 ∈ R} åñòü àëãåáðà êâàòåðíèîíîâ, S3 = {q ∈ H | |q|2 =
q20 + q21 + q22 + q23 = 1} � åäèíè÷íàÿ ñôåðà, I = {q ∈ H | Re q = q0 = 0} � ïîäïðîñòðàíñòâî ÷èñòî ìíèìûõ
êâàòåðíèîíîâ. Ëþáîé êâàòåðíèîí q ∈ S3 çàäàåò âðàùåíèå åâêëèäîâà ïðîñòðàíñòâà I:

q ∈ S3 ⇒ Rq(a) = qaq−1, a ∈ I, Rq ∈ SO(3) ∼= SO(I).

Ñîîòâåòñòâèå ìåæäó êâàòåðíèîíîì q = q0 + iq1 + jq2 + kq3 ∈ S3 è ìàòðèöåé R ∈ SO(3) èìååò âèä:

R =

 q20 + q21 − q22 − q23 2 q1 q2 − 2 q0 q3 2 q0 q2 + 2 q1 q3
2 q1 q2 + 2 q0 q3 q20 − q21 + q22 − q23 −2 q0 q1 + 2 q2 q3
−2 q0 q2 + 2 q1 q3 2 q0 q1 + 2 q2 q3 q20 − q21 − q22 + q23

 . (2.84)

Óïðàâëÿåìàÿ ñèñòåìà (2.47) â òåðìèíàõ êâàòåðíèîíîâ ïðèíèìàåò ôîðìó
q̇0 = 1

2 (q2u1 − q1u2),

q̇1 = 1
2 (q3u1 + q0u2),

q̇2 = 1
2 (−q0u1 + q3u2),

q̇3 = 1
2 (−q1u1 − q2u2),

q = q0 + iq1 + jq2 + kq3 ∈ S3, (u1, u2) ∈ R2. (2.85)

Óïðàâëÿåìàÿ ñèñòåìà íà R2 × SO(3) (2.46), (2.47) ñ íà÷àëüíûì óñëîâèåì g(0) = Id èìååò ëèôò íà
R2 × S3 âèäà (2.46), (2.85) ñ íà÷àëüíûì óñëîâèåì (x, y)(0) = (0, 0), q(0) = 1.
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2.8.4 Ñèììåòðèè

Ñèììåòðèè ñåìåéñòâà ýêñòðåìàëüíûõ òðàåêòîðèé Âðàùåíèÿ ýëàñòèê (xs, ys) âîêðóã íà÷àëà êîîð-
äèíàò â ïëîñêîñòè (x, y) ïîðîæäàþò îäíîïàðàìåòðè÷åñêóþ ãðóïïó ñèììåòðèé òðàåêòîðèé ãàìèëüòîíîâîé
ñèñòåìû (2.68)�(2.73):

{Φβ | β ∈ S1},

ãäå âðàùåíèå Φβ îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

Φβ : {λs | s ∈ [0, t]} → {λβs | s ∈ [0, t]}, (2.86)

λs = (θs, cs, α, r,Qs), Qs = (xs, ys, Rs), (2.87)

λβs = (θβs , c
β
s , α

β , r,Qβs ), Qβs = (xβs , y
β
s , R

β
s ), (2.88)

θβs = θs, cβs = cs, αβ = α+ β, (2.89)(
xβs
yβs

)
=

(
cosβ − sinβ
sinβ cosβ

)(
xs
ys

)
, (2.90)

Rβs = eβA3Rse
−βA3 , Ωβs = eβA3Ωse

−βA3 . (2.91)

Ïðåäëîæåíèå 2.8. Åñëè {λs | s ∈ [0, t]} åñòü òðàåêòîðèÿ ñèñòåìû (2.68)�(2.73), òî äëÿ ëþáîãî β ∈ S1

êðèâàÿ {λβs | s ∈ [0, t]} åñòü òàêæå òðàåêòîðèÿ ýòîé ñèñòåìû.

Îòðàæåíèÿ òðàåêòîðèé (θs, cs) ìàÿòíèêà (2.68), (2.69) â îñÿõ êîîðäèíàò θ, c è â íà÷àëå êîîðäèíàò
ïðîäîëæàþòñÿ äî äèñêðåòíûõ ñèììåòðèé ε1, ε2, ε3 ñåìåéñòâà òðàåêòîðèé ãàìèëüòîíîâîé ñèñòåìû (2.68)�
(2.73):

εi : {λs | s ∈ [0, t]} → {λis | s ∈ [0, t]}, i = 1, 2, 3,

λs = (θs, cs, α, r,Qs), Qs = (xs, ys, Rs),

λis = (θis, c
i
s, α

i, r,Qis), Qis = (xis, y
i
s, R

i
s).

Îòðàæåíèþ òðàåêòîðèé (θs, cs) ìàÿòíèêà (2.68), (2.69) â îñè êîîðäèíàò θ ñîîòâåòñòâóåò äèñêðåòíàÿ
ñèììåòðèÿ ε1 ñåìåéñòâà ýêñòðåìàëüíûõ òðàåêòîðèé:

θ1s = θt−s, c1s = −ct−s, α1 = α+ π,

x1s = xt−s − xt, y1s = yt−s − yt,

R1
s = (Rt)

−1Rt−s, Ω1
s = −Ωt−s.

Îòðàæåíèå òðàåêòîðèé ìàÿòíèêà (θs, cs) â îñè êîîðäèíàò c ïîðîæäàåò ñèììåòðèþ ε2 ýêñòðåìàëüíûõ
òðàåêòîðèé:

θ2s = −θt−s, c2s = ct−s, α2 = π − α,

x2s = xt−s − xt, y2s = yt − yt−s,

R2
s = I2(Rt)

−1Rt−sI2, Ω2
s = −I2Ωt−sI2,

I2 = I−1
2 = eπA2 =

 −1 0 0
0 1 0
0 0 −1

 .

Îòðàæåíèå òðàåêòîðèé ìàÿòíèêà (θs, cs) â íà÷àëå êîîðäèíàò (θ, c) = (0, 0) ïðîäîëæàåòñÿ äî ñèììåòðèè
ε3 ýêñòðåìàëüíûõ òðàåêòîðèé:

θ3s = −θs, c3s = −cs, α3 = −α,
x3s = xs, y3s = −ys,
R3
s = I2RsI2, Ω3

s = I2ΩsI2.

Ïðåäëîæåíèå 2.9. Åñëè {λs | s ∈ [0, t]} åñòü òðàåêòîðèÿ ñèñòåìû (2.68)�(2.73), òî êðèâûå {λis | s ∈
[0, t]}, i = 1, 2, 3, ñóòü òàêæå òðàåêòîðèè ýòîé ñèñòåìû.

Ñèììåòðèè ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ Äåéñòâèå âðàùåíèé Φβ è îòðàæåíèé εi â ïðîîáðà-
çå è îáðàçå ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ îïðåäåëÿåòñÿ òàê, ÷òîáû îíè êîììóòèðîâàëè ñ äåéñòâèåì
ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ.
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Âðàùåíèÿ Φβ : λ 7→ λβ (2.86)�(2.91) ÿâëÿþòñÿ ñèììåòðèÿìè ãàìèëüòîíîâîé ñèñòåìû, ïîýòîìó èõ
äåéñòâèå â T ∗G åñòåñòâåííî ðàñïàäàåòñÿ â ïðÿìóþ ñóììó äåéñòâèé â N = g∗ × R+ (íà (λ, t), ãäå λ �
íà÷àëî ýêñòðåìàëè) è â G (íà Qt � êîíåö ñîîòâåòñòâóþùåé ýêñòðåìàëüíîé òðàåêòîðèè):

Φβ : N → N, (λ, t) 7→ (λβ , t),

λ = (θ, c, α, r), λβ = (θ, c, αβ , r),

αβ = α+ β,

è

Φβ : G→ G, Q 7→ Qβ ,

Q = (x, y,R), Qβ = (xβ , yβ , Rβ),(
xβ

yβ

)
=

(
cosβ − sinβ
sinβ cosβ

)(
x
y

)
, Rβ = eβA3Re−βA3 .

Äåéñòâèå îòðàæåíèé εi â N îïðåäåëÿåòñÿ îãðàíè÷åíèåì èõ äåéñòâèÿ íà âåðòèêàëüíûå ñîñòàâëÿþùèå
ýêñòðåìàëüíûõ òðàåêòîðèé â íà÷àëüíûé ìîìåíò âðåìåíè s = 0:

εi : N → N, (λ, t) 7→ (λi, t), i = 1, 2, 3,

λ = (θ, c, α, r), λi = (θi, ci, αi, r),

ãäå λ = λs|s=0, λ
i = λis

∣∣
s=0

. ßâíûå âûðàæåíèÿ äëÿ äåéñòâèÿ εi â N :

ε1 : (θ, c, α, r, t) 7→ (θ1, c1, α1, r, t) = (θt,−ct, α+ π, r, t),

ε2 : (θ, c, α, r, t) 7→ (θ2, c2, α2, r, t) = (−θt, ct, π − α, r, t),

ε3 : (θ, c, α, r, t) 7→ (θ3, c3, α3, r, t) = (−θ,−c,−α, r, t).

Äåéñòâèå îòðàæåíèé â G îïðåäåëÿåòñÿ èõ äåéñòâèåì íà ýêñòðåìàëüíûå òðàåêòîðèè â êîíå÷íûé ìîìåíò
âðåìåíè s = t:

εi : G→ G, Q 7→ Qi, i = 1, 2, 3,

Q = (x, y,R), Qi = (xi, yi, Ri),

ãäå Q = Qs|s=t, Qi = Qis
∣∣
s=t

. ßâíûå ôîðìóëû:

ε1 : (x, y,R) 7→ (x1, y1, R1) = (−x,−y, (R)−1),

ε2 : (x, y,R) 7→ (x2, y2, R2) = (−x, y, I2(R)−1I2),

ε3 : (x, y,R) 7→ (x3, y3, R3) = (x,−y, I2RI2).

Èòàê, îïðåäåëåíî äåéñòâèå âðàùåíèé è îòðàæåíèé â ïðîîáðàçå è îáðàçå ýêñïîíåíöèàëüíîãî îòîáðàæå-
íèÿ:

Φβ , εi : N → N, (λ, t) 7→ (λβ , t), (λi, t), (2.92)

Φβ , εi : G→ G, Q 7→ Qβ , Qi. (2.93)

Ñóùåñòâåííî, ÷òî îáðàç Qi = εi(Q) çàâèñèò ëèøü îò ïðîîáðàçà Q, íî íå îò ìîìåíòà âðåìåíè t.

Ïðåäëîæåíèå 2.10. Îòîáðàæåíèÿ Φβ, εi ÿâëÿþòñÿ ñèììåòðèÿìè ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ.

Ðàññìîòðèì ãðóïïó ñèììåòðèé ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ, ïîðîæäåííóþ âðàùåíèÿìè è îòðàæå-
íèÿìè:

Sym = ⟨Φβ , ε1, ε2, ε3⟩.
Òàáëèöà óìíîæåíèÿ â ýòîé ãðóïïå èìååò ñëåäóþùèé âèä:

· ◦ · ε1 ε2 ε3 Φβ

ε1 Id ε3 ε2 Φβ ◦ ε1
ε2 ε3 Id ε1 Φ−β ◦ ε2
ε3 ε2 ε1 Id Φ−β ◦ ε3
Φγ ε1 ◦ Φγ ε2 ◦ Φ−γ ε3 ◦ Φ−γ Φβ+γ

Îòñþäà ïîëó÷àåì ÿâíîå îïèñàíèå ãðóïïû ñèììåòðèé ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ:

Sym = {Φβ , Φβ ◦ εi | β ∈ S1, i = 1, 2, 3} ∼= SO(2)× (Z2 × Z2).

Îïðåäåëèì ìíîæåñòâî Ìàêñâåëëà, ñîîòâåòñòâóþùåå ãðóïïå ⟨εi, Φβ⟩, i = 1, 2, 3:

MAXi = {(λ, t) ∈ N | ∃ β ∈ S1 : (λ̃, t) = εi ◦ Φβ(λ, t), Exp(λ, s) ̸≡ Exp(λ̃, s), Exp(λ, t) = Exp(λ̃, t)}.
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2.8.5 Óñëîâèÿ îïòèìàëüíîñòè

Òåîðåìà 2.36. Ïóñòü t > 0 è Qs = (xs, ys, Rs) = Exp(λ, s) åñòü òàêàÿ ýêñòðåìàëüíàÿ òðàåêòîðèÿ,
÷òî:

(1) q3(t) = 0,

(2) ýëàñòèêà {(xs, ys) | s ∈ [0, t]} íåâûðîæäåíà è íå öåíòðèðîâàíà â òî÷êå ïåðåãèáà.

Òîãäà (λ, t) ∈ MAX1, ïîýòîìó äëÿ ëþáîãî t1 > t òðàåêòîðèÿ Qs, s ∈ [0, t1], íåîïòèìàëüíà.

