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Motivation:

Detection of salient curves in images



Cortical Based Model of Perceptual Completion

e D.H. Hubel and T.N. Wiesel, Receptive fields of single neurones in the
cat’s striate cortex, 1959. Nobel prize in 1981.

e Sub-Riemanian structures in neurogeometry of the vision:

— J. Petitot, The neurogeometry of pinwheels as a sub-Riemannian
contact structure, 2003. (Heisenberg group.)

— G. Citti and A. Sarti, A Cortical Based Model of Perceptual Com-
pletion in the Roto-Translation Space, 2006. (SE(2) group.)

e Variational principle: recovered arc has minimal length in the space (z, y, 6):

/ \/52 (&2 + §2) 4 62dt — min, under constraint § = arg (& +1i )
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Lie Group Analysis via Invertible Orientation Scores

Image Score
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R. Duits: generic mathematical model for contextual
image analysis via scores on Lie groups with many applications.




SR geodesics on Lie Groups in Image Analysis

Crossing structures are Restoration of corrupted contours
disentangled based on model of human vision

Applications in medical
Image analysis




Tracking of Lines in Flat Images via
Sub-Riemannian Geodesics in SE(2)

[1] E.J. Bekkers, R. Duits, A. Mashtakov and G.R. Sanguinetti,
Data-driven Sub-Riemannian Geodesics in SE(2), Proc. SSVM, 2015.

[2] E.J. Bekkers, R. Duits, A. Mashtakov and G.R. Sanguinetti,

A PDE Approach to Data-driven Sub-Riemannian Geodesics in SE(2), SIIMS,
2015.

[3] G. Sanguinetti, R. Duits, E. Bekkers, M. Janssen, A. Mashtakov, J-M. Mirebeau,
Sub-Riemannian Fast Marching in SE(2), Proc. CIARP, 2015. ’



Tracking of Lines in Spherical Images via
Sub-Riemannian Geodesics in SO(3)

o
P
W
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Flat Image
Sub-Riemannian geodesic

[1] A. Mashtakov, R. Duits, Yu. Sachkov, E.J. Bekkers, 1. Beschastnyi,
Tracking of Lines in Spherical Images via Sub-Riemannian Geodesics in SO(3),
JMIV, 2017.

[2] A.P. Mashtakov, R. Duits, Yu.L. Sachkov, E.J. Bekkers, I.Yu. Beschasnyi,
Sub-Riemannian Geodesics in SO(3) with Application to Vessel Tracking in
Spherical Images of Retina, Doklady Mathematics, 2017.
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Sub-Riemannian Geodesics on SE(3)

Data-driven sub-Riemannian geodesics on SE(3) are used
for detection and analysis of neuron fibers in magnetic
resonance images of a human brain.




Problem Pcurve(R3): Shortest Path on R3 x S?

Given ¢>0, x;€R? n; 5% ic{0,1}.

_ 3
Find a smooth curve  x € C*°([0, L], R?) s.t. x(0) = %o, x(L) = x; € R,
x'(0) = ng, x'(L) =n; € $?,

L
and F(x) ::/0 VE2 + Kk2(s)ds — min, where k(s) = ||x"(5)].




Sub-Riemannian problem on SE(3)
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Lie group SE(3)

The group of Euclidean motions of 3-dimensional space

g = (x,R) € SE(3) = R? x SO(3)

Group operations
g192 = (X1, R1)(x2, R2)
= (x1 + Rix2, R1 Ra),
g ' =(-R"x,R").

We use the parameterization of SE(3)
x = (z,y,2) € R?,

1 0 0 cosf 0 sinp cosae —sina 0
R=1 0 cosf —siné 0 1 0 sinaw cosa 0
0 sinf cosf —sinf8 0 cosp 0 0 1

where a € (_7T37T]7 B ~ [_%, %], 0 c (—ﬂ',ﬂ']
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Left-invariant Vector Fields on SE(3)

(x, R) € SE(3) = R® x SO(3)
86(3) — Te SE(3) — SpaIl{Al, Ag, Ag,, A4, A5, Aﬁ}

Ail, = (Lg)eAs, i€ {1,...,6}, Lyh=gh
Co-frame {w',...,w®}: (W', A;) = 5;-, i, €{1,...,6}.
S% = S0O(3)/SO(2)

x’ spatial velocity:
it = <w3|,y ) A3|7 = Aj|

~

x" spatial curvature: ) angular velocity: 1
X! — <w5‘7 ') A1|7 = <w4|7 ) A2|'y 0= <OJ4,’Y’>A4 + (w5a'}/,>445



Pmec(SE(3)): Sub-Riemannian problem in SE(3)

