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1. Geometric statement of the problem

Given:
® points ag, a; € R?, connected by a curve vg C R?,
® anumber S € R,
® a point c € R?,
® an ellipse E C R? with the center ag.

Find:
the shortest curve v C R?, connecting ag and a;, such that the domain bounded by the
curves g and +, has:

® algebraic area S,
® center of mass c,

e ellipse of inertia E.
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2. Optimal control problem

x = w X1(x) + e Xo(x), x=(x1,...,x3) € R u= (u1,wm) € R?,

x( X =(0,...,0), x(t1)=x',
/

0)=x"=(0,...
t1
—/ \/uf—&—ugdt%min,
0
where the vector fields in the right-hand side are

0 xp O xt+x3 0 x1x3 O x3 0

X1 = - =

! E)X1 2 E?xg 2 é?xs 4 (9X7 6 69X%’
X, — 0 +§8 X12+X228 xi(? X12x28
2_8X2 2 0x3 2 Oxs 6 0x6 4 Ox7
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3. Sub-Riemannian problem

G — connected simply connected free nilpotent Lie group of rank 2, step 4.

its Lie algebra:

g = span(Xi,..., Xs),
[X1; X2] = X37 [X17 X3] = X47 [X27 X3] = X57 [X17 X4] = X67
[Xo, Xa] = [X0, Xs] = X7, [Xz, Xs] = Xs.

X; are left-invariant vector fields on G.
Sub-Riemannian structure (D, g) on G:
® D = span(X, Xa),
4 g(X,',)<j) = (S,'j, i,j=172.
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Product table in the Lie algebra g

X\ X;/x2
X/ X\X:/XS\‘XS

Growth vector of the distribution D:

(dim Dy, dim D2, dim D3, dim D) = (2,3,5,8).
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1. Pontryagin maximum principle

® hi(A\)=(\Xi), Ae T*G,
e hj € Vec(T*G) Hamiltonian vector fields
® h(A) = urhy + ughy + %(uf + u%), u=(u,uw) e R2 veR

Theorem (PMP)
If x(t), u(t) are optimal, then there exists a Lipschitzian curve A¢ € TZ G and a
number v € {—1,0} such that:

(1) Ae = ur(£)hi(Ae) + ua(t) i (Ne),
(2) hyeey(Ae) = max,era hy(Ae),
(3) (Ae;v) #(0,0).

e yv=-1 = x(t) normal trajectory,
e yv=0 = x(t)abnormal trajectory.
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2. Endpoint mapping

® End: L%([0, t1],R?) — G, u(") = x(t1),
X = u1X1(X) + U2X2(X), X(O) = XO,
® D,End: [ Tx(tl)G

A control u(-) is called abnormal if it is a critical point of the mapping End:

Im Du End # Tx(tl)G'

The corresponding trajectory x(-) is called abnormal trajectory.
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3. Characteristic curve

o = dp A dg € N>(T*G) nondegenerate:

Keroy ={v e TA(T*G) | o(v, -) =0} = {0}.

But for a submanifold S C T*G one may have Ker(cy|s) # {0}.
S={Ae T*G | hi(\) = ha(\) = 0} a smooth submanifold.

A Lipschitzian curve \; € S is called an abnormal extremal if it is a characteristic
curve of ols:

j\t S Ker(a,\t|5).

The corresponding trajectory x(-) is called abnormal trajectory.

Def. 1 & Def.2 <« Def. 3
(A. Agrachev, D. Barilari, U. Boscain, A comprehensive introduction to sub-Riemannian
geometry, 2019)
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Abnormal set

Abnormal set of a distribution D = span(Xi, X2), corresponding to the identity element
Id € G:

Abn = {x(t) | x(-) — abnormal trajectory of the distribution D, x(0) =1Id, t > 0}.

A sub-Riemannian metric has the most complicated singularities near abnormal
trajectories.

® How small (big) can be an abnormal set?
® What is its structure?

® Sard’s conjecture in sub-Riemannian geometry:
mes(Abn) = 0.
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Simple examples
Example 1: Heisenberg group.

~ 3 d _ 9 d
CGER, X =5~ %5 =0, T 3a
e Abn :{Id}.

Example 2: flat I\/Iartinet case

_ 3 _ 9

e M=R> X; = —|—20X3X_d—

® Abn(0) = {x> = X3 = 0}.
Example 3: Engel group.
R I I I I 2

® Abn={x; =x3 =0, X4:X6—g}.

Example 4: Cartan group.

5 _xe 8 _XTG 9 3 9
* G=R Xl - 8x1 2 9x3 2 Oxg' X 8x2 + 2 8X3 + 2 Oxg’
xz—‘,-x2 X2 X{+Xx5)x1
e Abn = {x3 =0, X4:7(1 62) ,X5:77(162) }.
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Experimental facts

In all known examples of rank 2 distributions (step < 3):
® abnormal set is a smooth algebraic manifold of codimension > 2,

o for left-invariant distributions the abnormal set has codimension 3,

e Sard's conjecture is verified.