Òåîðåìà 2.37. Ïóñòü t > 0 è Qs = (xs, ys, Rs) = Exp(λ, s) åñòü òàêàÿ ýêñòðåìàëüíàÿ òðàåêòîðèÿ,
÷òî:

(1) (xq1 + yq2)(t) = 0,

(2) ýëàñòèêà {(xs, ys) | s ∈ [0, t]} íåâûðîæäåíà è íå öåíòðèðîâàíà â âåðøèíå.

Òîãäà (λ, t) ∈ MAX2, ïîýòîìó äëÿ ëþáîãî t1 > t òðàåêòîðèÿ Qs, s ∈ [0, t1], íåîïòèìàëüíà.

Òåîðåìà 2.38. Ïóñòü t > 0 è Qs = (xs, ys, Rs) = Exp(λ, s) åñòü òàêàÿ ýêñòðåìàëüíàÿ òðàåêòîðèÿ,
÷òî:

(1) (xq1 + yq2)(t) = q3(t) = 0 èëè (yq1 − xq2)(t) = q0(t) = 0.

(2) ýëàñòèêà {(xs, ys) | s ∈ [0, t]} íåâûðîæäåíà.

Òîãäà (λ, t) ∈ MAX3, ïîýòîìó äëÿ ëþáîãî t1 > t òðàåêòîðèÿ Qs, s ∈ [0, t1], íåîïòèìàëüíà.

Çàìå÷àíèå. Ó÷èòûâàÿ òî, ÷òî äëÿ ëþáîãî êâàòåðíèîíà q = q0 + iq1 + jq2 + kq3 ∈ S3, ñîîòâåòñòâóþùåå
äâèæåíèå Rq : R3 → R3 åñòü âðàùåíèå âîêðóã âåêòîðà (q1, q2, q3) ∈ R3, ìîæíî äàòü ñëåäóþùóþ íàãëÿäíóþ
èíòåðïðåòàöèþ óñëîâèþ (1) òåîðåì 2.36�2.38:

1. Óñëîâèå (1) òåîðåìû 2.36 îçíà÷àåò, ÷òî âðàùåíèå ñôåðû Rt åñòü ïîâîðîò âîêðóã íåêîòîðîé ãîðèçîí-
òàëüíîé îñè;

2. Óñëîâèå (1) òåîðåìû 2.37 îçíà÷àåò, ÷òî âðàùåíèå Rt åñòü ïîâîðîò âîêðóã íåêîòîðîé îñè, îðòîãîíàëü-
íîé âåêòîðó ïåðåìåùåíèÿ òî÷êè êîíòàêòà ñôåðû è ïëîñêîñòè (xt, yt, 0);

3. Óñëîâèå (1) òåîðåìû 2.38 îçíà÷àåò, ÷òî âðàùåíèå Rt åñòü ïîâîðîò âîêðóã ãîðèçîíòàëüíîé îñè, îðòî-
ãîíàëüíîé âåêòîðó (xt, yt, 0), èëè ÷òî Rt åñòü ïîâîðîò íà óãîë π âîêðóã íåêîòîðîé îñè, ëåæàùåé â
âåðòèêàëüíîé ïëîñêîñòè, êîòîðàÿ ñîäåðæèò âåêòîð (xt, yt, 0).

2.8.6 Áèáëèîãðàôè÷åñêèå êîììåíòàðèè

Ðàçäåë 2.8.1 îïèðàåòñÿ íà ðàáîòû [95,97,98,112], ðàçäåë 2.8.2 � íà [94], ðàçäåë 2.8.3 � íà [93,94], ðàçäåë
2.8.4 � íà [94].

2.9 Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ýíãåëÿ

2.9.1 Ïîñòàíîâêà çàäà÷è

Ãåîìåòðè÷åñêàÿ ïîñòàíîâêà Ïóñòü íà åâêëèäîâîé ïëîñêîñòè çàäàíû òî÷êè a0, a1 ∈ R2, ñîåäèíåííûå
êðèâîé γ0 ⊂ R2. Ïóñòü òàêæå çàäàíû ÷èñëî S ∈ R è ïðÿìàÿ L ⊂ R2. Òðåáóåòñÿ ñîåäèíèòü òî÷êè a0, a1
êðàò÷àéøåé êðèâîé γ ⊂ R2 òàê, ÷òîáû êðèâûå γ0 è γ îãðàíè÷èâàëè íà ïëîñêîñòè îáëàñòü àëãåáðàè÷å-
ñêîé ïëîùàäè S ñ öåíòðîì ìàññ, ïðèíàäëåæàùèì ïðÿìîé L. Òàêèì îáðàçîì, ýòî íåêîòîðîå îáîáùåíèå
(óñëîæíåíèå) çàäà÷è Äèäîíû, ñì. [5, 42].

Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ Ïîñòàâëåííóþ ãåîìåòðè÷åñêóþ çàäà÷ó ìîæíî ïåðåôîðìóëèðî-
âàòü êàê çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ

ġ = u1X1(g) + u2X2(g), g = (x, y, z, v) ∈ R4, (2.94)

g(0) = g0, g(t1) = g1, (2.95)

l =

∫ t1

0

√
u21 + u22 dt→ min, (2.96)

X1 =
∂

∂x
− y

2

∂

∂z
, X2 =

∂

∂y
+
x

2

∂

∂z
+
x2 + y2

2

∂

∂v
. (2.97)

Ýòà çàäà÷à � ñóáðèìàíîâà äëÿ ñóáðèìàíîâîé ñòðóêòóðû íà R4, çàäàííîé âåêòîðíûìè ïîëÿìè X1, X2 êàê
îðòîíîðìèðîâàííûì ðåïåðîì.
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Àëãåáðà Ýíãåëÿ è ãðóïïà Ýíãåëÿ Àëãåáðîé Ýíãåëÿ íàçûâàåòñÿ àëãåáðà Ëè g, â êîòîðîé ñóùåñòâóåò
áàçèñ (X1, . . . , X4), â êîòîðîì íåíóëåâûå êîììóòàòîðû ñóòü

[X1, X2] = X3, [X1, X3] = X4,

ñì. Ðèñ. 37.

@
@@R

?

�
��	

�
��	s

s s
s

X4

X1 X2

X3

Ðèñ. 37: Àëãåáðà Ýíãåëÿ

Àëãåáðà Ýíãåëÿ åñòü íèëüïîòåíòíàÿ àëãåáðà Ëè ñ ãðàäóèðîâêîé g = g(1)⊕g(2)⊕g(3), g(1) = span(X1, X2),
g(2) = RX3, g

(3) = RX4, [g
(1), g(i)] = g(i+1), g(4) = {0}, ïîýòîìó îíà ÿâëÿåòñÿ àëãåáðîé Êàðíî. Ñîîòâåòñòâó-

þùàÿ ñâÿçíàÿ îäíîñâÿçíàÿ ãðóïïà Ëè G íàçûâàåòñÿ ãðóïïîé Ýíãåëÿ.
Ãðóïïà Ýíãåëÿ èìååò ëèíåéíîå ïðåäñòàâëåíèå:


1 b c d
0 1 a a2/2
0 0 1 a
0 0 0 1

 | a, b, c, d ∈ R

 .

Íà ïðîñòðàíñòâå R4
x,y,z,v ìîæíî ââåñòè çàêîí óìíîæåíèÿ
x1
y1
z1
v1

 ·


x2
y2
z2
v2

 =


x1 + x2
y1 + y2

z1 + z2 + (x1y2 − x2y1)/2
v1 + v2 + y1y2(y1 + y2)/2 + x1z2 + x1y2(x1 + x2)/2

 ,

ïðåâðàùàþùèé ýòî ïðîñòðàíñòâî â ãðóïïó Ýíãåëÿ: G ∼= R4
x,y,z,v, à ïîëÿ (2.97) â ëåâîèíâàðèàíòíûå ïîëÿ

íà ýòîé ãðóïïå. Òàêèì îáðàçîì, çàäà÷à (2.94)�(2.96) åñòü ëåâîèíâàðèàíòíàÿ ñóáðèìàíîâà çàäà÷à íà ãðóïïå
Ýíãåëÿ. Ïîýòîìó ìîæíî ñ÷èòàòü, ÷òî íà÷àëüíàÿ òî÷êà â (2.95) åñòü åäèíèöà ãðóïïû Ýíãåëÿ: g0 = Id =
(0, 0, 0, 0).

Âñå âïîëíå íåãîëîíîìíûå ëåâîèíâàðèàíòíûå ñóáðèìàíîâû çàäà÷è ðàíãà 2 íà ãðóïïå Ýíãåëÿ ïåðåâî-
äÿòñÿ äðóã â äðóãà èçîìîðôèçìîì ýòîé ãðóïïû [113].

Îñîáåííîñòè çàäà÷è Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ýíãåëÿ åñòü ïðîñòåéøàÿ ëåâîèíâàðèàíòíàÿ ñóá-
ðèìàíîâà çàäà÷à ñî ñëåäóþùèìè ñâîéñòâàìè:

� îíà èìååò ãëóáèíó 3, åå âåêòîð ðîñòà ðàâåí (2, 3, 4),

� îíà èìååò íåòðèâèàëüíûå àíîðìàëüíûå êðàò÷àéøèå,

� åå ãåîäåçè÷åñêèå ïàðàìåòðèçóþòñÿ íåýëåìåíòàðíûìè ôóíêöèÿìè (ýëëèïòè÷åñêèìè ôóíêöèÿìè ßêî-
áè),

� åå ñóáðèìàíîâà ñôåðà íåñóáàíàëèòè÷íà.

Ýòà çàäà÷à äîñòàâëÿåò íèëüïîòåíòíóþ àïïðîêñèìàöèþ ëþáîé ñóáðèìàíîâîé çàäà÷è ýíãåëåâà òèïà (òî
åñòü ñ âåêòîðîì ðîñòà (2, 3, 4), ñì. [42,46]), â ÷àñòíîñòè, äëÿ ìîáèëüíîãî ðîáîòà ñ ïðèöåïîì.

2.9.2 Ñèììåòðèè ðàñïðåäåëåíèÿ è ñóáðèìàíîâîé ñòðóêòóðû

Òåîðåìà 2.39. Àëãåáðà Ëè èíôèíèòåçèìàëüíûõ ñèììåòðèé ðàñïðåäåëåíèÿ span(X1, X2) íà ãðóïïå Ýí-
ãåëÿ ïàðàìåòðèçóåòñÿ ãëàäêèìè ôóíêöèÿìè íà ýòîé ãðóïïå, ïîñòîÿííûìè âäîëü ïîëÿ X2.

Òåîðåìà 2.40. Àëãåáðà Ëè èíôèíèòåçèìàëüíûõ ñèììåòðèé íèëüïîòåíòíîé ñóáðèìàíîâîé ñòðóêòóðû
íà ãðóïïå Ýíãåëÿ èçîìîðôíà àëãåáðå Ýíãåëÿ è ñîñòîèò èç ïðàâîèíâàðèàíòíûõ âåêòîðíûõ ïîëåé íà ýòîé
ãðóïïå.
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2.9.3 Ãåîäåçè÷åñêèå

Ñóùåñòâîâàíèå îïòèìàëüíûõ óïðàâëåíèé â çàäà÷å (2.94)�(2.96) ñëåäóåò èç òåîðåì Ðàøåâñêîãî-×æîó è
Ôèëèïïîâà.

Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà Ïåðåéäåì îò çàäà÷è ìèíèìèçàöèè äëèíû (2.96) ê ýêâèâàëåíòíîé
çàäà÷å ìèíèìèçàöèè ýíåðãèè

J =
1

2

∫ t1

0

(u21 + u22)dt→ min . (2.98)

Ââåäåì ëèíåéíûå íà ñëîÿõ T ∗G ãàìèëüòîíèàíû hi(λ) = ⟨λ,Xi⟩, i = 1, . . . , 4. Òîãäà ïðèíöèï ìàêñèìóìà
Ïîíòðÿãèíà äëÿ çàäà÷è (2.94), (2.95), (2.98) ïðèíèìàåò ôîðìó:

ḣ1 = −u2h3,
ḣ2 = u1h3,

ḣ3 = u1h4,

ḣ4 = 0,

ġ = u1X1 + u2X2,

u1h1 + u2h2 +
ν

2
(u21 + u22) → max

(u1,u2)∈R2
,

ν ⩽ 0,

(h1, . . . , h4, ν) ̸= 0.

Àíîðìàëüíûå ýêñòðåìàëè Àíîðìàëüíûå ýêñòðåìàëè ïîñòîÿííîé ñêîðîñòè ìîãóò áûòü ïàðàìåòðèçî-
âàíû êàê

h1 = h2 = h3 = 0, h4 ≡ const ̸= 0,

u1 ≡ 0, u2 ≡ ±1,

x = z ≡ 0, y = ± t, v = ± t3

6
. (2.99)

Àíîðìàëüíûå òðàåêòîðèè (2.99) ñóòü îäíîïàðàìåòðè÷åñêèå ïîäãðóïïû g(t) = e± tX2 . Îíè ïðîåöèðóþòñÿ
íà ïëîñêîñòü (x, y) â ïðÿìûå, ïîòîìó ÿâëÿþòñÿ ñóáðèìàíîâûìè êðàò÷àéøèìè. Àíîðìàëüíîå ìíîæåñòâî
åñòü îäíîìåðíîå ãëàäêîå ìíîãîîáðàçèå, äèôôåîìîðôíîå ïðÿìîé:

Abn = {g ∈ G | x = z = v − y3/6 = 0}.

