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Problem statement:
Optimal motion of a mobile robot in the plane

q0 = (x0, y0, θ0)
x

y

θ

q1 = (x1, y1, θ1)

q(0) = q0, q(t1) = q1, l =

∫ t1

0

√
ẋ2 + ẏ2 + α2θ̇2 dt → min, α = 1
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Group of motions (rototranslations) of a plane

SE(2) = R2 n SO(2) =


 cos θ − sin θ x

sin θ cos θ y
0 0 1

 | (x , y) ∈ R2, θ ∈ S1


Left-invariant frame on SE(2):

X1(q) = cos θ
∂

∂x
+ sin θ

∂

∂y
,

X2(q) =
∂

∂θ
,

X3(q) = [X1,X2](q) = sin θ
∂

∂x
− cos θ

∂

∂y
.
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Left-invariant sub-Riemannian problem on SE(2)

q̇ = uX1(q) + vX2(q), q ∈ G = SE(2), (u, v) ∈ R2,

q(0) = q0 = Id, q(t1) = q1,

l =

∫ t1

0

(u2 + v2)1/2 dt → min .

• Sub-Riemannian structure on SE(2):

∆ = span(X1,X2),

〈Xi ,Xj〉 = δij , i , j = 1, 2.

• Unique contact left-invariant sub-Riemannian structure on SE(2), up to local

isometries and homotheties.
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3D sub-Riemannian problems
• Left-invariant problem on the Heisenberg group

(A.Vershik, V.Gershkovich, 1987),

• Contact problems in R3: local study

(A.Agrachev 1996; J.-P.Gauthier 1996),

• Flat Martinet case

(A.Agrachev, B.Bonnard, M.Chyba, I.Kupka 1997),

• Left-invariant problems on SO(3), SU(2), SL(2) with axisymmetric metric

(V.Berestovsky, I. Zubareva 2001; U.Boscain, F.Rossi 2008),
• Left-invariant problem on SE(2)
(Yu. Sachkov, I.Moiseev 2010, 2011),
• Left-invariant problem on SH(2)
(Yu. Sachkov, Y.A.Butt, A.I. Bhatti 2014�2017),
• All the rest contact left-invariant 3D sub-Riemannian structures (one-parameter

family) not studied, integrable in elliptic integrals of the 3-rd kind.
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Existence of solutions and
Pontryagin maximum principle

• Complete controllability by Rashevskii-Chow theorem

• Existence of minimizers by Filippov's theorem

• Abnormal extremal trajectories constant.

• Normal extremals:

γ̇ = c , ċ = − sin γ, (γ, c) ∈ C = T ∗
IdG ∩ {H = 1/2} ∼= (2S1

γ )× Rc ,

ẋ = sin
γ

2
cos θ, ẏ = sin

γ

2
sin θ, θ̇ = − cos

γ

2
.

• Integrable in Jacobi's elliptic functions.
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Strati�cation of phase cylinder of pendulum C = ∪5i=1Ci

• Energy integral E = c2/2− cos γ ∈ [−1,+∞)
• C1 = {λ ∈ C | E ∈ (−1, 1)},
• C2 = {λ ∈ C | E ∈ (1,+∞)},
• C3 = {λ ∈ C | E = 1, c 6= 0},
• C4 = {λ ∈ C | E = −1},
• C5 = {λ ∈ C | E = 1, c = 0}.
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Parametrisation of geodesics

• λ = (γ, c) ∈ C1 ⇒

θt = s1(amϕ− amϕt) (mod 2π),

xt = (s1/k)[cnϕ(dnϕ− dnϕt) + snϕ(t + E(ϕ)− E(ϕt))],

yt = (1/k)[snϕ(dnϕ− dnϕt)− cnϕ(t + E(ϕ)− E(ϕt))].

