
Îïòèìàëüíîñòü òðàåêòîðèé â íèëüïîòåíòíîé

ñóáðèìàíîâîé çàäà÷å íà ãðóïïå Ýíãåëÿ

À.À. Àðäåíòîâ

ÈÏÑ èì. À. Ê. Àéëàìàçÿíà ÐÀÍ

Ïåðåñëàâëü-Çàëåññêèé

Íàó÷íûé ðóêîâîäèòåëü: ä.ô.-ì.í. Þðèé Ëåîíèäîâè÷ Ñà÷êîâ

Òðåòüÿ òðàäèöèîííàÿ øêîëà
¾Óïðàâëåíèå, èíôîðìàöèÿ è îïòèìèçàöèÿ¿

12�19 èþíÿ 2011 ã.



Ïîñòàíîâêà çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ
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 ,

q = (x , y , z , v) ∈ R4, u = (u1, u2) ∈ R2.

q(0) = q0 = (0, 0, 0, 0)T , q(t1) = q1 = (x1, y1, z1, v1)
T ,
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dt → min .



Îáçîð ðåçóëüòàòîâ ðàáîòû

• Ïàðàìåòðèçàöèÿ ýêñòðåìàëüíûõ êðèâûõ.

• Èññëåäîâàíèå ñèììåòðèé ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ
äëÿ ïîñòðîåíèÿ ñîîòâåòñòâóþùèõ ìíîæåñòâ Ìàêñâåëëà.

• Èññëåäîâàíèå îïòèìàëüíîñòè ýêñòðåìàëüíûõ êðèâûõ:
îïðåäåëåíèå ãëîáàëüíîé âåðõíåé îöåíêè âðåìåíè ðàçðåçà ñ
ïîìîùüþ ìíîæåñòâ Ìàêñâåëëà.

• Èññëåäîâàíèå ïåðâîãî ñîïðÿæåííîãî âðåìåíè âäîëü
ýêñòðåìàëåé.

• Àëãîðèòì è ïðîãðàììà ÷èñëåííîãî ðåøåíèÿ çàäà÷è
îïòèìàëüíîãî óïðàâëåíèÿ (íà÷àëî ðåàëèçàöèè).



Èçâåñòíûå ðåçóëüòàòû äëÿ èíâàðèàíòíûõ ñóáðèìàíîâûõ

çàäà÷ íà ãðóïïàõ Ëè

1. Òðåõìåðíûå ãðóïïû Ëè:
• ãðóïïà Ãåéçåíáåðãà (À.Ì.Âåðøèê, Â.ß.Ãåðøêîâè÷ 1986),
• SL(2), SO(3), S3 (Ó.Áîñêàèí, Ô.Ðîññè 2008),
• SE (2) (Þ.Ë.Ñà÷êîâ 2010).

2. 5-ìåðíàÿ íèëüïîòåíòíàÿ ãðóïïà Ëè ñ âåêòîðîì ðîñòà
(2, 3, 5) (Þ.Ë.Ñà÷êîâ 2006).

3. 6-ìåðíàÿ íèëüïîòåíòíàÿ ãðóïïà Ëè ñ âåêòîðîì ðîñòà (3, 6)
(Î.Ì. Ìÿñíè÷åíêî 2002).



Íèëüïîòåíòíàÿ ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ýíãåëÿ

X1 = (1, 0,−y
2
, 0)T , X2 = (0, 1,

x

2
,
x2 + y2

2
)T .

Lie(X1,X2) = span(X1,X2,X3,X4),

dimLie(X1,X2)(q) = 4,

[X1,X2] = X3, [X1,X3] = X4,

[X1,X4] = [X2,X3] = [X2,X4] = 0.

Âåêòîð ðîñòà (2, 3, 4).

Íèëüïîòåíòíàÿ àïïðîêñèìàöèÿ óïðàâëÿåìûõ ñèñòåì îáùåãî
ïîëîæåíèÿ â 4-ìåðíîì ïðîñòðàíñòâå ñ 2-ìåðíûì óïðàâëåíèåì
(íàïðèìåð, ñèñòåìà, îïèñûâàþùàÿ ïîâåäåíèå ìàøèíû ñ
ïðèöåïîì)



Óïðàâëÿåìîñòü è ñóùåñòâîâàíèå îïòèìàëüíûõ

òðàåêòîðèé

1. X1(q), . . . ,X4(q) � ëèíåéíî íåçàâèñèìû

∀q ∈ R4 òåîðåìà Ðàøåâñêîãî-×æîó−−−−−−−−−−−−−−−−−→ ñèñòåìà âïîëíå
óïðàâëÿåìà.