Íîðìàëüíûå ýêñòðåìàëè Íîðìàëüíûå ýêñòðåìàëè ÿâëÿþòñÿ òðàåêòîðèÿìè íîðìàëüíîé ãàìèëüòîíî-
âîé ñèñòåìû

λ̇ = H⃗(λ), λ ∈ T ∗G, (2.100)

ñ ãàìèëüòîíèàíîì H =
1

2
(h21 + h22). Ââåäåì íà ïîâåðõíîñòè óðîâíÿ {H = 1/2} êîîðäèíàòû (θ, c, α):

h1 = − sin θ, h2 = cos θ, h3 = c, h4 = α,

òîãäà ãàìèëüòîíîâà ñèñòåìà (2.100) ïðèìåò ôîðìó

θ̇ = c, ċ = −α sin θ, α̇ = 0, (2.101)

ġ = − sin θX1 + cos θX2. (2.102)

Âåðòèêàëüíàÿ ïîäñèñòåìà (2.101) åñòü óðàâíåíèå ìàÿòíèêà â ïîëå ñèëû òÿæåñòè ñ óñêîðåíèåì ñâîáîäíîãî
ïàäåíèÿ g = αl, ãäå l � äëèíà ìàÿòíèêà. Òàêèì îáðàçîì, ïðè α > 0 (α < 0) ñèëà òÿæåñòè íàïðàâëåíà âíèç
(ââåðõ) îòíîñèòåëüíî îñè, îò êîòîðîé îòñ÷èòûâàåòñÿ óãîë θ, à ïðè α = 0 ìàÿòíèê äâèæåòñÿ â íåâåñîìîñòè.

Ïðîåêöèè íîðìàëüíûõ ýêñòðåìàëåé íà ïëîñêîñòü (x, y) ñóòü ýéëåðîâû ýëàñòèêè, ñì. ðàçäåë 2.6.
Àíîðìàëüíûå êðàò÷àéøèå óäîâëåòâîðÿþò íîðìàëüíîé ãàìèëüòîíîâîé ñèñòåìå (2.101), (2.102) ïðè θ =

π + 2πn, c = 0, ïîýòîìó îíè íåñòðîãî àíîðìàëüíû.
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Ñèìïëåêòè÷åñêîå ñëîåíèå è ôóíêöèè Êàçèìèðà Íà êîàëãåáðå Ëè g∗ ñóùåñòâóþò 2 íåçàâèñèìûå
ôóíêöèè Êàçèìèðà:

h4, E =
h23
2

− h2h4,

ãäå E åñòü ïîëíàÿ ýíåðãèÿ ìàÿòíèêà (2.101).
Ñèìïëåêòè÷åñêîå ñëîåíèå íà g∗ ñîñòîèò èç:

� ïàðàáîëè÷åñêèõ öèëèíäðîâ

{E = const, h4 = const ̸= 0, h23 + h24 ̸= 0},

� ïàð ïëîñêîñòåé
{E = const, h4 = 0, h3 ̸= 0},

� òî÷åê
{hi = const, i = 1, . . . , 4, h23 + h24 = 0}.

Ñèìïëåêòè÷åñêèå ëèñòû 2-ìåðíû è 0-ìåðíû, ïîòîìó âåðòèêàëüíàÿ ïîäñèñòåìà (2.101) èíòåãðèðóåìà ïî
Ëèóâèëëþ. Ôàçîâûé ïîðòðåò ãàìèëüòîíîâîé ñèñòåìû (2.100) íà öèëèíäðå C ∩ {h4 = const}, ãäå C =
g∗ ∩

{
H = 1

2

}
, ïîëó÷àåòñÿ ïåðåñå÷åíèåì ýòîãî öèëèíäðà ñ ïîâåðõíîñòüþ óðîâíÿ ýíåðãèè E.

Ïàðàìåòðèçàöèÿ íîðìàëüíûõ ãåîäåçè÷åñêèõ Ñåìåéñòâî íîðìàëüíûõ ýêñòðåìàëåé íà ïîâåðõíîñòè
óðîâíÿ {H = 1

2} ïàðàìåòðèçóåòñÿ íà÷àëüíûìè òî÷êàìè, ïðèíàäëåæàùèìè öèëèíäðó C.
Ðàññìîòðèì ñòðàòèôèêàöèþ öèëèíäðà C íà ïîäìíîãîîáðàçèÿ, ñîîòâåòñòâóþùèå ðàçíûì òèïàì òðàåê-

òîðèé ìàÿòíèêà (2.101):

C =

7⊔
i=1

Ci,

C1 = {λ ∈ C | α ̸= 0, E ∈ (−|α|, |α|)},
C2 = {λ ∈ C | α ̸= 0, E ∈ (|α|,+∞)},
C3 = {λ ∈ C | α ̸= 0, E = |α|, c ̸= 0},
C4 = {λ ∈ C | α ̸= 0, E = −|α|},
C5 = {λ ∈ C | α ̸= 0, E = |α|, c = 0},
C6 = {λ ∈ C | α = 0, c ̸= 0},
C7 = {λ ∈ C | α = c = 0}.

Äàëåå, ìíîæåñòâà Ci, i = 1, . . . , 5, ðàçáèâàþòñÿ íà ïîäìíîæåñòâà â çàâèñèìîñòè îò çíàêà ïåðåìåííîé α:

C+
i = Ci ∩ {α > 0}, C−

i = Ci ∩ {α < 0}, i ∈ {1, . . . , 5}.

Áîëåå òîãî, ïîäìíîæåñòâà C6, C
±
2 , C

±
3 ðàçáèâàþòñÿ íà ñâÿçíûå êîìïîíåíòû â çàâèñèìîñòè îò çíàêà

ïåðåìåííîé c:

C6+ = C6 ∩ {c > 0}, C6− = C6 ∩ {c < 0},
C±
i+ = C±

i ∩ {c > 0}, C±
i− = C±

i ∩ {c < 0}, i ∈ {2, 3}.

Äëÿ íîðìàëèçàöèè íîðìàëüíûõ ãåîäåçè÷åñêèõ ââåäåì íà ñòðàòàõ C1, C2, C3 ýëëèïòè÷åñêèå êîîðäèíàòû
(φ, k, α), â êîòîðûõ óðàâíåíèå ìàÿòíèêà (2.101) âûïðÿìëÿåòñÿ.

Â îáëàñòè C+
1

k =

√
E + α

2α
=

√
c2

4α
+ sin2

θ

2
∈ (0, 1),

sin
θ

2
= k sn(

√
αφ), cos

θ

2
= dn(

√
αφ),

c

2
= k

√
α cn(

√
αφ), φ ∈ [0, 4K].
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Â îáëàñòè C+
2

k =

√
2α

E + α
=

1√
c2

4α + sin2 θ2

∈ (0, 1),

sin
θ

2
= sgn c sn

√
αφ

k
, cos

θ

2
= cn

√
αφ

k
,

c

2
= sgn c

√
α

k
dn

√
αφ

k
, φ ∈ [0, 2kK],

ψ =
φ

k
.

Íà ìíîæåñòâå C+
3

k = 1,

sin
θ

2
= sgn c th(

√
αφ), cos

θ

2
=

1

ch(
√
αφ)

,

c

2
= sgn c

√
α

ch(
√
αφ)

, φ ∈ (−∞,+∞).

Íà ìíîæåñòâàõ C−
1 , C

−
2 , C

−
3 îïðåäåëèì íîâûå êîîðäèíàòû ñëåäóþùèì îáðàçîì:

φ(θ, c, α) = φ(θ − π, c,−α), (2.103)

k(θ, c, α) = k(θ − π, c,−α). (2.104)

Âåðòèêàëüíàÿ ïîäñèñòåìà (2.101) ïðèíèìàåò â íîâûõ êîîðäèíàòàõ ñëåäóþùóþ ôîðìó:

φ̇ = 1, k̇ = 0, α̇ = 0,

ïîýòîìó åå ðåøåíèÿ èìåþò âèä

φt = φ+ t, k = const, α = const . (2.105)

Çàäà÷à èíâàðèàíòíà îòíîñèòåëüíî ëåâûõ ñäâèãîâ íà ãðóïïå Ýíãåëÿ, à òàêæå äèëàòàöèé

δs : (t, x, y, z, v) 7→ (est, esx, esy, e2sz, e3sv), (2.106)

(θ, c, α) 7→ (θ, e−sc, e−2sα), (φ, k, α) 7→ (esφ, k, e−2sα), (2.107)

è îòðàæåíèé

(t, x, y, z, v) 7→ (t,−x,−y, z,−v),
(θ, c, α) 7→ (θ − π, c,−α), (φ, k, α) 7→ (φ, k,−α).

Äèëàòàöèè íà ãðóïïå Ýíãåëÿ çàäàþò ïîòîê âåêòîðíîãî ïîëÿ

Y = x
∂

∂x
+ y

∂

∂y
+ 2z

∂

∂z
+ 3v

∂

∂v
.

Ïðè λ = (φ, k, α) ∈ ∪3
i=1Ci, α = 1, ãåîäåçè÷åñêèå ïàðàìåòðèçóþòñÿ ñëåäóþùèì îáðàçîì.

Åñëè λ ∈ C1, òî

xt = 2k(cnφt − cnφ),

yt = 2
(
E(φt)− E(φ)

)
− t,

zt = 2k
(
snφt dnφt − snφdnφ− yt

2
(cnφt + cnφ)

)
,

vt =
y3t
6

+ 2k2 cn2 φyt − 4k2 cnφ(snφt dnφt − snφdnφ)+

+ 2k2
(
2

3
cnφt dnφt snφt −

2

3
cnφdnφ snφ+

1− k2

3k2
t+

2k2 − 1

3k2

(
E(φt)− E(φ)

))
. (2.108)
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Åñëè λ ∈ C2, òî

xt =
2 sgn c

k

(
dnψt − dnψ

)
,

yt =
k2 − 2

k2
t+

2

k

(
E(ψt)− E(ψ)

)
,

zt = −xtyt
2

− 2 sgn cdnψ

k
yt + 2 sgn c (cnψt snψt − cnψ snψ),

vt =
4

k

(
1

3
cnψt dnψt snψt −

1

3
cnψ dnψ snψ − 1− k2

3k3
t− k2 − 2

6k2

(
E(ψt)− E(ψ)

))
+

+
y3t
6

+
2yt
k2

dn2 ψ − 4

k
dnψ

(
cnψt snψt − cnψ snψ

)
,

ψ =
φ

k
, ψt = ψ +

t

k
. (2.109)

Åñëè λ ∈ C3, òî

xt = 2 sgn c

(
1

chφt
− 1

chφ

)
,

yt = 2(thφt − thφ)− t,

zt = −xtyt
2

− 2 sgn c

chφ
yt + 2 sgn c

(
thφt
chφt

− thφ

chφ

)
,

vt =
2

3

(
thφt − thφ+ 2

thφt

ch2 φt
− 2

thφ

ch2 φ

)
+
y3t
6

+
2yt

ch2 φ
− 4

chφ

(
thφt
chφt

− thφ

chφ

)
. (2.110)

Ïàðàìåòðèçàöèÿ ãåîäåçè÷åñêèõ äëÿ ïðîèçâîëüíûõ λ = (φ, k, α) ∈ ∪3
i=1Ci ïîëó÷àåòñÿ èç ñëó÷àÿ α = 1 ñ

ïîìîùüþ äèëàòàöèé è îòðàæåíèÿ:

� åñëè α > 0, òî

(xt, yt, zt, vt)(φ, k, α) =
( xt′

α1/2
,
yt′

α1/2
,
zt′

α
,
vt′

α3/2

)
(
√
αφ, k, 1), t′ = t

√
α,

� åñëè α < 0, òî

(xt, yt, zt, vt)(φ, k, α) = (−xt,−yt, zt,−vt)(φ, k,−α).

Â îñòàâøèõñÿ ñëó÷àÿõ λ ∈ ∪7
i=4Ci ãåîäåçè÷åñêèå ïàðàìåòðèçóþòñÿ ýëåìåíòàðíûìè ôóíêöèÿìè.

Åñëè λ ∈ C4, òî

xt = 0, yt = t sgnα, zt = 0, vt =
t3

6
sgnα.

Åñëè λ ∈ C5, òî

xt = 0, yt = −t sgnα, zt = 0, vt = − t
3

6
sgnα.

Åñëè λ ∈ C6, òî

xt =
cos(ct+ θ)− cos θ

c
, yt =

sin(ct+ θ)− sin θ

c
,

zt =
ct− sin ct

2c2
, vt =

3 cos θ − 2ct sin θ − 4 cos(ct+ θ) + cos(2ct+ θ)

4c3
.

Åñëè λ ∈ C7, òî

xt = −t sin θ, yt = t cos θ, zt = 0, vt =
t3

6
cos θ.

