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Part 1
Introduction to sub-Riemannian geometry
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Sub-Riemannian minimizers and geodesics

SR geometry (M, A, g):
e smooth manifold M,
e vector distribution A C T M,
e inner product g in A.

Horizontal curve ¢(-):
q € Lip([0,t1], M), 4(t) € Ay for almost all t € [0, #1].
Length of ¢(-):

t1
1= [ Vet a
SR distance between ¢y, q1 € M:

d(qo,q1) = inf{l(q(-)) | q(-) horizontal, ¢(0) = qo, ¢(t1) = a1}
Minimizer ¢(-):

horizontal curve such that I(q(-)) = d(q(0), q(t1)).

Geodesic ¢(-):

horizontal curve whose small subarcs are minimizers.



3D Heisenberg group

M = R3, A = Span(Xl,Xg) (XZ‘,XJ‘) = (5@',
0 0

Xi=F 45 Xe=F +55

Left-invariant SR geometry = ¢o = Id = (0,0,0).

Geodesics: gp.(t), 0 € S, c € R, t € [0, +00),

x = (sin(f + ct) —sinb)/c,
y = (cos @ — cos(0 + ct)) /e,
z = (ct —sin(ct))/(26%).

Minimizers: qg.(t), 0 € S, c € R, t € [0,27/]c|].

Distance between qg and ¢1 = (1, y1, 21):

"~
d(qo,q1) = £ —r1. 11 =V 3 + i,
27 —sin27 8|z
€ [0, 7], 5 = —5.

sin“ 7 T



Optimal control problem for SR minimizers
L A:span(Xl,...,Xk), g(Xi,Xj) :(51‘]'

K
§(t) € Ay <= 4(t) = > wi(t)Xi(q(h)),
i=1

k
Z “12 dt — min
i=1

t1 t1
l= ; \/g(d,Q)dtZ/O

e Existence of a horizontal curve with ¢(0) = qo, ¢, = q1:
by Chow-Rashevsky Theorem: iff

span(X;(q), [Xi, X;](q), ...)=T,M Vq € M.

e Existence of a minimizer with ¢(0) = qo, g1, = ¢1:
by Filippov's theorem if one of the conditions hold:
e ¢ close to qo,
e SR balls B(qo, R) are compact,
o A, g left-invariant on a Lie group M.



Hamiltonian vector field and its integrability

e Pontryagin maximum principle:
q(-) geodesic " = " it has a Hamiltonian lift \(¢) € oM
such that

A=H(), AeT*M,
k

1
H=g ; i hi(3) = (A Xi(a))

(modulo abnormal geodesics).

e Liouville integrability of the Hamiltonian vector field H:
Find n independent integrals h1, ..., hy in involution:

{H, hz} =0, {hi,hj} =0, dyhi,...dyh, independent a.e. on T\

e Complicated for general SR structures =-  approximation?



Linear approximation?

Let k = dim A, = 2.
& = w1 X1(x0) + uaXa(zo), xr € R"

e n=2 = Euclidean geometry approximates Riemannian
one

e n>2 = no controllability
Lie(Xl(.I‘Q),XQ(ZL‘())) Abelian

¢ more sophisticated Lie algebras?



Nilpotent approximation

¢=wuXi(q) +uaXa(q)y gqeG=R"
Lie(X1, X2) nilpotent:
[Xi'r+1"' [XZ27X } ] =0, Z‘j € {172}7

r — step of Lie algebra Lie( X1, X5).

G Lie group

X; left-invariant vector fields on G

G Carnot group: connected, simply connected, with graded Lie
algebra

L =®;_Li, [L1, Li] = Lit1, [Li, Lj] C Litj, L1 = span{Xy, Xo}.

Fundamental local approximation of generic SR structure

E.g. left-invariant SR geometry on the 3D Heisenberg group
approximates general contact 3D SR geometry (A.A.Agrachev,
J.-P.Gauthier)



Rank 2 free nilpotent sub-Riemannian geometry

e Growth vectors considered: (2,3), (2,3,5), (2,3,5,8).

e Problems studied:

existence and smoothness of SR geodesics,

integrability of the normal Hamiltonian system of PMP,
regular and chaotic dynamics of the Hamiltonian system,
effective parametrization of exponential mapping,

discrete and continuous symmetries,

fixed points of the group of symmetries,

resulting study of global and local optimality of SR geodesics,
optimal synthesis (terminal point — optimal trajectory),
applications in robotics, mechanics, robotics,

effective software, including parallel for supercomputers®

see my affiliation :(((



Rank 2 free nilpotent sub-Riemannian geometry

e Matryoshka of growth vectors:

(2,3) C (2,3.5) C (2,3,5,8).

e Problems studied:

existence and smoothness of SR geodesics,

integrability of the normal Hamiltonian system of PMP,
regular and chaotic dynamics of the Hamiltonian system,
effective parametrization of exponential mapping,

discrete and continuous symmetries,

fixed points of the group of symmetries,

resulting study of global and local optimality of SR geodesics,
optimal synthesis (terminal point — optimal trajectory),
applications in robotics, mechanics, robotics,

effective software, including parallel for supercomputers.
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Results

Sub-Riemannian geodesics were parametrized.