SR structure (SR manifold):
(M, A, Ge) M = SE(3), A = span{As, A4, A5},

:£2w3®w3+w4®w4_"_w5®w5
SR distance (Carnot-Carathéodory dlstance)

e v € Lip(|0, Tr]mSnE T >0 /\/le ) d
7€ A, (m—g,(>=

Puvec(SE(3)):| to find a Lipschitzian curve « : [0,7] — SE(3), s.t

v(0) =e:=(0,1), ~(T)=(x1,R1) € SE(3),
y(t) € A for a.e. t € [0,T],
and [0 \/Gely)(3(#), 7(£)) dt — min (with free T).
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Optimal Control Formulation of SR-Problem in SE(3)

Control system
y(t)
Boundary conditions

7(0) = e,

= u?(£) Agl o) + u (8 Asly ey + P () As

’)/(T) =01 € SE(3)

Minimizing functional (here action functional)

T

[ 3 EEOF + @' @) + @ ©)) dt - min

0

In coordinates
f . .
i = u’ sin 3,

) = —u> cos Bsin b,
3

z = u’ cos 3 cos,

L

0 = sec B(u* cosa — u® sin @),
B = u* sin o 4+ u° cos a,

u® sin o) tan 3,

t
5(0),a(0)) =0
o or)

oyt 20

& = —(u cosa —

((0),4(0), 2(0),6(0),
(@(T),y(T), =(T), 0(T),
(

)
a(T)
1 1 )8

o)

e Complete controllability (Chow-Rashevski)

e Existance of minimizers (Filippov)

e No abnormal extremals: dim [A, A]

e The minimizers are analytic

= dim (SE(3))
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Pontryagin Maximum Principle

Left Invariant Hamiltonians \; = (p, 4;), i = 1,.

, 6, where

p = p1d$|g ‘|‘p2dy|g +p3dz|g ‘|‘p4d9|g ‘|"P5d/8|g +p6d0“g

Control dependent Hamiltonian

H, = u3)\3 + 'u,4)\4 + ’UJ5A5 — 1
Maximality Condition u

The (maximized) Hamiltonian H =

3 _ A3

(52(,“3)2 4+ (u4)2 s
€25 ’LL4 — /\47

S (€723 + 21+

The Hamiltonian system of PMP (via Poisson brackets \; = {H,\;})

(A1 = —\3)s,
Ao = A3y,
Az = A5 — Aoy,
Ve = 225
.4_ £2 57\6
A5 = Agdg — )\éé?)a
\XG — Oa

— vertical part,

(& = g—g’sinﬁ,

Y = —5—2 cos 3sin 0,

z = 52 2 cos B cosb,

6 = sec (A4 cosa — A5 sina),

B: A4 Sin o + A5 cos a,

L& = —(Agcosa — A5 sina) tan 3,

— horizontal part. 15



Liouville Integrability of the Hamiltonian System

First Integrals:
e the Hamiltonian H = % ()\% + M7+ )\%)
o Left-invariant basis Hamiltonian A\g
e Casimir functions W = —A\1 Ay — A5 — A3dg, 2= A2+ A3+ )32

e Right-invariant Hamiltonians

pP1 = —A1cosacos B+ Ay cosBsina — Agsin 3,

p2 = —cosy(Agcosa + Apsina) + (Azcos B+ (—Ap cosa + Ag sin«) sin ) sin 7,
p3 = —Azcos B cosy + cosy(A cosa — Ao sina) sin B — (Ag cos v + Aq sin «) sin 7y,
P4, P55, P6-

Complete system of first Integrals: I = (H, X\, W, p1, p2, p3)

; L — 8( 1:F2, :W:H'.'A ) —
{I“IJ} =0 3()\91,)'\02,;\3??;)\4,)\53)?6) (q’ )\) B _)\2/\4 + )\1/\5 f:é 0

Theorem  The Hamiltonian system of PMP for sub-
Riemanian problem on SE(3) is Liouuville integrable.
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Integration of the Vertical Part

Theorem  Suppose \g(0) = 0; then the vertical part is given by

M= —A3As. Ao =A3A, A3 =AM — Aods, As = Xods, A5 = —Aj)s.

The momenta Ay, A5 are expressed via U(t f() A3(7)d T and the initial values
A2(0) + A4(0 A2(0) — A4(0
nafp) = 220+l )exp(U(m— 2O A0 e (- 1)),
A1(0) + A5(0 A1(0) — A5(0
ao(t) = IO o o 1) - OO o .

