Chapter 1

Is it possible to recognize Local Controllability in a finite number of differentiations?

Andrei A. Agrachev

Steklov Mathematical Institute ul. Gubkina 8 Moscow 117966 RUSSIA

agrachev@mi.ras.ru

1.1 Description of the problem

Let f_1, . . . , f_k, k ≥ 2, be real–analytic vector fields defined on a neighborhood of the origin in R^n, and t > 0. The point x ∈ R^n is called attainable from the origin for a time less than t and with no more than N switchings, if there exists a subdivision 0 = t_0 < t_1 < . . . < t_{N+1} < t of the segment [0, t] and solutions ξ_j(t), t ∈ [t_j , t_{j+1}] of the differential equations ẋ = f_{ij} (x), for some i_j ∈ {1, . . . , k}, such that ξ_0(0) = 0, ξ_{j−1}(t_j ) = ξ_j(t_j ) for j = 1, . . . , N, ξ_N (t_{N+1}) = x. Let A_t(N) be the set of all such points x; the set A_t = ⋃ N>0 A_t(N) is called the attainable set for a time no greater than t.

The family of vector fields {f_1, . . . , f_k} is said to be Small Time Locally Controllable (STLC) at 0 ∈ R^n, if A_t contains an open neighborhood of 0 for any positive t, i. e. 0 ∈ int A_t ∀t > 0.

Let {f_1, . . . , f_k} be an STLC family of vector fields. Is it true that:

(a) ∃ N_1 such that any family of vector fields with the same Taylor polynomials of order N_1 at 0 as the Taylor polynomials of f_1, . . . , f_k is STLC ? (b) ∃ N_2 such that A_t contains a ball of radius t^{N2} centered at 0, for any small enough t > 0 ?

(c) ∃ N_3 such that 0 ∈ int A_t(N_3), for any t > 0 ?

The property (c) implies both (a) and (b). The answer to question (c) is positive, if n ≤ 2, and is negative for some STLC couples {f_1, f_2} of polynomial vector fields, if n ≥ 4. Question (c) is open for n = 3. Questions (a) and (b) are open for all n ≥ 3 for both analytical and polynomial cases.

1.2 Motivations and references

The local controllability problem is classical in Geometric Control Theory. If one has a controlled system, the first question is: in what direction one can move? Small Time Local Controllability is just a possibility of moving in any direction, slower or faster. Problems (a), (b), (c) have the following meaning:

• Is it always possible to recognize an STLC family in a finite number of differentiations?

• Is it possible to move not too slow in any direction?

• How complicated is the control strategy one really needs?

If {f_1, . . . , f_k} is an STLC family, then {−f_1, . . . , −f_k} is also STLC (this is true though not evident); hence {f_1, . . . , f_k} is small time stabilizable at 0 by open-loop controls. See [15] for the connection with the stabilizability by a feedback control.

There are many partial results. If the cone { ∑_k i=1 α_if_i | α_i ≥ 0} is a linear space, then a simple characterization of the STLC families given in [1] provides the positive answers to all the questions (see also [13, 14] for uniform estimates of N_2, N_3 in the case of polynomial vector fields of prescribed degree). The symmetrized family {f_1, . . . , f_k, −f_1, . . . , −f_k} automatically satisfies the previous condition. If this symmetrized family is STLC, then the attainable sets for the original family {f_1, . . . , f_k} have a nonempty interior, although the family may fail to be STLC ([2]). If {f_1, . . . , f_k} is STLC, then for any t > 0 there exists N_t such that 0 ∈ int A_t(N_t) (do not confuse with property (c), where N doesn’t depend on t !). The positive answer to all the questions in the 2-dimensional case follow from the results of [3]; a counterexample to property (c) in the 4-dimensional case was obtained in [9].

This is a long story, many efforts were made and rather strong sufficient as well as some necessary conditions for Small Time Local Controllability in a space of arbitrary dimension were obtained, see [4—8], [10—12]. Unfortunately (or maybe fortunately for you, the reader of this chapter), the gap between the necessary and sufficient conditions is still big enough to keep open the above formulated fundamental questions.

Bibliography

[1] N. Nagano, “Linear differential systems with singularities and applications to transitive Lie algebras”, J. Math. Soc. Japan, 18, pp. 398–404 (1966).

[2] V. Jurdjevic and H.J. Sussmann, “Controllability of nonlinear systems”, J. Differential Equations, 12, pp. 95–116 (1972).

[3] N.N. Petrov, “Local controllability”, Differentzial’nye uravnenia, 12, pp. 2214–2222 (1976).

[4] H. Hermes, “On local controllability”, SIAM J. Control Optim., 20, pp.

211–230 (1982).

[5] H. Hermes, “Control systems wich generate decomposable Lie algebras”, J. Differential Equations, 44, pp. 166–187 (1982).

[6] H.J. Sussmann, “Lie brackets and local controllability: a sufficient condition for scalar input systems”, SIAM J. Control Optim., 21, pp. 686– 713 (1983).

[7] G. Stefani, “On local controllability of scalar input control systems”, in C.I. Byrnes and A. Lindquist (eds), Theory and Applications of Nonlinear Systems, North-Holland, Amsterdam, pp. 167–179 (1986).

[8] H.J. Sussmann, “A general theorem on local controllability”, SIAM J.

Control Optim., 25, pp. 158–194 (1987).

[9] M. Kawski, “Control variations with an increasing number of switchings”, Bull. Amer. Math. Soc. 18, pp. 149–152 (1988).

[10] M. Kawski, “High-order small time local controllability”, in H.J. Sussmann (ed.), Nonlinear Controllability and Optimal Control, Marcel Dekker, New York, pp. 431–467 (1990).

[11] A.A. Agrachev and R.V. Gamkrelidze, “Local controllability for families of diffeomorphisms”, Systems Control Lett. 20, pp. 66–76 (1993).

[12] A.A. Agrachev and R.V. Gamkrelidze, “Local controllability and semigroups of diffeomorphisms”, Acta Appl. Math. 32, pp. 1–57 (1993).

[13] A. Gabrielov, “Multiplicities of zeroes of polynomials on trajectories of polynomial vector fields and bounds on degree of nonholonomy”, Math. Research Letters 2, pp. 437–451 (1995).

[14] J.-J. Risler, “A bound on the degree of nonholonomy in the plane”, Theoretical Computer Science 157, pp. 129–136 (1996).

[15] J.-M. Coron, “Stabilizaton of controllable systems”, in A. Bellaiche, J.-J. Risler (eds.), Sub-Riemannian Geometry, Birkhäuser, New York, pp. 365–384 (1996).