Symmetries of exponential mapping and the corresponding
Maxwell points were computed.

Software for computing length minimizers for given boundary
points was developed.

Software for solving motion planning problem via nilpotent
approximation was developed for general (2,3,5) systems, and
tested for S? rolling on R? without slipping or twisting, and a
car with 2 off-hooked trailers.

Plans

Prove that the cut time is equal to the first Maxwell time.
Describe the optimal synthesis.

Describe the global structure of cut locus.

Study singularities of SR sphere for the nilpotent and general
(2,3,5) SR structures.

Consider other (2 3 5) SR ceometries.



Originals:

1. E.Sachkova, Yu.S., Abnormal geodesics in (2, 3,5, 8)
sub-Riemannian geometry, work in progress

2. L. Lokutsievsky, Yu.S., Regular and chaotic dynamics in
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Free nilpotent sub-Riemannian problem of rank 2, step r

L = Lie(X;, X2) = span(Xy,...,X,,)
n =3y ba(k), kba(k) =28 =37 la(d)

q = Ule(q) + ’LLQXQ(Q), q S G? u = (ulauQ) € R27
q(0) = qo,  q(t1) = q,

t1
/ u%—}—u%dt—)min.
0

Normal Hamiltonian system of Pontryagin Maximum Principle:
hi(A) = (A, Xi), A e TG,

HQ) = 3B + h()

Is A = H(A) Liouville integrable?



Integrals of the Hamiltonian system
Symmetries:

e right translations in G
Yi,...,Y, € Vec(G), (Ry).Y; =Y;

¢ Rotations in A = span(Xy, X»):
Z € s0(A)

Poisson algebra of integrals of the Hamiltonian field H:

I =span(H; g1,...,9n; f; C1,...Cy)

e System Hamiltonian H,
¢ Right-invariant Hamiltonians g;(\) = (\,Y;),
e Hamiltonian of rotation: f(\) = (\, Z),

e Casimir functions. C; : L* = R, {Cj,h;} =0V i=1,...

1) Is H Liouville integrable?
2) Does I contain n independent commuting integrals?



Growth vector (2, 3)

L = Lie(X1, X3) = span(X1, X2, X3)

(X1, Xo] = X3
G:Riyz
0 0 0 0 _ 0
Xi=9z %02  Xe=gyt+35 Xs=5;
hi1 = —hshs
- ho = hih
A= A 2 = hihg

hs =0
g =h1 X1+ haXo

Integrability in trigonometric functions



Liouville integrability in the (2, 3) case

¢ Right-invariant frame Y7, YQ, Y3 € Vec(G) Yi(Id) =
o) 0
Vi=—g 45 =g +55 Yi=—5

e Rotation Xy = y% — xa%

Integrals of the field H:
e System Hamiltonian H = (h? + h3)/2
e right-invariant Hamiltonians
g1 = —h1 —yhs, go = —ha + xhs, g5 = —h3
e Hamiltonian of rotations ho(A) = (\, Xo)

e Casimir function hs

Algebra of integrals: I = span(H, g1, g2, g3, ho)

Abelian subalgebra: I= span(H, g2, g3)



Growth vector (2,3, 5)

L = Lie(Xl, XQ) = span(Xl, XQ,X3, X4,X5)
(X1, Xo] = X3, [ X1, X3] = Xy, [Xo, X3] = X5

G =Ry
X, = 2 89 _ 24’ 9 Xy— O pzd 4 240
9z 20z 2 dw’ 9y T 202 2 9o’
Xs=2 +ad +y2, Xy =4, X5 =2
(hy = —hahy
ho = hihs
A=H\) : {hg=hihs+ hohs
hy =hs =0
(¢ = h1 X1 + ho X>




Integrability of the field H in the case (2,3, 5)

2H = h} + h3 = r? = const

hi1 =7cosf, ho =rsinf, hg =c, hy = asinf, hy = —acos 3
ézc,é:—arsin(ﬁ—ﬂ), o‘z:B:O

E = c%/2 — arcos(f — B) energy of pendulum

Integrability in Jacobi's functions

(x(t),y(t)) Euler elasticae



Description of elasticae by Leonhard Euler (1744)
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Integrals of the field H in the (2,3,5) case

System Hamiltonian H = (h? + h3)/2
Right-invariant Hamiltonians g1, g2, 93, 94 = —h4, g5 = —hs
Hamiltonian of rotation hg()\)