The momentum As is expressed via the initial values depending on several cases.
For the cases A1(0) = £A5(0), A2(0) = FA4(0), we have

oEbt _ (p _ o Tt . .
= My (31450 )

where b= /A3(0) + A3(0) + A2(0). Otherwise, we have

)

i) =5 k), U0 =i (G4 5 (@ @k 4 pennban @)

where A = (A1(0) + A5(0))2+(A2(0) — Aa(0))2, B = (A1(0) — A5(0))*+(Aa(0) + As(0))?,
P:\/4)\§ (0) + (\F \F) \/4)\3 (0) + (\/Z+x/§)2,

— arcsin (kp(o)) , if B> A,

7 + arcsin (kp(o)) , if B < A.

wt:F(pOak)—{_%ta k:ga pO{ 17



Geodesics in Pcurve(R3) as Projection of SR geodesics in SE(3)

Spatial projection of SR geodesics in SE(3) can have
singularities (the cusp points)
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SR problem Pmec(R3x $2) in Quotient SE(3)/({0}xS0O(2))

Well-defined distance on the quotient R3 x S?

dR3><132 ((03 ez)a (yla nl)) — ol alglell[% o) d(eh’cxl y (YIa Rnl)haz)

= i d ,h_ll s Rn Jho2 a1t han
o (e;h i (Y1, Bn,) )

— . d I :Rnl ha
Luin (e, (y1 )ha)

Poec(R? x S?):|Let (y1,n;) € R x S2. Find

0,7] 3t (x(t),n(t)) =~(t) ® (0,e,) € R® x S,

with ~ a Lipschitzian curve in SE(3) with velocity ¥ € A, such that sub-

Riemannian length fOT \/ g£|,7( p (7(£),¥(¢))dt is minimal under boundary con-

ditions y(0) = (0,7) and v(7T) = (y1,Rn,Re..a), where both 7" > 0 and
a € [0,2m) are free variables in the optimization process.
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Relation of Pcurve(R3), Pmec(R3x S%2) and Pmec(SE(3))

Theorem If g1 = (x1,R1) € SE(3) is chosen s.t. a corresponding
minimizer v* of Pmec satisfies u?(t) := (W], 1), ¥ (¢)) >0, t € (0,T),
then v* can be parameterized by spatial arclength s, and its spatial pro-
jection does not exhibit a cusp. If moreover g, is chosen s.t. ~v* has
X¢(0) = 0 then this yields the required minimum choice of «, and v*(t)
provides the minimizer (x*(t),n*(t)) = v*(t) ® (0,e.) of Pmec-

Under these two requirements the spatial projection x*(-) of v*(-) =
(x*(+), R*(+)) coincides with a minimizer of problem P cyrve- 20



Explicit Expression for Geodesics

Theorem  The spatial part of the cuspless sub-Riemannian geodesics in Pmec s given by

a(s) = R(0)" (&(s) — &(0)).

where R(0) and &(s) := (&(s),(s), 2(s)) are given in terms of AM (0) and A (0) depending on several cases.

For all cases with A\V(0) # AP (0) we have|z(s) = %Ofg)\3('r) dr = —i—"l_c‘f/_ "21""2 (E((s+%)i,M)—E(%i,M))

AP 0) 42D O IA® (0) =A™ (0)] - A2 (0)+AM (0)]
where M := d 1, d.=| 1J|r|c | <1, and ¢ := log IIA(Z)(D)—A(”(O)II .
: ~ o 10 i(s) Ai(s)
For the case A\ (0) = 0, we have R(0) = 0 1 0 | €SO(3), ( - ) ==1 ( ) :
_ Z(s) ©\ As(s)
1 0 0
A1(0) A2(0) A3(0)
) - , ) A, (0) 0
For the case A/ (0) # 0, we have R(0) = ¢ ||)\(U(0)|| RO O] € SO(3).
—A1(0)A3(0)  —=A2(0)A3(0) ||)\(1)(0)”
1AL (0)]] 1AL (0)]] =
B ) 9(s) | _ A®)a0) (0
For the case W = 0 along with \*"/(0) # 0, we have ( 3(s) ) = S0 O] ( N
For W # 0 along with AV (0) # 0 we have
9(s) Y VRO cost(s) —siny(s) W3(0) where
Z(s) OO VIR@ P22 \ sinyg(s) cosd(s) c(A?(0)- 2V (0)) )’
. [ Wela(r SV, i
vis)= | 0 _ar=-Z 5 ( (i(s +g0) M) - F(*2, M)
S IA® ()2 = W2e2 ¢ VI4V1- 2

~1- g (%”“” )= (35 )

with D = 2(‘:”—; — 1)1+ A1 —d) " 41 and |(s)| < 7, sign(tp(s)) = sign(W).