Ïðîåêöèè ãåîäåçè÷åñêèõ íà ïëîñêîñòü (x, y) ñóòü ýéëåðîâû ýëàñòèêè (ñì. ðàçäåë 2.6): èíôëåêñèîííûå
ïðè λ ∈ C1, íåèíôëåêñèîííûå ïðè λ ∈ C2, êðèòè÷åñêèå ïðè λ ∈ C3, ïðÿìûå ïðè λ ∈ C4 ∪ C5 ∪ C7, è
îêðóæíîñòè ïðè λ ∈ C6.

Ñåìåéñòâî âñåõ ãåîäåçè÷åñêèõ ïàðàìåòðèçóåòñÿ ýêñïîíåíöèàëüíûì îòîáðàæåíèåì

Exp: N = C × R+ →M,

Exp(λ, t) = gt = (xt, yt, zt, vt).
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2.9.4 Ñèììåòðèè ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ è âðåìÿ Ìàêñâåëëà

Äèëàòàöèè (2.106), (2.107) îáðàçóþò îäíîïàðàìåòðè÷åñêóþ ãðóïïó ñèììåòðèé ýêñïîíåíöèàëüíîãî îòîá-
ðàæåíèÿ. Èìååòñÿ òàêæå äèñêðåòíàÿ ãðóïïà ñèììåòðèé, îáðàçîâàííàÿ îòðàæåíèÿìè:

Sym = {Id, ε1, . . . , ε7} ∼= Z2 × Z2 × Z2.

Îáîçíà÷èì ÷åðåç H⃗v = c
∂

∂θ
− α sin θ

∂

∂c
∈ Vec(C) âåðòèêàëüíóþ ÷àñòü íîðìàëüíîãî ãàìèëüòîíîâà ïî-

ëÿ H⃗. Ñëåäóþùèå îòîáðàæåíèÿ εi : C → C ñîõðàíÿþò ïîëå íàïðàâëåíèé âåêòîðíîãî ïîëÿ H⃗v:

ε1 : (θ, c, α) 7→ (θ,−c, α), ε2 : (θ, c, α) 7→ (−θ, c, α),
ε3 : (θ, c, α) 7→ (−θ,−c, α), ε4 : (θ, c, α) 7→ (θ + π, c,−α),
ε5 : (θ, c, α) 7→ (θ + π,−c,−α), ε6 : (θ, c, α) 7→ (−θ + π, c,−α),
ε7 : (θ, c, α) 7→ (−θ + π,−c,−α).

À èìåííî: εi∗H⃗v = H⃗v ïðè i = 3, 4, 7, è εi∗H⃗v = −H⃗v ïðè i = 1, 2, 5, 6. Äåéñòâèå îòðàæåíèé εi : C → C
ïðîäîëæàåòñÿ äî ñèììåòðèé ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ ñëåäóþùèì îáðàçîì.

Äåéñòâèå εi : N → N , N = C × R+, îïðåäåëÿåòñÿ êàê

εi(λ, t) =

{(
εi(λ), t

)
, åñëè εi∗H⃗v = H⃗v,(

εi ◦ etH⃗v (λ), t
)
, åñëè εi∗H⃗v = −H⃗v.

Äåéñòâèå εi : G→ G îïðåäåëÿåòñÿ êàê

εi(q) = εi(x, y, z, v) = gi = (xi, yi, zi, vi),

(x1, y1, z1, v1) = (x, y,−z, v − xz),

(x2, y2, z2, v2) = (−x, y, z, v − xz),

(x3, y3, z3, v3) = (−x, y,−z, v),
(x4, y4, z4, v4) = (−x,−y, z,−v),
(x5, y5, z5, v5) = (−x,−y,−z,−v + xz),

(x6, y6, z6, v6) = (x,−y, z,−v + xz),

(x7, y7, z7, v7) = (x,−y,−z,−v).

Ïðåäëîæåíèå 2.11. Ãðóïïà Sym åñòü ïîäãðóïïà ãðóïïû ñèììåòðèé ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ.

Òåîðåìà 2.41. Ïåðâîå âðåìÿ Ìàêñâåëëà, ñîîòâåòñòâóþùåå ãðóïïå ñèììåòðèé Sym, äëÿ ïî÷òè âñåõ
ãåîäåçè÷åñêèõ âûðàæàåòñÿ ñëåäóþùèì îáðàçîì:

λ ∈ C1 ⇒ t1MAX = min
(
2p1z(k), 4K(k)

)
/σ, (2.111)

λ ∈ C2 ⇒ t1MAX = 2kK(k)/σ, (2.112)

λ ∈ C6 ⇒ t1MAX = 2π/|c|, (2.113)

λ ∈ C3 ∪ C4 ∪ C5 ∪ C7 ⇒ t1MAX = +∞, (2.114)

ãäå σ =
√
|α|, p1z(k) ∈

(
K(k), 3K(k)

)
åñòü ïåðâûé ïîëîæèòåëüíûé êîðåíü ôóíêöèè fz(p, k) = dn p sn p +

(p− 2E(p)) cn p.

Çàìå÷àíèå. Äëÿ òåõ ãåîäåçè÷åñêèõ, äëÿ êîòîðûõ ïåðâîå âðåìÿ Ìàêñâåëëà íå ðàâíî t1MAX, îíî áîëüøå
ýòîãî çíà÷åíèÿ, à t1MAX åñòü ïåðâîå ñîïðÿæåííîå âðåìÿ.

Òåîðåìà 2.42. Ôóíêöèÿ t1MAX : C → (0,+∞] èìååò ñëåäóþùèå ñâîéñòâà èíâàðèàíòíîñòè:

(1) t1MAX(λ) çàâèñèò òîëüêî îò çíà÷åíèé E è |α|,

(2) t1MAX(λ) åñòü ïåðâûé èíòåãðàë ïîëÿ H⃗v,

(3) t1MAX(λ) èíâàðèàíòíî îòíîñèòåëüíî îòðàæåíèé: åñëè (λ, t) ∈ C×R+, (λ
i, t) = εi(λ, t), òî t1MAX(λ

i) =
t1MAX(λ),

(4) t1MAX(λ) îäíîðîäíà îòíîñèòåëüíî äèëàòàöèé: åñëè λ ∈ C, λs = δs(λ) ∈ C, òî t1MAX(λs) = est1MAX(λ),
s ∈ R.
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2.9.5 Íèæíÿÿ îöåíêà ñîïðÿæåííîãî âðåìåíè

Òåîðåìà 2.43. Äëÿ ëþáîãî λ ∈ C
t1conj(λ) ⩾ t1MAX(λ).

2.9.6 Äèôôåîìîðôíàÿ ñòðóêòóðà ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ

Ðàññìîòðèì ïîäìíîæåñòâî â ïðîñòðàíñòâå ñîñòîÿíèé, íå ñîäåðæàùåå íåïîäâèæíûõ òî÷åê ñèììåòðèé
ε1, ε2:

G̃ = {g ∈ G | ε1(g) ̸= g ̸= ε2(g)} = {g ∈ G | xz ̸= 0},

è åãî ñâÿçíûå êîìïîíåíòû:

G1 = {g ∈ G | x < 0, z > 0},
G2 = {g ∈ G | x < 0, z < 0},
G3 = {g ∈ G | x > 0, z < 0},
G4 = {g ∈ G | x > 0, z > 0}.

Òàêæå ðàññìîòðèì îòêðûòîå ïëîòíîå ïîäìíîæåñòâî â ïðîñòðàíñòâå âñåõ ïîòåíöèàëüíî îïòèìàëüíûõ ãåî-
äåçè÷åñêèõ:

Ñ = {(λ, t) ∈ N | t < t1MAX(λ), ct/2 sin θt/2 ̸= 0},

è åãî ñâÿçíûå êîìïîíåíòû:

D1 = {(λ, t) ∈ N | t ∈
(
0, t1MAX(λ)

)
, sin θt/2 > 0, ct/2 > 0},

D2 = {(λ, t) ∈ N | t ∈
(
0, t1MAX(λ)

)
, sin θt/2 > 0, ct/2 < 0},

D3 = {(λ, t) ∈ N | t ∈
(
0, t1MAX(λ)

)
, sin θt/2 < 0, ct/2 < 0},

D4 = {(λ, t) ∈ N | t ∈
(
0, t1MAX(λ)

)
, sin θt/2 < 0, ct/2 > 0}.

Òåîðåìà 2.44. Ñëåäóþùèå îòîáðàæåíèÿ ÿâëÿþòñÿ äèôôåîìîðôèçìàìè:

Exp : Di → Gi, i = 1, . . . , 4,

Exp : Ñ → G̃.

2.9.7 Âðåìÿ ðàçðåçà

Òåîðåìà 2.45. Äëÿ ëþáîãî λ ∈ C
tcut(λ) = t1MAX(λ).

2.9.8 Ìíîæåñòâî ðàçðåçà è åãî ñòðàòèôèêàöèÿ

Òåîðåìà 2.46. Ìíîæåñòâî ðàçðåçà Cut ñîäåðæèòñÿ â îáúåäèíåíèè êîîðäèíàòíûõ ïîäïðîñòðàíñòâ {x =
0} è {z = 0}. Îíî èíâàðèàíòíî îòíîñèòåëüíî äèëàòàöèé è äèñêðåòíûõ ñèììåòðèé:

etY (Cut) = Cut, t ∈ R,
εi(Cut) = Cut, i = 1, . . . , 7.

Òåîðåìà 2.47. Ìíîæåñòâî ðàçðåçà èìååò ñòðàòèôèêàöèþ

Cut =(Ix+ ⊔Ix−) ⊔ (N x+ ⊔N x−) ⊔ (Iz+ ⊔Iz−)⊔
⊔ (CI+

x+ ⊔CI−
x+ ⊔CI+

x− ⊔CI−
x−) ⊔ (CN+

x+ ⊔CN−
x+ ⊔CN+

x− ⊔CN−
x−)⊔

⊔ (CI+
z+ ⊔CI−

z+ ⊔CI+
z− ⊔CI−

z−)⊔
⊔ (E+ ⊔E−).

Ïåðåñå÷åíèÿ ìíîæåñòâà ðàçðåçà ñ êîîðäèíàòíûìè ïîäïðîñòðàíñòâàìè èìåþò ñòðàòèôèêàöèè

Cut∩{z = 0} =(Iz+ ⊔Iz−) ⊔ (CI+
z+ ⊔CI−

z+ ⊔CI+
z− ⊔CI−

z−)

⊔ (I0
x+ ⊔I0

x−) ⊔ (E+ ⊔E−),

Cut∩{x = 0} =(Ix+ ⊔Ix−) ⊔ (CI+
x+ ⊔CI−

x+ ⊔CI+
x− ⊔CI−

x−)

⊔ (N x+ ⊔N x−) ⊔ (CN+
x+ ⊔CN−

x+ ⊔CN+
x− ⊔CN−

x−)

⊔ (I0
z+ ⊔I0

z−) ⊔ (E+ ⊔E−),

Cut∩{x = z = 0} =(I0
z+ ⊔I0

z−) ⊔ (I0
x+ ⊔I0

x−) ⊔ (E+ ⊔E−).
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Ïðè ýòîì I0
x± ⊂ Ix±, I0

z± ⊂ Iz±, à òàêæå

Iz+ =
{
g ∈ G | z = 0, y > Y 1

0 |x|, w < G1(x, y)
}
≃ R3,

Ix+ =
{
g ∈ G | x = 0, y > 0, w > G2(z, y)

}
≃ R3,

N x± =
{
g ∈ G | x = 0, sgn z = ±1, −G3(z,−y) < w < G3(z, y)

}
≃ R3,

CI±
z+ =

{
g ∈ G | z = 0, y > Y 1

0 |x|, w = G1(x, y), sgnx = ±1
}
≃ R2,

CI±
x+ =

{
g ∈ G | z = 0, y > 0, w = G2(x, y), sgn z = ±1

}
≃ R2,

CN+
x± =

{
g ∈ G | x = 0, sgn z = ±1, w = G3(z, y)

}
≃ R2,

I0
z± =

{
g ∈ G | x = z = 0, yw < 0, sgn y = ±1

}
≃ R2,

I0
x± =

{
g ∈ G | x = z = 0, yw > 0, sgn y = ±1

}
≃ R2,

E± =
{
g ∈ G | x = y = z = 0, sgnw = ±1

}
≃ R1,

Iz− = ε4(Iz+), Ix− = ε4(Iz+),
CI±

z− = ε4(CI±
z+), CI±

x− = ε4(CI±
x+), CN−

x± = ε4(CN+
x±),

ãäå Y 1
0 < 0, à Gi, i = 1, 2, 3, � íåêîòîðûå ãëàäêèå ôóíêöèè, óäîâëåòâîðÿþùèå ñâîéñòâàì:

G1(0, y) = 0, G1(−x, y) = G1(x, y), G1(ρx, ρy) = ρ3G1(x, y), ρ > 0,

G2(0, y) = 0, G2(−z, y) = G2(z, y), G2(ρ
2z, ρy) = ρ3G2(z, y), ρ > 0,

G3(−z, y) = G3(z, y), G3(ρ
2z, ρy) = ρ3G3(z, y), ρ > 0.