• λ = (γ, c) ∈ C2 ⇒

cos θt = k2 snψ snψt + dnψ dnψt ,

sin θt = k(snψ dnψt − dnψ snψt),

xt = s2k[dnψ(cnψ − cnψt) + snψ(t/k + E(ψ)− E(ψt))],

yt = s2[k2 snψ(cnψ − cnψt)− dnψ(t/k + E(ψ)− E(ψt))].

• λ = (γ, c) ∈ C3 ∪ C4 ∪ C5 ⇒ hyperbolic and linear functions.
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Geodesics: generic cases

Figure: Non-in�ectional
curves, λ ∈ C1

Figure: In�ectional curves,
λ ∈ C2
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Geodesics: special cases

Figure: Tractrix, λ ∈ C3 Figure: etX2 , λ ∈ C4

Figure: etX1 , λ ∈ C5
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Optimality of geodesics

q(t) is locally optimal:

∃ε > 0 ∀ arclength-parameterized trajectory q̃ :

‖q̃ − q‖C < ε, q(0) = q̃(0), q(t1) = q̃(t̃1) ⇒ t1 ≤ t̃1

q(t) is globally optimal:

∀ arclength-parameterized trajectory q̃ :

q(0) = q̃(0), q(t1) = q̃(t̃1) ⇒ t1 ≤ t̃1
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Loss of optimality
• Short arcs of extremal trajectories are optimal (extremal trajectories are geodesics).
• Cut time: tcut(q) = sup{t > 0 | q(s) is optimal for s ∈ [0, t]}.
• Reasons for loss of optimality:

(1) Maxwell point qt : ∃ geodesic q̃s 6≡ qs : q0 = q̃0, qt = q̃t
(2) Conjugate point: qt ∈ envelope of the family of geodesics

Figure: Maxwell point

�
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Figure: Conjugate point

• tcut = min(tMax, tconj)
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Re�ections εi in the phase cylinder of pendulum γ̈ = − sin γ
• Group of symmetries of parallelepiped

Sym = {Id, ε1, . . . , ε7} = Z2 × Z2 × Z2.

• Action of re�ections εi : δ 7→ δi on trajectories of pendulum:

Π 2 Π

δ

δ1

δ2

δ3

δ4

δ5

δ6

δ7

γ

c
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Action of re�ections εi on curves (xt , yt) modulo rotations

Figure: ε1, ε2
Figure: ε4, ε7

Figure: ε5, ε6
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Maxwell points corresponding to re�ections
• Fixed points of re�ections εi : t = tn

εi
, i = 1, 2, . . . , 7, n = 1, 2, . . .

• Upper bound of cut time: tcut ≤ tSymMax := min(t1
εi

).

• Plot of function t = tSymMax (E ):

-1 1 3 5 7 9
E

2

Π

4

6

t
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Exponential mapping and conjugate points
• Exponential mapping

Exp : (λ, t) = (γ, c , t) 7→ q(t),

Exp : N = C × R+ → M, C = (T ∗
IdG ) ∩ {H = 1/2}

• q � conjugate point ⇐⇒ q � critical value of Exp

• The �rst conjugate time

t1conj(λ) = min{t > 0 | q(t) = Exp(λ, t) conjugate point }.
• λ ∈ C1 ∪ C3 ∪ C4 ∪ C5 ⇒ t1conj(λ) = +∞.
• λ ∈ C2 ⇒ t1ε6(λ) ≥ t1conj(λ) ≥ t1ε2(λ) = tSymMax (λ).

• ⇒ Global bound:

t1conj(λ) ≥ tSymMax (λ), λ ∈ C .
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Global structure of exponential mapping
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Cut time and cut points

tcut(λ) = tSymMax (λ) =


t1ε5 = 2K (k) = T/2, λ ∈ C1,

t1ε2 = 2kp1
1
(k) ∈ (T , 2T ), λ ∈ C2,

+∞, λ ∈ C3 ∪ C5,

t1ε5 = π = T/2, λ ∈ C4

p = p1
1
(k) : cn(p, k)(E(p, k)− p)− dn(p, k) sn(p, k) = 0

Figure: λ ∈ C1 Figure: λ ∈ C2

Figure: λ ∈ C4
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In�nite geodesics

De�nition
A geodesic q(t), t ∈ R, is called an in�nite geodesic if any its subarc q(t), t ∈ [a, b], is
a minimizer.