2. Ñóùåñòâîâàíèå îïòèìàëüíûõ ðåøåíèé ñëåäóåò èç òåîðåìû
Ôèëëèïîâà.



Íîðìàëüíàÿ ãàìèëüòîíîâà ñèñòåìà

θ̇ = c, θ ∈ S1,

ċ = −α sin θ, c ∈ R,
α̇ = 0, α ∈ R,
ẋ = − sin θ,

ẏ = cos θ,

ż =
x cos θ + y sin θ

2
,

v̇ = cos θ
x2 + y2

2
.

E =
c2

2
− α cos θ ∈ [−|α|,+∞).



Óðàâíåíèå ìàÿòíèêà è ôèçè÷åñêèé ñìûñë ïàðàìåòðà α

θ̈ = −α sin θ, α =
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Ñòðàòèôèêàöèÿ ôàçîâîãî öèëäèíäðà ìàÿòíèêà C

C = T ∗
q0
M ∩ {H = 1/2} = {λ = (θ, c , α) | θ ∈ S1, c , α ∈ R}.

C = ∪7i=1Ci , Ci ∩ Cj = ∅, i 6= j .

C+
i = Ci ∩ {α > 0}, C−

i = Ci ∩ {α < 0}, i ∈ {1, . . . , 5},
C±
i+ = C±

i ∩ {c > 0}, C±
i− = C±

i ∩ {c < 0}, i ∈ {2, 3}.
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Ðèñ.: Ðàçáèåíèå äëÿ α > 0 Ðèñ.: Ðàçáèåíèå äëÿ α < 0



Ýëëèïòè÷åñêèå êîîðäèíàòû (ϕ, k) â ôàçîâîì öèëëèíäðå

ìàÿòíèêà
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Ïàðàìåòðèçàöèÿ ýêñòðåìàëüíûõ òðàåêòîðèé ïðè

λ ∈ ∪3
i=1C

+
i
â ñëó÷àå α = 1

Ïðè λ ∈ C+
1 (êîëåáàíèÿ ìàÿòíèêà) ⇒

xt = 2k(cnϕt − cnϕ),

yt = 2(E(ϕt)− E(ϕ))− t,

zt = 2k(snϕt dnϕt − snϕ dnϕ− yt

2
(cnϕt + cnϕ)),

vt =
y3t
6

+ 2k2 cn2 ϕyt − 4k2 cnϕ(snϕt dnϕt − snϕ dnϕ)+

+ 2k2
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+
2k2 − 1

3k2
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)
.



Ñèììåòðèè ãàìèëüòîíîâîé ñèñòåìû

Ðàñòÿæåíèå α:

(θ, c , α, x , y , z , v , t) 7→ (θ,
c√
α
, 1,
√
αx ,
√
αy , αz , α

3

2 v ,
√
αt),

(ϕ, k , α) 7→ (
√
αϕ, k , 1).

Îòðàæåíèå α:

(θ, c , α, x , y , z , v , t) 7→ (θ − π, c,−α,−x ,−y , z ,−v , t),
(ϕ, k , α) 7→ (ϕ, k ,−α).



Ïàðàìåòðèçàöèÿ ýêñòðåìàëüíûõ òðàåêòîðèé ïðè

λ ∈ ∪3
i=1Ci â îáùåì ñëó÷àå

(xt , yt , zt , vt)(ϕ, k , α) = (
s1

σ
xσt ,

s1

σ
yσt ,

1

σ2
zσt ,

s1

σ3
vσt)(σϕ, k , 1),

ãäå σ =
√
|α|, s1 = sgnα.