Òðåõìåðíûå ñòðàòû Ix±, Iz± (ñîîòâ. N x±) ñîñòîÿò èç òî÷åê, äëÿ êîòîðûõ ïðîåêöèè êðàò÷àéøèõ íà
ïëîñêîñòü (x, y) ñóòü èíôëåêñèîííûå, ò.å. èìåþùèå òî÷êè ïåðåãèáà (ñîîòâ. íåèíôëåêñèîííûå, ò.å. íå èìå-
þùèå òî÷åê ïåðåãèáà) ýëàñòèêè, ñì. ðàçäåë 2.6. Äëÿ îäíîìåðíûõ ñòðàòîâ E± ñîîòâåòñòâóþùèå ýëàñòèêè
çàìêíóòû (èìåþò ôîðìó âîñüìåðêè, ¾�gure-of-eight elastica¿).

Íà Ðèñ. 38, 39 èçîáðàæåíû ñòðàòèôèêàöèè ìíîæåñòâà ðàçðåçà è åãî ïåðåñå÷åíèÿ ñ êîîðäèíàòíûìè
ïîäïðîñòðàíñòâàìè. Íà Ðèñ. 38 ïîêàçàíà òîïîëîãèÿ ïðèìûêàíèÿ ñòðàòîâ ìíîæåñòâà ðàçðåçà â ôàêòîðå
ïî äèëàòàöèÿì Y . Íà Ðèñ. 39 ïðåäñòàâëåíî ïåðåñå÷åíèå Cut∩{x = z = 0}.

ℐx+ℐx+

ℐx-ℐx-

ℐz+ℐz+

ℐz-ℐz-

ℰ+ℰ+

ℰ-ℰ-

++--

x+x+

x-x-

ℐ
x+
0ℐ
x+
0

ℐ
x-
0ℐ
x-
0

ℐ
z+
0ℐ
z+
0

ℐ
z-
0ℐ
z-
0

ℰ+ℰ+

ℰ-ℰ-

++--
y

w

Ðèñ. 38: Ñòðàòèôèêàöèÿ ìíîæåñòâà ðàçðåçà:
ãëîáàëüíàÿ ñòðóêòóðà

Ðèñ. 39: Ïåðåñå÷åíèå ìíîæåñòâà ðàçðåçà ñ ïîä-
ïðîñòðàíñòâîì {x = z = 0}

Íà Ðèñ. 40 èçîáðàæåíî ìíîæåñòâî Cut∩{z = 0} ïîñëå ôàêòîðèçàöèè ïî äèëàòàöèÿì Y ; ôàêòîð {z =
0}/eRY ïðåäñòàâëåí òîïîëîãè÷åñêîé ñôåðîé {g ∈ G | x6 + y6 +w2 = 1}. Àíàëîãè÷íî íà Ðèñ. 41 èçîáðàæåí
ôàêòîð (Cut∩{x = 0})/eRY íà òîïîëîãè÷åñêîé ñôåðå {g ∈ G | y6 + |z|3 + w2 = 1}.

Î÷åâèäíî, ÷òî â êàæäóþ òî÷êó g1 ∈ G \ Cut ïðèõîäèò ðîâíî îäíà ñóáðèìàíîâà êðàò÷àéøàÿ. Íèæå
àíàëîãè÷íîå ñâîéñòâî îïèñàíî äëÿ òî÷åê g1 ∈ Cut.
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Ðèñ. 40: Ïåðåñå÷åíèå Cut∩{z = 0} Ðèñ. 41: Ïåðåñå÷åíèå Cut∩{x = 0}

Òåîðåìà 2.48. (1) Â êàæäóþ òî÷êó òðåõìåðíûõ ñòðàòîâ ìíîæåñòâà ðàçðåçà ïðèõîäÿò ðîâíî äâå
êðàò÷àéøèå (ýòè ñòðàòû ñîñòîÿò èç òî÷åê Ìàêñâåëëà, íå ÿâëÿþùèõñÿ ñîïðÿæåííûìè).

(2) Â êàæäóþ òî÷êó äâóìåðíûõ ñòðàòîâ ïðèõîäèò åäèíñòâåííàÿ êðàò÷àéøàÿ (ýòè ñòðàòû ñîñòîÿò
èç ñîïðÿæåííûõ òî÷åê, íå ÿâëÿþùèõñÿ òî÷êàìè Ìàêñâåëëà).

(3) Â êàæäóþ òî÷êó îäíîìåðíûõ ñòðàòîâ ïðèõîäèò îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî êðàò÷àéøèõ
(ýòè ñòðàòû ñîñòîÿò èç òî÷åê Ìàêñâåëëà, ÿâëÿþùèõñÿ îäíîâðåìåííî ñîïðÿæåííûìè òî÷êàìè).

Ìíîæåñòâî ðàçðåçà íåçàìêíóòî ò.ê. îíî ñîäåðæèò òî÷êè, ñêîëü óãîäíî áëèçêèå ê íà÷àëüíîé òî÷êå
q0, íî íå ñàìó ýòó òî÷êó (ýòî îáùèé ôàêò ñóáðèìàíîâîé ãåîìåòðèè). Çàìûêàíèå ìíîæåñòâà ðàçðåçà â
ñóáðèìàíîâîé çàäà÷å íà ãðóïïå Ýíãåëÿ äîïóñêàåò ñëåäóþùåå ïðîñòîå îïèñàíèå.

Òåîðåìà 2.49. cl(Cut) = Cut⊔A+ ⊔A− ⊔{g0}.

Ïðèìûêàíèå àíîðìàëüíûõ òðàåêòîðèé A± ê ñòðàòàì ìíîæåñòâà ðàçðåçà èçîáðàæåíî íà Ðèñ. 38 ñëåâà.

Òåîðåìà 2.50. Èìåþò ìåñòî ñòðàòèôèêàöèè

Cut∩Conj =
⊔

i∈{+,−},j∈{+,−}

(
CIjzi ⊔ CIjxi ⊔ CN j

xi

)
⊔ E+ ⊔ E−,

Cut∩Max =
⊔

i∈{+,−}

(
Izi ⊔ Ixi ⊔N i

x ⊔ Ei
)
.

2.9.9 Ñôåðà

Ñóáðèìàíîâû ñôåðû ïåðåõîäÿò äðóã â äðóãà ïðè ëåâûõ ñäâèãàõ

Lg(SR(g0)) = SR(gg0)

è äèëàòàöèÿõ
δs(SR(Id)) = SR′(Id), R′ = esR,

ïîýòîìó äîñòàòî÷íî èññëåäîâàòü åäèíè÷íóþ ñôåðó S = S1(Id).
Åäèíè÷íàÿ ñôåðà èíâàðèàíòíà îòíîñèòåëüíî îòðàæåíèé:

εi(S) = S, i = 1, . . . , 7.

Ðàññìîòðèì ñå÷åíèå åäèíè÷íîé ñôåðû äâóìåðíûì èíâàðèàíòíûì ìíîãîîáðàçèåì îñíîâíûõ ñèììåòðèé ε1,
ε2:

S̃ = {g ∈ S | ε1(g) = ε2(g) = g} = S ∩ {x = z = 0},

ñì. Ðèñ. 42.
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Ðèñ. 42: Ñå÷åíèå ñôåðû S̃ = S ∩ {x = z = 0}

Ñå÷åíèå S̃ öåíòðàëüíî-ñèììåòðè÷íî â ñèëó îòðàæåíèÿ ε4:

ε4(γi) = γi+2, i = 1, 2,

ε4(A+) = A−, ε4(C+) = C−.

Ðàçëè÷íûå òî÷êè ñå÷åíèÿ S̃ ìîæíî îõàðàêòåðèçîâàòü ñëåäóþùèì îáðàçîì:

� A± � òî÷êè íà àíîðìàëüíûõ êðàò÷àéøèõ,

� C± � ñîïðÿæåííûå òî÷êè, òî÷êè Ìàêñâåëëà, òî÷êè ðàçðåçà,

� g ∈ γi � òî÷êè Ìàêñâåëëà, òî÷êè ðàçðåçà.

Òî÷êè ñå÷åíèÿ S̃ èìåþò ñëåäóþùóþ êðàòíîñòü µ (êîëè÷åñòâî êðàò÷àéøèõ, ïðèõîäÿùèõ èç Id â ýòó òî÷êó):

� µ(A±) = 1,

� µ(C±) = c (êîíòèíóóì ∼= S1),

� g ∈ γi ⇒ µ(g) = 2.

Òåîðåìà 2.51. Ñå÷åíèå S̃ èìååò ñëåäóþùóþ ðåãóëÿðíîñòü â ðàçëè÷íûõ ñâîèõ òî÷êàõ:

(1) êðèâûå γi àíàëèòè÷íû è ðåãóëÿðíû,

(2) A±, C± � îñîáûå òî÷êè, â íèõ S̃ íåãëàäêàÿ, íî ëèïøèöåâà,

(3) γ2 = γ2 ∪ {C+, A+} ãëàäêàÿ êëàññà C∞,

(4) γ1 ∪ {C+} ãëàäêàÿ êëàññà C∞,

(5) γ1 ∪ {A−} ãëàäêàÿ êëàññà C1.

Òåîðåìà 2.52. (1) Ìíîæåñòâî S̃ \ {A+, A−} ïîëóàíàëèòè÷íî, ïîòîìó ñóáàíàëèòè÷íî.

(2) Â îêðåñòíîñòè òî÷êè A− êðèâàÿ γ1 åñòü ãðàôèê íåàíàëèòè÷åñêîé ôóíêöèè

w =
1

6
Y 3 − 4Y 3 exp(−2/Y )(1 + o(1)), Y = (y + 1)/2 → 0.

(3) Ïîýòîìó ìíîæåñòâî S̃ íåïîëóàíàëèòè÷íî, ñëåäîâàòåëüíî, íåñóáàíàëèòè÷íî.
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(4) Ñëåäîâàòåëüíî, ñôåðà S íåñóáàíàëèòè÷íà.

Çàìå÷àíèå. Óòâåðæäåíèå î íåñóáàíàëèòè÷íîñòè ñôåðû Ýíãåëÿ S ñëåäóåò òàêæå èç ïðîåêöèè ñôåðû Ýí-
ãåëÿ íà (íåñóáàíàëèòè÷åñêóþ) ñôåðó Ìàðòèíå (ñì. ðàçäåë 2.3).

Òåîðåìà 2.53. Â îêðåñòíîñòè òî÷êè A− êðèâàÿ γ1 åñòü ãðàôèê ôóíêöèè èç exp-log êàòåãîðèè:

w = F

(
Y,
e−1/Y

Y

)
, Y = (y + 1)/2 → 0,

ãäå F (ξ, η) åñòü àíàëèòè÷åñêàÿ ôóíêöèÿ â îêðåñòíîñòè òî÷êè (ξ, η) = (0, 0).

Ïîýòîìó ìíîæåñòâî S̃ ïðèíàäëåæèò exp-log êàòåãîðèè.

Òåîðåìà 2.54. Ðàçáèåíèå
S̃ = ∪4

i=1γi ∪ {A+, A−, C+, C−}
åñòü ñòðàòèôèêàöèÿ Óèòíè.

2.9.10 ßâíûå âûðàæåíèÿ äëÿ ñóáðèìàíîâà ðàññòîÿíèÿ

Äëÿ íåêîòîðûõ òî÷åê ãðóïïû Ýíãåëÿ èçâåñòíî èõ ñóáðèìàíîâî ðàññòîÿíèå äî åäèíè÷íîãî ýëåìåíòà:

� Àíîðìàëüíàÿ êðàò÷àéøàÿ g(t) = e±tX2 , x = z = w = 0, y = ±t:

d(Id, g(t)) = t.

� Öåíòðàëüíûé ýëåìåíò ãðóïïû g(t) = e±tX4 , x = y = z = 0, w = ±t:

d(Id, g(t)) = C
3
√
t,

C = 3
√
48K2(k0) ≈ 6,37, K(k0)− 2E(k0) = 0, k0 ≈ 0,91.

2.9.11 Ìåòðè÷åñêèå ïðÿìûå

Òåîðåìà 2.55. Íàòóðàëüíî ïàðàìåòðèçîâàííûìè ìåòðè÷åñêèìè ïðÿìûìè íà ãðóïïå Ýíãåëÿ ÿâëÿþòñÿ
ñëåäóþùèå ãåîäåçè÷åñêèå (è òîëüêî îíè):

(1) îäíîïàðàìåòðè÷åñêèå ïîäãðóïïû, êàñàþùèåñÿ ðàñïðåäåëåíèÿ:

e(u1X1+u2X2)t = Exp(λ, t), t ∈ R, (2.115)

u1 = − sin θ, u2 = cos θ, λ = (θ, c = 0, α) ∈ C4 ∪ C5,

(2) êðèòè÷åñêèå ãåîäåçè÷åñêèå:

Exp(λ, t), λ ∈ C3, t ∈ R. (2.116)

Çàìå÷àíèå. Ãåîäåçè÷åñêèå (2.115) ïðîåöèðóþòñÿ íà ïëîñêîñòü (x, y) â åâêëèäîâû ïðÿìûå, èç íèõ àíîð-
ìàëüíûìè ÿâëÿþòñÿ òîëüêî êðèâûå

eX2t = Exp(λ, t), λ = (θ = 0, c = 0, α) ∈ C4 ∪ C5.