Geometric Properties of Geodesics

Corollary 1 The absolute curvature and the signed torsion of a geodesic of Pcurve

I _ iR w

are given by kK = " o 0 T N Thus, the torsion is bounded as

W < |r(s)| < V= Q)Sﬂ/m_ _ for all 0 < 5 < Sy

Corollary 2 The cuspless spatial projections of sub-Riemannian geodesics of Pmec
(i.e. geodesics of Pcurve) are planar if and only if W = 0.

Corollary 3 Given admissible coplanar end conditions for Pcurve, the unique
cuspless geodesic connecting them is planar.

Corollary 4 All cuspless sub-Riemannian geodesics in (SE(3), A, Gy) with Ag = 0
and Z?:l A2(0) # 0, departing from e = (0,1) stay in the upper half space z > 0.
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Range of Exponential Map of Pcurve

R? x S = SE(2)

Prosssisdet
bhbbse
r;* 244 *:11

.4
’:“‘¢‘ﬂﬂvvvvv
17 P raideevyvvvvyy
P ag itvvvvyyyvyy
;‘<4ﬂvvvvvvvvvv

PRAAMAM LI
“aTYTIERELLAL L

R3 % S% = SE(3)/({0} x SO(2))

Let R denotes the range,
and Dy the domain of ex-
ponential map Pcurve-

Conjecture:
FExp:Dy — R

is a homeomorphism

Exp :int(Dy) — int(R)
is a diffeomorphism
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SR-geodesics on SE(3) with cuspless spatial projections

Results:

Lift Peurve(R?) to sub-Riemannian problem on SE(3);
Hamiltonian system of PMP;

Liouville integrability of the Hamiltonian system;
Explicit expressions for SR-geodesics in spatial arclength parameterization;
Evaluation of first cusp time;

Admissible boundary conditions reachable by cuspless geodesics;
Geometrical properties: bounds on torsion, planarity conditions, symmetries;
Numerical investigation of absence of conjugate points;

24




Thank you for your attention!



Partial Cartan Connection

Partial Cartan connection V on the
tangent bundle of (SE(3), A, Ge¢)
5

VA = Zi:g ((dk) - 2 Cf,j (’.Yi)aj) A

1,7=3

5 5
with % = 3 4" Ail,, A= > dF AL,
=3 k=3

and Lie algebra structure constants c;'-i je

t 25: C?:A?;
Horizontal exponential curvest + gg e =3
with €2(c*)? + (¢!)? + (¢®)? = 1, go € SE(3)
are the auto-parallel curves, i.e. V57 =0

Partial Cartan connection V. on the

cotangent bundle of (SE(3), A, G¢)

. . 5 6 S\

j=3k=1
5
. . . 6 7
with ¥ = '2237 Aily, A= Aiw'ly,

and Lie algebra structure constants cfﬁ jr

Along SR geodesics one has
covariantly constant momentum

— 5 ,
V;Y)\ = Oland le (Z )\Zw?’) = "}f
1=3

Group representation m : SE(3) — Aut(R®) visible in the Cartan-matrix

R oxR . 3. . 3, .
m(x, R) := ( X ), with x = > x'e;, ox = Z x' A3y €50(3), s.t. oxy =X Xy

0 R i=1

=1

Theorem  Let m be our matrixz group representation, s.t.
dA|,}/ — Alfy m(f}/_l)dm(’}/)
Then along the SR geodesics in (SE(3), A, Ge) the following relation holds:
A()m(v(t)) ™" = A(0) m(v(0)) =" = A(0). 26



Problem Pcurve(R3), Pmec(R3xS?) and PMEC(SE(3))

R’c R xS’ R’ xS* c SE(3
% Proof of Liouville
: : PMP 4 integrabillity
v
i Hamiltonian system | ;
i f01.r g;c;{lesuis in iMEC E» Coadjoint orbits
Geodesics (x(s), n(s)) I SIS ErOlEngin )
With usage of N Ppec ' :
coadjoint orbit structure, Fixine initial ;,Cartan connection
left-invariance, IXing mitial momentum | a4 Cartan matrix
and Cartan matrix in Integration Well defined for he=0
Cartan connection / sel0,s, ] l
\& Evaluation of
Hamiltonian system for Switeh Hamiltonian system » cusp time
. o witchn to . . e
«cuspless» geodesics in P [« barametrization for geodesics in P, “ Smax

in spatial arclength s in SR arclength t
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Analysis of Images of the Retina

Diabetic retinopathy --- one of the main causes of blindness.
Epidemic forms: 10% people in China suffer from DR.
Patients are found early --> treatment is well possible.

Early warning --- leakage and malformation of blood vessels.
The retina --- excellent view on the microvasculature of the brain.

Diabetes Retinopathy with
tortuous vessels

Healthy retina
28
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