Proposition

A geodesic in SE(2) is an in�nite geodesic if and only if its projection to the plane

(x , y) is:

(1) a line, or

(2) a tractrix.
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Cut locus
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Minimizers � one-parameter subgroups

x1 6= 0, y1 = 0, θ1 = 0 ⇒ q(t) = etX1 :

x1 = 0, y1 = 0, θ1 6= 0 ⇒ q(t) = etX2 :
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Minimizers for special boundary conditions
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Caustic and wavefront for R = π
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Global structure of sub-Riemannian spheres:
R < π, R = π, R > π
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Model of bicycle

• Con�guration space:

Q = {(b, f) ∈ R2 × R2 | ‖f − b‖ = 1} ∼= R2 × S1 ∼= SE(2),

` = 1.

• No-skid condition: ∀t ∃a ∈ R : ḃ = a(f − b).
• What are the shortest paths of the front wheel f of the bicycle?
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Car-like robot with trailer
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Car-like robot with two driving wheels and a spherical wheel
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Rickshaw
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Sub-Riemannian problem (f) for the front wheel
State space:

SE(2) = {qf = (xf , yf , θb) ∈ R2

f × S1

b}.
Control system:

ẋf = u1,

ẏf = u2,

θ̇b = −u1 sin θb + u2 cos θb,

where (u1, u2) ∈ R2.
Boundary conditions:

qf(0) = q0f , qf(t1) = q1f .

Sub-Riemannian length:

lf =

∫ t1

0

√
u2
1

+ u2
2
dt → min .
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Sub-Riemannian problem (b) for the back wheel
• State space:

SE(2) = {qb = (xb, yb, θb) ∈ R2

b × S1

b}.
• Control system:

ẋb = ub cos θb,

ẏb = ub sin θb,

θ̇b = vb,

where (ub, vb) ∈ R2.
• Boundary conditions:

qb(0) = q0b, qb(t1) = q1b.

• Sub-Riemannian length:

lb =

∫ t1

0

√
u2
b

+ v2
b
dt → min .

• Exactly the sub-Riemannian problem on SE(2) studied above.
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Isomorphism between the problems (b) and (f)

xb = xf − cos θb,

yb = yf − sin θb,

ub = u1 cos θb + u2 sin θb,

vb = −u1 sin θb + u2 cos θb,

lb = lf .
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Example of correspondence
between solutions to the problems (f) and (b):

line and tractrix
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Geodesics for the problem (f)

Theorem
Projection (xf , yf) of a geodesic for the problem (f) is either a straight line, or a

non-in�ectional Euler's elastica of width ≤ 2, including circle and Euler's soliton. Any

form of a non-in�ectional elastica is possible.

34 / 52



Euler's sketches of elasticae (1744)
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De�nitions of Euler's elasticae

1. Elastica is a planar curve whose curvature is a linear function of its distance to a

�xed line in the plane.

2. Elastica is a planar curve whose curvature κ satis�es the ODE

κ̈+
1

2
κ3 + Aκ = 0, A ≡ const .

3. Elastica is a curve (x , y) that satis�es the ODEs

ẋ = cos θ,

ẏ = sin θ,

θ̈ = −r sin θ, r ≡ const .
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Flipping a bike about its back wheel

Lemma
The map

Φ : Q → Q, (b, f) 7→ (b, 2b− f)

which '�ips' the bike frame about the back wheel is a global sub-Riemannian isometry

of Q.
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Flipping the line to Euler's soliton
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In�nite geodesics in the problem (f)
An in�nitely long bike path is an in�nite geodesic if and only if it is one of the following

two types:

(1) its front track is a straight line and its back track is a tractrix or a straight line, or

(2) its front track is an Euler soliton of width twice the bike length and its back track

is a tractrix.