Ãåîäåçè÷åñêèå (2.115) ïðîåöèðóþòñÿ íà ïëîñêîñòü (x, y) â êðèòè÷åñêèå ýéëåðîâû ýëàñòèêè (ñì. Ðèñ. 24),
òàê íàçûâàåìûå ñîëèòîíû Ýéëåðà.

2.9.12 Áèáëèîãðàôè÷åñêèå êîììåíòàðèè

Ðàçäåëû 2.9.1, 2.9.3, 2.9.4 îïèðàþòñÿ íà [101]; ðàçäåë 2.9.2 � íà [113]; ðàçäåë 2.9.5 � íà [103]; ðàçäåëû
2.9.6, 2.9.11 � íà [104]; ðàçäåë 2.9.8 � íà [105]; ðàçäåë 2.9.9 � íà [106].

Ïàðàìåòðèçàöèÿ ñóáðèìàíîâûõ ãåîäåçè÷åñêèõ íà ãðóïïå Ýíãåëÿ âïåðâûå ïîëó÷åíà â ðàáîòå [100].

2.10 Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Êàðòàíà

2.10.1 Ïîñòàíîâêà çàäà÷è

Ãåîìåòðè÷åñêàÿ ïîñòàíîâêà Ðàññìîòðèì ñëåäóþùåå îáîáùåíèå (óñëîæíåíèå) çàäà÷ íà ãðóïïå Ãåéçåí-
áåðãà [5, 42] è ãðóïïå Ýíãåëÿ (ðàçäåë 2.9) � îáîáùåííóþ çàäà÷ó Äèäîíû. Ïóñòü íà åâêëèäîâîé ïëîñêîñòè
çàäàíû òî÷êè a0, a1 ∈ R2, ñîåäèíåííûå êðèâîé γ0 ⊂ R2. Ïóñòü òàêæå çàäàíû ÷èñëî S ∈ R è òî÷êà c ∈ R2.
Òðåáóåòñÿ ñîåäèíèòü òî÷êè a0, a1 êðàò÷àéøåé êðèâîé γ ⊂ R2 òàê, ÷òîáû êðèâûå γ0 è γ îãðàíè÷èâàëè íà
ïëîñêîñòè îáëàñòü àëãåáðàè÷åñêîé ïëîùàäè S, ñ öåíòðîì ìàññ c.
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Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ Ýòó ãåîìåòðè÷åñêóþ çàäà÷ó ìîæíî ïåðåôîðìóëèðîâàòü êàê çà-
äà÷ó îïòèìàëüíîãî óïðàâëåíèÿ

ġ = u1X1(g) + u2X2(g), g = (x, y, z, v, w) ∈ R5, (2.117)

g(0) = g0, g(t1) = g1, (2.118)

l =

∫ t1

0

√
u21 + u22 dt→ min, (2.119)

X1 =
∂

∂x
− y

2

∂

∂z
− x2 + y2

2

∂

∂w
, X2 =

∂

∂y
+
x

2

∂

∂z
+
x2 + y2

2

∂

∂v
. (2.120)

Ýòî ñóáðèìàíîâà çàäà÷à äëÿ ñóáðèìàíîâîé ñòðóêòóðû íà R5, çàäàííîé âåêòîðíûìè ïîëÿìè X1, X2 êàê
îðòîíîðìèðîâàííûì ðåïåðîì.

Àëãåáðà Êàðòàíà è ãðóïïà Êàðòàíà Àëãåáðîé Êàðòàíà íàçûâàåòñÿ ïÿòèìåðíàÿ ñâîáîäíàÿ íèëüïî-
òåíòíàÿ àëãåáðà Ëè g ñ äâóìÿ îáðàçóþùèìè, ãëóáèíû 3. Ñóùåñòâóåò áàçèñ g = span(X1, . . . , X5), â êîòîðîì
íåíóëåâûå ñêîáêè Ëè ñóòü

[X1, X2] = X3, [X1, X3] = X4, [X2, X3] = X5,

ñì. Ðèñ. 43.

@
@@R

?

�
��	

?

�
��	

@
@@Rs

s

s

s
s

X4 X5

X1 X2

X3

Ðèñ. 43: Àëãåáðà Êàðòàíà

Àëãåáðà Êàðòàíà èìååò ãðàäóèðîâêó g = g(1) ⊕ g(2) ⊕ g(3), g(1) = span(X1, X2), g
(2) = RX3, g

(3) =
span(X4, X5), [g

(1), g(i)] = g(i+1), g(4) = g(5) = {0}, ïîýòîìó îíà ÿâëÿåòñÿ àëãåáðîé Êàðíî. Ñîîòâåòñòâóþùàÿ
ñâÿçíàÿ îäíîñâÿçíàÿ ãðóïïà Ëè G íàçûâàåòñÿ ãðóïïîé Êàðòàíà.

Íà ïðîñòðàíñòâå R5
x,y,z,v,w ìîæíî ââåñòè çàêîí óìíîæåíèÿ

x1
y1
z1
v1
w1

 ·


x2
y2
z2
v2
w2

 =


x1 + x2
y1 + y2

z1 + z2 +
1
2 (x1y2 − y1x2)

v1 + v2 +
1
2 (x

2
1 + y21 + x1x2 + y1y2)y2 + x1z2

w1 + w2 − 1
2 (x

2
1 + y21 + x1x2 + y1y2)x2 + y1z2

 ,

ïðåâðàùàþùèé ýòî ïðîñòðàíñòâî â ãðóïïó Êàðòàíà: G ∼= R5
x,y,z,v,w, à ïîëÿ (2.120) â ëåâîèíâàðèàíòíûå

ïîëÿ íà ýòîé ãðóïïå. Ïîýòîìó çàäà÷à (2.117)�(2.119) åñòü ëåâîèíâàðèàíòíàÿ ñóáðèìàíîâà çàäà÷à íà ãðóïïå
Êàðòàíà. Ñëåäîâàòåëüíî, ìîæíî ñ÷èòàòü, ÷òî g0 = Id = (0, . . . , 0).

Ïîìèìî ìîäåëè (2.120), èçâåñòíû è äðóãèå ìîäåëè ñóáðèìàíîâîé çàäà÷è íà ãðóïïå Êàðòàíà [112, 113,
187].

Ëåâîèíâàðèàíòíàÿ ñóáðèìàíîâà çàäà÷à ñ âåêòîðîì ðîñòà (2, 3, 5) íà ãðóïïå Êàðòàíà åäèíñòâåííà, ñ
òî÷íîñòüþ äî èçîìîðôèçìà ýòîé ãðóïïû [113].

Îñîáåííîñòè çàäà÷è Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Êàðòàíà åñòü ïðîñòåéøàÿ ëåâîèíâàðèàíòíàÿ çà-
äà÷à ñî ñëåäóþùèìè ñâîéñòâàìè:

� îíà èìååò àíîðìàëüíûå êðàò÷àéøèå, êàñàþùèåñÿ êàæäîãî âåêòîðà ðàñïðåäåëåíèÿ,

� ýòî ñëåäóþùàÿ ïî ñëîæíîñòè ïîñëå çàäà÷è Äèäîíû çàäà÷à íà ñâîáîäíîé ãðóïïå Êàðíî ìàêñèìàëü-
íîãî ðîñòà (åå âåêòîð ðîñòà ðàâåí (2, 3, 5)).
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Ýòà çàäà÷à � åäèíñòâåííàÿ ñâîáîäíàÿ íèëüïîòåíòíàÿ ñóáðèìàíîâà çàäà÷à ãëóáèíû 3 ñ èíòåãðèðóåìûì
ïî Ëèóâèëëþ íîðìàëüíûì ãàìèëüòîíîâûì ïîëåì ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà (íåèíòåãðèðóåìûìè
ïî Ëèóâèëëþ ÿâëÿþòñÿ ñâîáîäíûå íèëüïîòåíòíûå çàäà÷è ãëóáèíû 3, ðàíãà áîëåå 2 [122], à òàêæå ãëóáèíû
áîëåå 3, ðàíãà íå ìåíåå 2 [119].

Ðàñïðåäåëåíèå ∆ = span(X1, X2) èìååò 14-ìåðíóþ àëãåáðó èíôèíèòåçèìàëüíûõ ñèììåòðèé � îñîáóþ
àëãåáðó g2, ýòîò ôàêò âîñõîäèò ê çíàìåíèòîé ïÿòèìåðíîé ðàáîòå Ýëè Êàðòàíà [107], ñì. òàêæå äàëåå
ï. 2.10.2.

Íàêîíåö, ñóáðèìàíîâà çàäà÷à íà ãðóïïå Êàðòàíà äîñòàâëÿåò íèëüïîòåíòíóþ àïïðîêñèìàöèþ ëþáîé
çàäà÷è ñ âåêòîðîì ðîñòà (2, 3, 5), â ÷àñòíîñòè:

� çàäà÷è î êà÷åíèè äâóõ òâåðäûõ òåë äðóã ïî äðóãó áåç ïðîêðó÷èâàíèÿ è ïðîñêàëüçûâàíèÿ [188�190],

� ìàøèíû ñ äâóìÿ ïðèöåïàìè [158],

� çàäà÷è î äâèæåíèè ýëåêòðè÷åñêîãî çàðÿäà â ïëîñêîñòè ïîä äåéñòâèåì ìàãíèòíîãî ïîëÿ [187].

Ëþáîé èç ýòèõ ïðè÷èí äîñòàòî÷íî äëÿ äåòàëüíîãî èññëåäîâàíèÿ ñóáðèìàíîâîé çàäà÷è íà ãðóïïå Êàðòàíà.

2.10.2 Ñèììåòðèè ðàñïðåäåëåíèÿ è ñóáðèìàíîâîé ñòðóêòóðû

Òåîðåìà 2.56. Àëãåáðà Ëè èíôèíèòåçèìàëüíûõ ñèììåòðèé ðàñïðåäåëåíèÿ ∆ íà ãðóïïå Êàðòàíà åñòü
14-ìåðíàÿ àëãåáðà g2 � íåêîìïàêòíàÿ âåùåñòâåííàÿ ôîðìà êîìïëåêñíîé îñîáîé àëãåáðû Ëè gC2 .

Òåîðåìà 2.57. Àëãåáðà Ëè èíôèíèòåçèìàëüíûõ ñèììåòðèé íèëüïîòåíòíîé ñóáðèìàíîâîé ñòðóêòóðû
íà ãðóïïå Êàðòàíà åñòü 6-ìåðíàÿ àëãåáðà Ëè, â êîòîðîé ìîæíî âûáðàòü áàçèñ X0, Y1, . . . , Y5 ñ íåíóëå-
âûìè ñêîáêàìè

[X0, Y1] = −Y2, [X0, Y2] = Y1,

[X0, Y4] = −Y5, [X0, Y5] = Y4,

[Y1, Y2] = Y3,

[Y1, Y3] = Y4, [Y2, Y3] = Y5.

Âåêòîðíûå ïîëÿ Y1, . . . , Y5 � ïðàâîèíâàðèàíòíûå ïîëÿ íà ãðóïïå G, à ïîëå X0 îáðàùàåòñÿ â íóëü â
åäèíèöå ýòîé ãðóïïû. Êîììóòàòîðû ñèììåòðèé ñ áàçèñíûìè ïîëÿìè ñóáðèìàíîâîé ñòðóêòóðû èìåþò
âèä:

[Yi, Xj ] = 0, i, j = 1, . . . , 5,

[X0, X1] = −X2, [X0, X2] = X1, [X0, X3] = 0,

[X0, X4] = −X5, [X0, X5] = X4.

Â ìîäåëè (2.120)

X0 = −y ∂
∂x

+ x
∂

∂y
− w

∂

∂v
+ v

∂

∂w
.

Ïðåäñòàâëåíèå àëãåáðû Ëè ñèììåòðèé ðàñïðåäåëåíèÿ è ñóáðèìàíîâîé ñòðóêòóðû âåêòîðíûìè ïîëÿìè
â R5 ïðèâåäåíî â ðàáîòå [113].

2.10.3 Ãåîäåçè÷åñêèå

Ñóùåñòâîâàíèå îïòèìàëüíûõ óïðàâëåíèé â çàäà÷å (2.117)�(2.119) ñëåäóåò èç òåîðåì Ðàøåâñêîãî-×æîó
è Ôèëèïïîâà.

Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà Ïåðåõîäÿ îò ìèíèìèçàöèè äëèíû (2.119) ê ìèíèìèçàöèè ýíåðãèè

J = 1
2

∫ t1
0
(u21 + u22)dt è èñïîëüçóÿ ëèíåéíûå íà ñëîÿõ T ∗G ãàìèëüòîíèàíû hi(λ) = ⟨λ,Xi⟩, i = 1, . . . , 5,
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ïîëó÷àåì óñëîâèÿ ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà:

ḣ1 = −u2h3,
ḣ2 = u1h3,

ḣ3 = u1h4 + u2h5,

ḣ4 = 0,

ḣ5 = 0,

ġ = u1X1 + u2X2,

u1h1 + u2h2 +
ν

2
(u21 + u22) → max

(u1,u2)∈R2
,

ν ⩽ 0,

(h1, . . . , h5, ν) ̸= 0.