Îáùèé ñëó÷àé α 6= 0

λ ∈ C1 ⇒

xt =
2kσ

α
(cn(σϕt)− cn(σϕ)),

yt =
2σ

α
(E(σϕt)− E(σϕ))− sgnαt,

zt =
2k

|α|
(sn(σϕt) dn(σϕt)− sn(σϕ) dn(σϕ)−

− σkyt
2α

(cn(σϕt) + cn(σϕ))),

vt = . . .



Ïàðàìåòðèçàöèÿ ýêñòðåìàëüíûõ òðàåêòîðèé äëÿ

C4,C5,C6,C7

λ ∈ C4 ⇒ xt = 0, yt = t sgnα, zt = 0, vt =
t3

6
sgnα.

λ ∈ C5 ⇒ xt = 0, yt = −t sgnα, zt = 0, vt = − t
3

6
sgnα.

λ ∈ C6 ⇒

xt =
cos(ct + θ)− cos θ

c
, yt =

sin(ct + θ)− sin θ

c
,

zt =
ct − sin(ct)

2c2
, vt = −2c cos θ t − 4 sin(ct + θ) + sin(2ct + θ)

4c3
.

λ ∈ C7 ⇒ xt = −t sin θ, yt = t cos θ, zt = 0, vt =
cos θ

6
t3.



Ýéëåðîâû ýëàñòèêè
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Ýêñïîíåíöèàëüíîå îòîáðàæåíèå, òî÷êè Ìàêñâåëëà è

âðåìÿ ðàçðåçà

Exp : C × R+ → M = R4,

Exp(λ, t) = qt ,

λ = (θ, c , α) ∈ C , t ∈ R+, qt ∈ M.

MAX = {(λ, t) | ∃λ̃ 6= λ,Exp(λ, t) = Exp(λ̃, t)},

tcut(λ) = sup{t > 0 | Exp(λ, s) îïòèìàëüíà ïðè s ∈ [0, t]},
tcut(λ) ≤ t ïðè (λ, t) ∈ MAX.



Ãðóïïà ñèììåòðèé ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ

G ε1 ε2 ε3 ε4 ε5 ε6 ε7

ε1 Id ε3 ε2 ε5 ε4 ε7 ε6

ε2 Id ε1 ε6 ε7 ε4 ε5

ε3 Id ε7 ε6 ε5 ε4

ε4 Id ε1 ε2 ε3

ε5 Id ε3 ε2

ε6 Id ε1

ε7 Id

Òàáëèöà: Ïðàâèëà óìíîæåíèÿ â ãðóïïå G = {Id, ε1, ε2, ε3, ε4, ε5, ε6, ε7}



Îòðàæåíèÿ òðàåêòîðèé ìàÿòíèêà
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Îòðàæåíèÿ ýëàñòèê Ýéëåðà
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Îòðàæåíèÿ êàê ñèììåòðèè Exp

Ïðåäëîæåíèå

Îòðàæåíèå εi åñòü ñèììåòðèÿ ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ

äëÿ ëþáîãî i = 1, . . . , 7, ò. å.

εi ◦ Exp(θ, c, α, t) = Exp ◦ εi (θ, c, α, t),
(θ, c , α) ∈ C , t ∈ R+.

MAXi = {(λ, t) ∈ C × R+ | λi 6= λ,Exp(λi , t) = Exp(λ, t)},
λ = (θ, c, α), λi = (θi , c i , αi ) = εi (λ).



Íåïîäâèæíûå òî÷êè îòðàæåíèé εi â îáðàçå
ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ

Exp(λi , t) = Exp(λ, t) ⇐⇒ εi (qt) = qt .

Ëåììà

1. ε1(q) = q ⇐⇒ z = 0,

2. ε2(q) = q ⇐⇒ x = 0,

3. ε3(q) = q ⇐⇒ x2 + z2 = 0,

4. ε4(q) = q ⇐⇒ x2 + y2 + v2 = 0,

5. ε5(q) = q ⇐⇒ x2 + y2 + z2 + v2 = 0,

6. ε6(q) = q ⇐⇒ y2 + (2v − xz)2 = 0,

7. ε7(q) = q ⇐⇒ y2 + z2 + v2 = 0.