What happens at step 47
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Normal trajectories
for the (2,3,5,8) sub-Riemannian problem

ev=-1 = M=HM) H=(R+Hm)/2

® Hamiltonian system on the Lie coalgebra g*:
hi = {H, h;}, i=1,...,8. (1)
e Symplectic leaves (coadjoint orbits) in g* have maximal dimension 4.

Theorem (L.Lokutsievskiy, Yu.S.)

There exists an open set of 4-dimensional leaves such that the Hamiltonian system (1)
is not Liouville integrable on these leaves.
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Abnormal trajectories
for the (2, 3,5, 8) distribution
Theorem (PMP for the abnormal case)

A Lipschitzian curve \ € Lip([0, t1], T*G) is an abnormal extremal if and only if there
exists a control u € L>([0, t;], R?) such that:

Ae#0, hi=hy=hy=0,
urhs 4+ uphs =0,

i‘l4 o h6 h7 u A
(5 )=( 2) (%) mei=iee
the corresponding abnormal trajectory x(t) = m(\¢) satisfies the equation

X = i X1 + X,
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Nice abnormal trajectories

In the case
(+h)(M)#0 & A e (D) \(D*)*

the abnormal extremal \; is called nice.

In this case u; = —hs, up = hg up to time reparameterization.

The corresponding extremals are trajectories of the abnormal vector field
/TZ —h5ﬁ1 + h4/72.

The corresponding trajectories are determined by the abnormal exponential
mapping Exp(), t) = 7 o e*A(\); in particular, they are smooth.
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Nonsmooth abnormal trajectories

If (h2 + h2)(\¢) vanishes for some t, then abnormal trajectories may be nonsmooth.

Example:

N et(tnX1tu2Xz), te[0,t], t>0,
x(t) = e(t=D(XitXe) o gHurXatuaXa) =~ > F,

Such trajectories have corner point for t = t, thus they are not optimal
(E. Le Donne, E. Hakavuori).

We call such trajectories asymptotic.
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Hamiltonian system of PMP for nice trajectories

hi = hy = h3 =0,

i‘l4 B hg o h7  —he
() =c() <= (n )
he = hy = hg = 0,
X = —h5X1(X) + h4X2(X).
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Types of trajectories (x1(t), x2(t))

e A =detC,
e A>0 = elliptic case,
(x1(t), x2(t)) are ellipses,
e A<0 = hyperbolic case,
(x1(t), x2(t)) are hyperbolas and lines (asymptotes),

e A=0 = parabolic case,
(x1(t), x2(t)) are parabolas and lines.
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Foliation of (D?)* by abnormal extremals
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Abnormal trajectories in the elliptic case A > 0

xi(t) = Pi(t), i=1,2,
xi(t) = Lit + Pi(t), i=3,...,8,
N;

Pi(t) = (cjcos(jot) + sjsin(jét)),

j=0
L;, Cij, Sij € R,

§=VA.
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Abnormal trajectories in the hyperbolic case A < 0

If a vector (h, hQ) is not an eigenvector of the matrix C, then

X,'(t) = P,'(l’)7 i=1,2,
X,'(t): Lit+ P,'(t), i=3,...,8,

N;

Pi(t) = (cjch(jdt) + s sh(jot)),
j=0

L;, Cij, Sij € R,

§=+/]Al.

If a vector (h3, hQ) is an eigenvector of the matrix C, then x(t) = elt1XaF12X2)t and
(x1(t), x2(t)) is a line.
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Abnormal trajectories in the parabolic case A =0

X,'(t): P,‘(t), i=1,...,8,
N;
Pi(t) =Y at/,
j=0
aj € R.
® One-parameter subgroups of the Lie group G tangent to the distribution D are

abnormal trajectories (parabolic).

e \We call such trajectories degenerate.
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Subsets of the abnormal set

® Denote the sets of points in G filled by nice, asymptotic and degenerate
trajectories starting at Id by Abnpice, Abnys and Abnge, respectively.

® Then

Abnpice = Exp(lM x Ry), M= (D**ng",
Abngs = {e"X1H2%e o @1tz | (4 1), (1, 1) € R?},

Abndeg — {eu1X1+u2X2 ‘ (ub Ug) e R2}.
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Properties of subsets of the abnormal set

Proposition
There hold the equalities

Abn = Abnas U Abnnicev
Abndeg = Abnas N Abnnice .
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Degenerate abnormal surface

® Degenerate abnormal trajectories are one-parameter subgroups tangent to A.
¢ Their projections to the plane (x, y) are lines.