Casimir functions B = "3 + hyhs — hyhy, ha, hs

Algebra of integrals: I = span(H, ¢1,...,9s, ho, E)

Abelian subalgebra: I = span(H, gs, g4, g5, E)



Growth vector (2, 3,5, 8)

L = Lie(Xy, X2) = span(Xy,..., Xg)

[X1, Xo] = X3, [X1, X3] = X4, [Xo, X3] = X5, [X1, X4] = X,
(X1, X5] = [X2, X4] = X7, [X2, X5] = X5,

G = Rgl...xg

Realization of nilpotent Lie algebras by polynomial vector fields:

M.Grayson, R.Grossman, Nilpotent Lie algebras and vector fields
(1989)



Xy =

Xy =

Left-invariant frame in the case (2, 3,5, 8)

0 w0 _m%er%@ _:1:133%8 _Iji
0 2 0x3 2  OJuws 4 Oxz7 6 Oxg’
0 L 0 2+ 13 0 eri’ 0 229 O
Oxa 2 Oxs 2 Oxzy 6 Ouxg 4 Ozy’
0 0 0 3 0 0 3 0
0zs 9w 0w 200 0w T 2 0us
0 0 0

P 4+m16x6+$239€7’

0 0 0

8x5+x163}7+x23$8’

0 0 0



Abnormal extremals

hy = hy = hs =0,
hy \ ha _( hr —he \ _

<h5>_A<h5>’ A_<hg h7)—const

hg = h7 = hg = 0,

g = —hsX1 + haXo.

Abnormal extremals are smooth
e det A<0 = (x1(t),z2(t)) hyperbolas,

e detA>0 = (x1(t),x2(t)) ellipses,
e det A=0 = (x1(t),x2(t)) parabolas or lines.

Hyperbolas and parabolas are not normal trajectories = they

are strictly abnormal



Normal Hamiltonian vector field in the case (2, 3,5, 8)

; .

hi1 = —hahs,

ha = hiha,

hs = hihg + hahs,
A=HO) hy = hihg + hahs,

hs = hihy 4 hahs,
he = hy = hg = 0,
4 =h1X1(q) + h2X2(q)




Integrals of the field H in the case (2,3,5,8)

System Hamiltonian H = (h? + h3)/2

Right-invariant Hamiltonians g1, g2, 93, 94, 95, 96 = —he,
g7 = —h7, gs = —hs

Hamiltonian of rotation hg

Casimir functions
C = h2hg —2hahsh7 +hihs —2hs(hehs —h3) = C(gs, ..., gs),
he, h7, hg

Algebra of integrals: I = span(H, ¢1,...gs, ho)

Abelian subalgebra: I= span(H, gs,...gs)



Homogeneous integrals of H in the case (2,3, 5, 8)

Theorem
Let a homogeneous polynomial P, = Py (hi, hs), deg P, = k, be an
integral of the field H. Then:

1. P1 = EZ8:6 aihi,
2. P, = E?,j:ﬁ aijhihj +bH,
3. P3 = Zis,j,k’ZG aijkhih]’hk + 2?16 bzth + aC.

e Homogeneous integrals of order &k < 3 are expressed through
Casimir functions hg, h7, hg, C and system Hamiltonian H.

Are there nontrivial homogeneous integrals of order k& > 37

7 independent integrals in involution: H, g3, ... gs.
e Is H Liouville integrable?



Reduction of the vertical (adjoint) subsystem
for the system A = H()\)
2H=h?+h3=1
hi1 = cos@, hog = sind,
h3:c, h4:a, ]’L5:b, hﬁzm, h7:p, hgzn

0 =c,
¢=acost + bsinb,
a=mecosf + psinb,
b=pcosh+nsinb,
m, n, p = const.
S=p> —mn#0 =
0 = (2pab — na® — mb?)/(26) + k,
a=mcosf + psinf,

b=pcosf + nsin, m, n, p, k= const.



Conclusion

Free nilpotent sub-Riemannian problem with the growth vector
(2,3,5,8),

Realization by polynomial vector fields in R®,

Symmetries of the Hamiltonian systems,

Integrals of the normal Hamiltonian system:
10 integrals, of which commute only 7,

Casimir functions and co-adjoint orbits computed,
1-st, 2-nd, and 3-rd order (w.r.t. h;) integrals computed

Mishchenko-Fomenko's noncommutative integrability theory
fails

(Non) commutative integrability remains an open question.

Numerical evidence of Liouville non-integrability



Orbits of Poincaré mapping:
Integrable case with 1 periodic trajectory

=

o F = = £ DA



Orbits of Poincaré mapping:
Integrable case with 2 periodic trajectories

o F = = £ DA



Orbits of Poincaré mapping:

Elliptic non-integrable case




Orbits of Poincaré mapping:

Hyperbolic non-integrable case




Two-parametric family of open problems:
rank k free nilpotent sub-Riemannian problems of step V.