There is an isometric involution of the bicycle con�guration space which takes paths of

one type to paths of the other, provided the back track of the path is a tractrix and not

a line.

The two in�nite minimizing bike paths share the tractrix (red) as a common back track; the

two front tracks are a straight line (dashed blue) and an `Euler's soliton' (solid blue).
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Isometries

Theorem
The group Isom(Q) of all isometries of Q is an extension of E(2) by the two-element

group Z2. This two-element group is generated by the isometric involution Φ which

`�ips the bike frame'. Thus

Isom(Q) ' E(2) o Z2 ' SE(2) o (Z2 × Z2).

The identity component of Isom(Q) is SE(2). SE(2) acts freely and transitively on Q
and so induces a sub-Riemannian isometry between Q and a left-invariant

sub-Riemannian metric on SE(2).
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Homogeneous geodesics and geodesically orbital spaces

De�nition
A geodesic γ in a sub-Riemannian manifold M is called homogeneous, if it is a

homogeneous space of a one-parameter subgroup {ϕs | s ∈ R} ⊂ Isom(M):

1. ∀ s ∈ R ϕs(γ) ⊂ γ,
2. ∀ g1, g2 ∈ γ ∃ s ∈ R : ϕs(g1) = g2.

A sub-Riemannian manifold is called geodesically orbital if all its geodesics are

homogeneous.
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Equioptimal geodesics

De�nition
Let {q(t) | t ≥ 0} ⊂ M be a geodesic. An arc {q(t) | t ∈ [0,T ]} is called a

non-extendable minimizer if it is a minimiser, but any arc {q(t) | t ∈ [0,T + ε]}, ε > 0,

is not a minimizer.

In other words, T = tcut(q(·)).

De�nition
An arclength-parameterized geodesic q(t), t ∈ R, is called equioptimal, if it satis�es the

following property:

if q(t), t ∈ [0,T ], is a non-extendable minimiser, then for any τ ∈ R the geodesic

q(t + τ), t ∈ [0,T ], is also a non-extendable minimiser.

A sub-Riemannian manifold M is called equioptimal, if any its arclength-parameterized

geodesic is equioptimal.
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Examples of equioptimal Lie groups

Left-invariant sub-Riemannian structures on:

• The Heisenberg group

• SO(3), SU(2), SL(2) with axisymmetric metric,

• SE(2), SH(2),

• The Engel and Cartan groups.

In other words, all left-invariant sub-Riemannian structures where the cut time is known.

Why?

Proposition

If a sub-Riemannian geodesic is homogeneous, then it is equioptimal.
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Homogeneous geodesics in SE(2)

Theorem
The only homogeneous geodesics in SE(2) are one-parameter subgroups that are

geodesics:

etX1 and etX2 .

Thus SE(2) is not geodesically orbital, although equioptimal.

The following Lie groups are geodesically orbital and equioptimal:

• The Heisenberg group

• SO(3), SU(2), SL(2) with axisymmetric metric.

What is the geometric reason of equioptimality in the non-geodesically orbital case?
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Application: Anthropomorphic restoration of isophotes and neurogeometry
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1J.Petitot, The neurogeometry of pinwheels as a sub-Riemannian contact structure, J. Physiology -

Paris 97 (2003), 265�309
2J.Petitot, Neurogeometrie de la vision � Modeles mathematiques et physiques des architectures

fonctionnelles, 2008, Editions de l'Ecole Polytechnique
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Optimal solution for the problem on R2 × RP1
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Restored curves
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Smooth and non-smooth arcs
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Initial family of isophotes
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Restored family of isophotes

1.6 1.8 2.0 2.2 2.4 2.6 2.8

2.0

2.2

2.4

2.6

2.8

3.0

3.2

3.4

50 / 52



Restored family of isophotes
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