Proposition
Abnge, is a 2-dimensional smooth algebraic manifold, diffeomorphic to R?, a graph of a
mapping (x1,x2) = (x1,...,Xg):

Abnge, = {x €R® | x3 =0,

(x12—|—x22) X2 (x12—|—x22) X1
Xp =" X5 = ———"F—,
6 6
3 3
X{ X2 X1X5
X5 =——, x3=0, xg=——"7"=>,.
6 2% ’ 7 ) 8 2% }
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Properties of the asymptotic abnormal set

e Asymptotic abnormal trajectories can be reduced to product of 2 one-parameter
subgroups.

® Their projections to the plane (x,y) are broken lines with 2 edges.

Theorem

(1) Abnyg is a semialgebraic set and is not an algebraic manifold.

(2) The set Abn,g is not closed,

(3) AbnusN{xs # 0} is a smooth 4-dimensional manifold, diffeomorphic to R* x {+1}.
(4)

4) Abn,s N{xs = 0} = Abngeg is a smooth 2-dimensional manifold, diffeomorphic to
R2,
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Properties of the abnormal set

Theorem

(1) The set Abn is subanalytic, thus Whitney stratifiable.
(2) dim Abn = 5.

(3) mes(Abn) = 0.

(4) The set Abn is not closed.

(5)

(6) e®Xo(Abn) = e®Y(Abn) = Abn.

Remark
(1) proved earlier by F. Boarotto, D. Vittone (2020).

(3) proved earlier by E. Le Donne, G.P. Leonardi, R. Monti, D. Vittone (2018),

The set Abn is not a smooth manifold and is not semianalytic.
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® rotations

e dilations

Symmetries of the abnormal set

X0 = — — i—Xi—FXi
0= 7% 8X1 1 8X2 58X4 4aX5
0 0 0

P— +Q=—+R—

+ OX(,JFQ(9X71L Oxg’

4 2.2 3 3
g 7 Q R 12 T
2.2 4
X7 X X
R— — 172 2
5 +724+X7,
Y + +2 0 +3 +3 0
= X1 = X X3 —— X, X5 —
18 1 28X2 3aX?, 4(9X4 58X5

28 /35



Circular trajectories

The subset of Abn corresponding to circles (x(t)

,x2(t)), and to circles up to the first
loop:

Abncire = {Exp(\, t) | hg = hg # 0, hy =0, (h3)? + (hQ)2 #0, t € R},
Abng. = {Exp(A, t) | he = hg # 0, hy =0, (K§)>+ (h3)* #0, t € (0,27/5)}.

Proposition

(1) Abngirc is a 3-dimensional subanalytic set.

(2) Abnk, . is a smooth 3-dimensional manifold, a graph of a smooth non-algebraic

mapping (x1,x2,x3) — (x1,...,xg), expressed in algebraic functions and the
inverse function to

t—sint
1—cost’
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Equilateral-hyperbolic trajectories

The subset of Abn corresponding to equilateral hyperbolas (x1(t), x2(t)) with
asymptotes parallel to coordinate axes:

Abnyy, = {Exp(A, t) | he = hg =0, hy =1, (h3, ) € R?, t € R}.

Proposition
Abnyy, is @ smooth 3-dimensional manifold, a graph of a smooth nonalgebraic mapping
(x1,x2,x3) = (x1,...,xs) expressed in algebraic functions and the inverse function to
. t—sht
1—cht
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Hausdorff measure and metric dimension of the abnormal set

Theorem
<u<5b
(1) H*(Abn) = {OO’ 0=p=s,
0, wu>5h.

(2) metdim(Abn) = 5.
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Observations, questions and conjecture
New properties of the abnormal set:
® nonsmoothness,
® nonclosedness,

® nonsemianalyticity.

Questions:
1. What is the maximal codimension d of an algebraic manifold that contains Abn?
(d > 1: E.Le Donne, G.P. Leonardi, R. Monti, D. Vittone (2018))

2. Is it possible to define Abn by smooth equalities and inequalities? (By analytic not
possible: the set Abn is not semianalytic).

Conjecture

For left-invariant distributions of rank 2 the abnormal set is a subanalytic set of
codimension 3.
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Optimality of abnormal trajectories

® Degenerate trajectories (projecting to lines) are optimal.

e (Abnormal and normal) trajectories projecting to optimal trajectories on the
Heisenberg, Engel, and Cartan group are optimal.

® Short arcs of nice abnormal trajectories are optimal.

e Asymptotic trajectories containing a corner point inside them are not optimal.

® Nondegenerate nice abnormal trajectories (projecting to 2-nd order curves) contain
a cut point.

® Nice abnormal trajectories projecting to circles are locally optimal up to infinity (do
not contain conjugate points).

Conjecture
All nice abnormal trajectories projecting to 2-nd order curves are locally optimal up to
infinity (do not contain conjugate points).
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Congratulations, Andrey!

C Jlnem Poxknenns!!!