Àíîðìàëüíûå ýêñòðåìàëè Àíîðìàëüíûå ýêñòðåìàëè ïîñòîÿííîé ñêîðîñòè ìîãóò áûòü ïàðàìåòðèçî-
âàíû êàê

h1 = h2 = h3 = 0, (h4, h5) ≡ const ̸= 0,

(u1, u2) ≡ const,

x = u1t, (2.121)

y = u2t, (2.122)

z = 0, (2.123)

v = (u21 + u22)u1t
3/6, (2.124)

w = −(u21 + u22)u2t
3/6. (2.125)

Àíîðìàëüíûå òðàåêòîðèè (2.121)�(2.125) ñóòü îäíîïàðàìåòðè÷åñêèå ïîäãðóïïû gt = et(u1X1+u2X2), êàñàþ-
ùèåñÿ ðàñïðåäåëåíèÿ ∆. Îíè ïðîåöèðóþòñÿ íà ïëîñêîñòü (x, y) â ïðÿìûå, ïîòîìó ÿâëÿþòñÿ êðàò÷àéøèìè.

Àíîðìàëüíîå ìíîæåñòâî åñòü äâóìåðíîå ãëàäêîå ìíîãîîáðàçèå, äèôôåîìîðôíîå R2:

Abn = {g ∈ G | z = v − (x2 + y2)x/6 = w + (x2 + y2)y/6 = 0}.

Íîðìàëüíûå ýêñòðåìàëè Íîðìàëüíûå ýêñòðåìàëè óäîâëåòâîðÿþò ãàìèëüòîíîâîé ñèñòåìå

λ̇ = H⃗(λ), λ ∈ T ∗G, (2.126)

ñ ãàìèëüòîíèàíîì H =
1

2
(h21 + h22). Ââåäåì íà ïîâåðõíîñòè óðîâíÿ {H = 1/2} êîîðäèíàòû (θ, c, α, β) ∈

S1 × R× R+ × S1:

h1 = cos θ, h2 = sin θ, h3 = c, h4 = α sinβ, h5 = −α cosβ, (2.127)

òîãäà ãàìèëüòîíîâà ñèñòåìà (2.126) ïðèìåò ôîðìó

θ̇ = c, ċ = −α sin(θ − β), α̇ = β̇ = 0, (2.128)

ġ = cos θX1 + sin θX2. (2.129)

Âåðòèêàëüíàÿ ïîäñèñòåìà (2.128) åñòü óðàâíåíèå ìàÿòíèêà.
Ïðîåêöèè íîðìàëüíûõ ãåîäåçè÷åñêèõ íà ïëîñêîñòü (x, y) ñóòü ýéëåðîâû ýëàñòèêè, ñì. ðàçäåë 2.6.
Àíîðìàëüíûå êðàò÷àéøèå (2.121)�(2.125) óäîâëåòâîðÿþò íîðìàëüíîé ãàìèëüòîíîâîé ñèñòåìå (2.128),

(2.129) ïðè θ = β, c = 0, ïîýòîìó îíè íåñòðîãî àíîðìàëüíû.

Ñèìïëåêòè÷åñêîå ñëîåíèå è ôóíêöèè Êàçèìèðà Íà êîàëãåáðå Ëè g∗ ñóùåñòâóþò 3 íåçàâèñèìûå
ôóíêöèè Êàçèìèðà:

h4, h5, E =
h23
2

+ h1h5 − h2h4.

Ñèìïëåêòè÷åñêîå ñëîåíèå íà g∗ ñîñòîèò èç:

� 2-ìåðíûõ ïàðàáîëè÷åñêèõ öèëèíäðîâ

{h4 = const, h5 = const, E = const, h24 + h25 ̸= 0},
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� 2-ìåðíûõ àôôèííûõ ïëîñêîñòåé

{h4 = h5 = 0, h3 = const ̸= 0},

� òî÷åê
{h1 = const, h2 = const, h3 = h4 = h5 = 0}.

Ðàçìåðíîñòü ñèìïëåêòè÷åñêèõ ëèñòîâ íå áîëüøå 2, ïîýòîìó âåðòèêàëüíàÿ ïîäñèñòåìà (2.128) èíòåãðèðó-
åìà ïî Ëèóâèëëþ.

Ïàðàìåòðèçàöèÿ íîðìàëüíûõ ãåîäåçè÷åñêèõ Ñåìåéñòâî íîðìàëüíûõ ýêñòðåìàëåé íà ïîâåðõíîñòè
óðîâíÿ {H = 1

2} ïàðàìåòðèçóåòñÿ íà÷àëüíûìè òî÷êàìè, ïðèíàäëåæàùèìè öèëèíäðó

C = g∗ ∩
{
H =

1

2

}
.

Ýòîò öèëèíäð ñòðàòèôèöèðóåòñÿ â çàâèñèìîñòè îò ðàçíûõ òèïîâ òðàåêòîðèé ìàÿòíèêà (2.128):

C =

7⊔
i=1

Ci,

C1 = {λ ∈ C | α > 0, E ∈ (−α, α)},
C2 = {λ ∈ C | α > 0, E ∈ (α,+∞)},
C3 = {λ ∈ C | α > 0, E = α, θ − β ̸= π},
C4 = {λ ∈ C | α > 0, E = −α},
C5 = {λ ∈ C | α > 0, E = α, θ − β = π},
C6 = {λ ∈ C | α = 0, c ̸= 0},
C7 = {λ ∈ C | α = c = 0}.

Äëÿ ïàðàìåòðèçàöèè íîðìàëüíûõ ãåîäåçè÷åñêèõ ââåäåì íà ñòðàòàõ C1, C2, C3 ýëëèïòè÷åñêèå êîîðäèíàòû
(φ, k, α, β), â êîòîðûõ óðàâíåíèå ìàÿòíèêà (2.128) âûïðÿìëÿåòñÿ:
åñëè λ ∈ C1, òî

k =

√
E + α

2α
=

√
sin2

θ − β

2
+
c2

4α
∈ (0, 1),

φ ∈ [0, 4K],sin
θ − β

2
= k sn(

√
αφ),

c

2
= k

√
α cn(

√
αφ),

åñëè λ ∈ C2, òî

k =

√
2α

E + α
=

1√
sin2 θ−β2 + c2

4α

∈ (0, 1),

φ ∈ [0, 2kK],
sin

θ − β

2
= ± sn

√
αφ

k
,

c

2
= ±

√
α

k
dn

√
αφ

k
,

± = sgn c,

ψ =
φ

k
,

åñëè λ ∈ C3, òî

k = 1,

φ ∈ (−∞,+∞),
sin

θ − β

2
= ± th(

√
αφ),

c

2
= ±

√
α

ch(
√
αφ)

,

± = sgn c.
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Òîãäà
φ̇ = 1, k̇ = α̇ = β̇ = 0.

Çàäà÷à èíâàðèàíòíà îòíîñèòåëüíî ëåâûõ ñäâèãîâ íà ãðóïïå Êàðòàíà, äèëàòàöèé

esY : (t, x, y, z, v, w) 7→ (est, esx, esy, e2sz, e3sv, e3sw),

(θ, c, α, β) 7→ (θ, e−sc, e−2sα, β),

(φ, k, α, β) 7→ (esφ, k, e−2sα, β),

Y = x
∂

∂x
+ y

∂

∂y
+ 2z

∂

∂z
+ 3v

∂

∂v
+ 3w

∂

∂w
,

è âðàùåíèé

erX0 : (x, y, z, v, w) 7→ (x cos r − y sin r, x sin r + y cos r, z, v cos r − w sin r, v sin r + w cos r). (2.130)

Ñ ïîìîùüþ âðàùåíèé è äèëàòàöèé ëþáîé êîâåêòîð λ = (φ, k, α, β) ∈ ∪3
i=1Ci ïåðåâîäèòñÿ â ôóíäàìåí-

òàëüíîå ìíîæåñòâî {α = 1, β = 0}. Ïðè α = 1, β = 0, λ ∈ ∪3
i=1Ci, ãåîäåçè÷åñêèå gt = (xt, yt, zt, vt, wt)

ïàðàìåòðèçóþòñÿ ñëåäóþùèì îáðàçîì.
Åñëè λ ∈ C1, òî

xt = 2(E(φt)− E(φ))− (φt − φ),

yt = 2k(cnφ− cnφt),

zt = 2k(snφt dnφt − snφdnφ)− k(cnφ+ cnφt)xt,

vt = 2k snφt dnφtxt − k cnφtx
2
t − (1− 2k2 + 2k2 cnφ cnφt)yt,

wt = −1

6

(
x3t + 2(2k2 − 1 + 6k2 cn2 φ)xt + 2(φt − φ)

+ 8k2(snφt cnφt dnφt − snφ cnφdnφ)

−24k2 cnφ(snφt dnφt − snφdnφ)
)
,

ãäå φt = φ+ t.
Åñëè λ ∈ C2, òî

xt =
2

k

(
E(ψt)− E(ψ)− 2− k2

2
(ψt − ψ)

)
,

yt = ±2

k
(dnψ − dnψt),

zt = ±
(
2(snψt cnψt − snψ cnψ)− 1

k
(dnψ + dnψt)xt

)
,

vt = ±
(
2 snψt cnψtxt −

1

k
dnψtx

2
t

)
+

1

k2
(2− k2 − 2 dnψ dnψt)yt,

wt = −1

6

(
x3t +

2

k2
(2− k2 + 6dn2 ψ)xt + 2k(ψt − ψ)

+
8

k
(snψt cnψt dnψt − snψ cnψ dnψ)

−24

k
dnψ(snψt cnψt − snψ cnψ)

)
,

± = sgn c,

ãäå ψt = ψ + t
k .
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Åñëè λ ∈ C3, òî

xt = 2(thφt − thφ)− (φt − φ),

yt = ±2

(
1

chφ
− 1

chφt

)
,

zt = ±
(
2

(
shφt

ch2 φt
− shφ

ch2 φ

)
−
(

1

chφ
+

1

chφt

)
xt

)
,

vt = ±
(

2

shφt
xt −

1

chφt
x2t

)
+

(
1− 2

chφ chφt

)
yt,

wt = −1

6

(
x3t + 6

2 + ch2 φ

ch2 φ
xt + 6(φt − φ)

− 24

chφ

(
shφt

ch2 φt
− shφ

ch2 φ

)
− 8(th3 φt − th3 φ)

)
,

± = sgn c,

ãäå φt = φ+ t.
Ïàðàìåòðèçàöèÿ ãåîäåçè÷åñêèõ ïðè ïðîèçâîëüíûõ λ = (φ, k, α, β) ∈ ∪3

i=1Ci ïîëó÷àåòñÿ èç ñëó÷àÿ α = 1,
β = 0 ñ ïîìîùüþ âðàùåíèé è äèëàòàöèé:

gt(φ, k, α, β) = e−rX0 ◦ e−sY (gt′(φ′, k, α′ = 1, β′ = 0)),

t′ = t
√
α, φ′ = φ

√
α, r = −β, s =

1

2
lnα.

Â îñòàâøèõñÿ ñëó÷àÿõ λ = (θ, c, α, β) ∈ ∪7
i=4Ci ãåîäåçè÷åñêèå ïàðàìåòðèçóþòñÿ ýëåìåíòàðíûìè ôóíêöèÿ-

ìè.
Åñëè λ = (θ, c, α, β) ∈ C4 ∪ C5 ∪ C7 è β = 0, òî

(xt, yt, zt, vt, wt) = (t, 0, 0, 0,−t3/6).

Â îáùåì ñëó÷àå λ ∈ C4 ∪ C5 ∪ C7

gt(θ, c, α, β) = e−rX0(gt(θ
′, c, α, β′ = 0)), θ′ = θ − β, r = −β.

Åñëè λ = (θ = 0, c, α = 0) ∈ C6, òî

xt =
sin τ

c
,

yt =
1− cos τ

c
,

zt =
τ − sin τ

2c2
,

vt =
cos 2τ − 4 cos τ + 3

4c3
,

wt =
sin 2τ − 4 sin τ + 2τ

4c3
,

τ = ct.

Â îáùåì ñëó÷àå λ ∈ C6

gt(θ, c, α = 0, t) = eθX0(gt(θ
′ = 0, c, α = 0, t)).

Ñåìåéñòâî âñåõ ãåîäåçè÷åñêèõ ïàðàìåòðèçóåòñÿ ýêñïîíåíöèàëüíûì îòîáðàæåíèåì

Exp : (λ, t) 7→ gt = π ◦ etH⃗(λ), C × R+ → G.

2.10.4 Ñèììåòðèè è ñòðàòû Ìàêñâåëëà

Íåïðåðûâíûå ñèììåòðèè Äèëàòàöèè è âðàùåíèÿ îáðàçóþò äâóõïàðàìåòðè÷åñêóþ ãðóïïó íåïðåðûâ-
íûõ ñèììåòðèé ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ.

Ââåäåì ëèíåéíûå íà ñëîÿõ T ∗G ãàìèëüòîíèàíû

h0(λ) = ⟨λ,X0(g)⟩, hY (λ) = ⟨λ, Y (g)⟩, λ ∈ T ∗G,
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è ñîîòâåòñòâóþùèå ãàìèëüòîíîâû âåêòîðíûå ïîëÿ:

h⃗0, h⃗Y ∈ Vec(T ∗G).

Òîãäà

[⃗h0, H⃗] = 0, h⃗0H = 0,

[⃗hY , H⃗] = −2H⃗, h⃗YH = −2H.

Îáîçíà÷èì òàêæå âåðòèêàëüíîå ýéëåðîâî ïîëå íà T ∗G: e =
∑5
i=1 hi

∂
∂ hi

. Òàê êàê ãàìèëüòîíèàí H êâàäðà-

òè÷åí íà ñëîÿõ, ãàìèëüòîíîâî ïîëå H⃗ ëèíåéíî íà ñëîÿõ, ïîýòîìó

[e, H⃗] = H⃗, eH = 2H.

Ñëåäîâàòåëüíî, âåêòîðíîå ïîëå Z = h⃗Y + e óäîâëåòâîðÿåò ðàâåíñòâàì

[Z, H⃗] = −H⃗, ZH = 0.

Áîëåå òîãî,
[⃗h0, Z] = 0.

Ïðåäëîæåíèå 2.12. Äëÿ ëþáûõ t, s, r ∈ R, λ ∈ T ∗G

erZ ◦ esh⃗0 ◦ etH⃗(λ) = et
′H⃗ ◦ erZ ◦ esh⃗0(λ), ãäå t′ = ter.

Äèñêðåòíûå ñèììåòðèè Âåðòèêàëüíàÿ ïîäñèñòåìà (2.128) ôàêòîðèçóåòñÿ ïî âðàùåíèÿì X0 è äèëà-
òàöèÿì Y â ñòàíäàðòíîå óðàâíåíèå ìàÿòíèêà

θ̇ = c, ċ = − sin θ, (θ, c) ∈ S1 × R.

Ïîëå íàïðàâëåíèé ýòîãî óðàâíåíèÿ èìååò î÷åâèäíûå äèñêðåòíûå ñèììåòðèè � îòðàæåíèÿ â êîîðäèíàòíûõ
îñÿõ è â íà÷àëå êîîðäèíàò

ε1 : (θ, c) 7→ (θ,−c),
ε2 : (θ, c) 7→ (−θ, c),
ε3 : (θ, c) 7→ (−θ,−c).

Ýòè îòðàæåíèÿ ïîðîæäàþò ãðóïïó äèýäðà

D2 = {Id, ε1, ε2, ε3} = Z2 × Z2.

Äåéñòâèå îòðàæåíèé åñòåñòâåííî ïðîäîëæàåòñÿ íà ýéëåðîâû ýëàñòèêè (xt, yt), òàê ÷òî ïî ìîäóëþ âðàùå-
íèé â ïëîñêîñòè (x, y):

� ε1 åñòü îòðàæåíèå ýëàñòèêè â öåíòðå åå õîðäû,

� ε2 åñòü îòðàæåíèå ýëàñòèêè â ñåðåäèííîì ïåðïåíäèêóëÿðå åå õîðäû,

� ε3 åñòü îòðàæåíèå ýëàñòèêè â åå õîðäå.

Äåéñòâèå îòðàæåíèé òàêæå åñòåñòâåííî ïðîäîëæàåòñÿ â ïðîîáðàç ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ:

εi : C × R+ → C × R+, i = 1, 2, 3,

è â åãî îáðàç:
εi : G→ G, i = 1, 2, 3,

òàê ÷òî
εi ◦ Exp(λ, t) = Exp ◦ εi(λ, t), (λ, t) ∈ C × R+, i = 1, 2, 3.

Â ÿâíîì âèäå:

ε1 : (θ, c, α, β, t) 7→ (θ1, c1, α, β1, t) = (θt,−ct, α, β, t),
ε2 : (θ, c, α, β, t) 7→ (θ2, c2, α, β2, t) = (−θt, ct, α,−β, t),
ε3 : (θ, c, α, β, t) 7→ (θ3, c3, α, β3, t) = (−θ,−c, α,−β, t),
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ε1 : (x, y, z, v, w) 7→ (x, y,−z, v − xz,w − yz),

ε2 : (x, y, z, v, w) 7→ (x,−y, z,−v + xz,w − yz),

ε3 : (x, y, z, v, w) 7→ (x,−y,−z,−v, w).

Ãðóïïà Sym ñèììåòðèé ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ ñîñòîèò èç âðàùåíèé, îòðàæåíèé è èõ êîìïîçè-
öèé:

esh⃗0 , esh⃗0 ◦ εi : C × R+ → C × R+,

esX0 , esX0 ◦ εi : G→ G.

Òåîðåìà 2.58. Ïóñòü λ ∈ C. Ïåðâîå âðåìÿ Ìàêñâåëëà, ñîîòâåòñòâóþùåå ãðóïïå Sym ñèììåòðèé ýêñ-
ïîíåíöèàëüíîãî îòîáðàæåíèÿ, äëÿ ïî÷òè âñåõ ãåîäåçè÷åñêèõ Exp(λ, t) âûðàæàåòñÿ ñëåäóþùèì îáðàçîì:

λ ∈ C1 ⇒ t1MAX(λ) = min

(
2√
α
pz1(k),

2√
α
pV1 (k)

)
,

λ ∈ C2 ⇒ t1MAX(λ) =
2k√
α
pV1 (k),

λ ∈ C6 ⇒ t1MAX(λ) =
4

|c|
pV1 (0),

λ ∈ Ci, i = 3, 4, 5, 7 ⇒ t1MAX(λ) = +∞.

Çäåñü p = pz1(k) ∈ (K, 3K) åñòü ïåðâûé ïîëîæèòåëüíûé êîðåíü ôóíêöèè

fz(p, k) = sn p dn p− (2E(p)− p) cn p,

p = pV1 (k) åñòü ïåðâûé ïîëîæèòåëüíûé êîðåíü ôóíêöèè

fV (p) =
4

3
sn p dn p (−p− 2(1− 2k2 + 6k2 cn p2)(2E(p)− p) + (2E(p)− p)3

+ 8k2 cn p sn p dn p) + 4 cn p (1− 2k2 sn p2)(2E(p)− p)2,

pV1 (k) ∈ [2K, 4K) ïðè λ ∈ C1,

è

fV (p) =
4

3
{3 dn p (2E(p)− (2− k2)p)2 + cn p [8 E3(p)− 4E(p)(4 + k2)

− 12E2(p)(2− k2)p+ 6E(p)(2− k2)2p2

+ p(16− 4k2 − 3k4 − (2− k2)3p2)] sn p−
− 2 dn p (−4k2 + 3(2E(p)− (2− k2)p)2) sn p2+

+ 12k2 cn p(2E(p)− (2− k2)p) sn p3 − 8k2 sn p4 dn p},
pV1 (k) ∈ (K, 2K) ïðè λ ∈ C2,

à p = pV1 (0) ∈ (π/2, π) åñòü ïåðâûé ïîëîæèòåëüíûé êîðåíü ôóíêöèè

f0V (p) = [(32p2 − 1) cos 2p− 8p sin 2p+ cos 6p]/512.

Çàìå÷àíèå. Äëÿ òåõ ãåîäåçè÷åñêèõ, äëÿ êîòîðûõ ïåðâîå âðåìÿ Ìàêñâåëëà, ñîîòâåòñòâóþùåå ãðóïïå ñèì-
ìåòðèé Sym, íå ðàâíî t1MAX, îíî áîëüøå ýòîãî çíà÷åíèÿ, à t

1
MAX åñòü ïåðâîå ñîïðÿæåííîå âðåìÿ.

Òåîðåìà 2.59. Ôóíêöèÿ t1MAX : C → (0, +∞] èìååò ñëåäóþùèå ñâîéñòâà èíâàðèàíòíîñòè:

(1) t1MAX(λ) çàâèñèò òîëüêî îò çíà÷åíèé E è |α|,

(2) t1MAX(λ) åñòü ïåðâûé èíòåãðàë ïîëÿ H⃗v,

(3) t1MAX(λ) èíâàðèàíòíà îòíîñèòåëüíî îòðàæåíèé: åñëè (λ, t) ∈ C×R+, (λ
i, t) = εi(λ, t), òî t1MAX(λ

i)
= t1MAX(λ),

(4) t1MAX(λ) îäíîðîäíà îòíîñèòåëüíî äèëàòàöèé: åñëè λ ∈ C, λs = δs(λ) ∈ C, òî t1MAX(λs) = es t1MAX(λ),
s ∈ R.
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2.10.5 Íèæíÿÿ îöåíêà ñîïðÿæåííîãî âðåìåíè

Òåîðåìà 2.60. Äëÿ ëþáîãî λ ∈ C
t1conj(λ) ⩾ t1MAX(λ).

2.10.6 Âðåìÿ ðàçðåçà è êðàò÷àéøèå

Òåîðåìà 2.61. Äëÿ ëþáîãî λ ∈ C
tcut(λ) = t1MAX(λ).

Òåîðåìà 2.62. Ïóñòü g1 = (x1, y1, z1, v1, w1) ∈ G. Åñëè z1 ̸= 0 è x1v1 + y1w1 − (x21 + y21)z1/2 ̸= 0, òî
ñóùåñòâóåò åäèíñòâåííàÿ êðàò÷àéøàÿ, ñîåäèíÿþùàÿ g0 = Id c g1.

2.10.7 Ìåòðè÷åñêèå ïðÿìûå

Òåîðåìà 2.63. Íàòóðàëüíî ïàðàìåòðèçîâàííûìè ìåòðè÷åñêèìè ïðÿìûìè íà ãðóïïå Êàðòàíà ÿâëÿ-
þòñÿ ñëåäóþùèå ãåîäåçè÷åñêèå (è òîëüêî îíè):

(1) îäíîïàðàìåòðè÷åñêèå ïîäãðóïïû, êàñàþùèåñÿ ðàñïðåäåëåíèÿ:

et(u1X1+u2X2) = Exp(λ, t), (2.131)

u1 = cos θ, u2 = sin θ, λ = (θ, c = 0, α, β) ∈ C4 ∪ C5 ∪ C7,

(2) êðèòè÷åñêèå ãåîäåçè÷åñêèå

Exp(λ, t), λ ∈ C3. (2.132)

Çàìå÷àíèå. Ãåîäåçè÷åñêèå (2.131) ïðîåöèðóþòñÿ íà ïëîñêîñòü (x, y) â åâêëèäîâû ïðÿìûå, à ãåîäåçè÷åñêèå
(2.132) � â êðèòè÷åñêèå ýéëåðîâû ýëàñòèêè (ñì. Ðèñ. 24), òàê íàçûâàåìûå ñîëèòîíû Ýéëåðà.

2.10.8 Áèáëèîãðàôè÷åñêèå êîììåíòàðèè

Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Êàðòàíà âïåðâûå ðàññìàòðèâàëàñü â ðàáîòå Ð. Áðîêåòòà è Ë. Äàè [112],
ãäå ïîêàçàíà èíòåãðèðóåìîñòü ãåîäåçè÷åñêèõ â ýëëèïòè÷åñêèõ ôóíêöèÿõ.

Ðàçäåëû 2.10.1, 2.10.3 îïèðàþòñÿ íà [108]; ðàçäåë 2.10.2 � íà [113]; ðàçäåë 2.10.4 � íà [109�111]; ðàçäåë
2.10.5 � íà [114]; ðàçäåëû 2.10.6, 2.10.7 � íà [115].

3 Âìåñòî çàêëþ÷åíèÿ: íåêîòîðûå íåîõâà÷åííûå âîïðîñû

Íåêîòîðûå âîïðîñû, áëèçêèå ê ðàññìîòðåííûì âûøå, îñòàëèñü íåîõâà÷åííûìè èç-çà áîëüøîãî îáúåìà
îáçîðà. Ïåðå÷èñëèì èõ çäåñü:

1. ëåâîèíâàðèàíòíûå ñóáôèíñëåðîâû çàäà÷è [123�137],

2. ëåâîèíâàðèàíòíûå ñóáëîðåíöåâû çàäà÷è [138�142],

3. ëåâîèíâàðèàíòíûå ñóáðèìàíîâû çàäà÷è ñ íåèíòåãðèðóåìûì ãåîäåçè÷åñêèì ïîòîêîì [118�122],

4. ïðèëîæåíèÿ ëåâîèíâàðèàíòíûõ çàäà÷ ê íèëüïîòåíòíîé àïïðîêñèìàöèè è êîíñòðóêòèâíîìó ðåøåíèþ
äâóõòî÷å÷íîé çàäà÷è óïðàâëåíèÿ [145�164],

5. ïðèëîæåíèÿ ëåâîèíâàðèàíòíûõ çàäà÷ ê îáðàáîòêå èçîáðàæåíèé è ìîäåëÿì çðåíèÿ [165�181],

6. ïðèëîæåíèÿ ëåâîèíâàðèàíòíûõ çàäà÷ ê ðîáîòîòåõíèêå [182�186].
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