Íåïîäâèæíûå òî÷êè îòðàæåíèé εi â ïðîîáðàçå
ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ

Ïðåäëîæåíèå

Ïóñòü (λ, t) ∈ C × R+, ε
i (λ, t) = (λi , t). Òîãäà:

1. λ1 = λ ⇐⇒
{

cn τ = 0 ïðè λ ∈ C1
íåâîçìîæíî ïðè λ ∈ C2 ∪ C3 ∪ C6

2. λ2 = λ ⇐⇒


sn τ = 0 ïðè λ ∈ C1

sn τ cn τ = 0 ïðè λ ∈ C2
τ = 0 ïðè λ ∈ C3

2θ + ct = 2πn ïðè λ ∈ C6

(λ, t) ∈ C1 ∪ C3 × R+ ⇒ τ = σ
ϕ+ ϕt

2
,

(λ, t) ∈ C2 × R+ ⇒ τ = σ
ϕ+ ϕt

2k
.



Ïîëíîå îïèñàíèå ìíîæåñòâ Ìàêñâåëëà äëÿ ε1, ε2

Òåîðåìà

1. MAX1 ∩ N1 = {(λ, t) ∈ N1 | p = pnz (k), n ∈ N, cn(τ) 6= 0},
2. MAX1 ∩ N2 = MAX1 ∩ N3 = MAX1 ∩ N6 = ∅,
3. MAX2 ∩ N1 = {(λ, t) ∈ N1 | p = 2Kn, n ∈ N, sn(τ) 6= 0},
4. MAX2 ∩ N2 = {(λ, t) ∈ N2 | p = Kn, n ∈ N, sn(τ) cn(τ) 6= 0},
5. MAX2 ∩ N3 = ∅,
6. MAX2 ∩ N6 = {(λ, t) ∈ N6 | tc = 2πn, θ 6= πk , n, k ∈ Z}

(λ, t) ∈ C1 ∪ C3 × R+ ⇒ p =
σt

2
,

(λ, t) ∈ C2 × R+ ⇒ p =
σt

2k
.

pnz (k) > 0 � n�ûé êîðåíü dn(p) sn(p) + (p − 2 E(p)) cn(p) = 0.



Îöåíêà âðåìåíè ðàçðåçà

λ ∈ C1 ⇒ t1MAX = min(2p1z , 4K )σ,

λ ∈ C2 ⇒ t1MAX = 2Kkσ,

λ ∈ C6 ⇒ t1MAX =
2π

|c |
,

λ ∈ C3 ∪ C4 ∪ C5 ∪ C7 ⇒ t1MAX = +∞.

Òåîðåìà 1 (À. À. Àðäåíòîâ, Þ. Ë. Ñà÷êîâ)

Äëÿ ëþáîãî λ ∈ C

tcut(λ) ≤ t1MAX(λ)



×èñëåííîå ðåøåíèå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ:

Ñâåäåíèå ê ðåøåíèþ ñèñòåìû óðàâíåíèé

Y = yt
xt
,Z = zt

x2
t

,V = vt
x3
t

íå çàâèñÿò îò α.

Y1 =
y1

x1
, z1 =

z1

x21
, V1 =

v1

x31
.


Y (τ, p, k) = Y1,
Z (τ, p, k) = Z1,
V (τ, p, k) = V1.



Ðàçáèåíèå ïðîîáðàçà ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ

C = ∪4i=1Di ,

D1 ∩ C1 = {τ ∈ (0,K ), p ∈ (0, p1min), k ∈ (0, 1)},
D1 ∩ C2 = {τ ∈ (0,K ), p ∈ (0,K ), k ∈ (0, 1), sgn c = 1},
D2 ∩ C1 = {τ ∈ (K , 2K ), p ∈ (0, p1min), k ∈ (0, 1)},
D2 ∩ C2 = {τ ∈ (−K , 0), p ∈ (0,K ), k ∈ (0, 1), sgn c = 1},
D3 ∩ C1 = {τ ∈ (2K , 3K ), p ∈ (0, p1min), k ∈ (0, 1)},
D3 ∩ C2 = {τ ∈ (0,K ), p ∈ (0,K ), k ∈ (0, 1), sgn c = 1},
D4 ∩ C1 = {τ ∈ (3K , 4K ), p ∈ (0, p1min), k ∈ (0, 1)},
D4 ∩ C2 = {τ ∈ (−K , 0), p ∈ (0,K ), k ∈ (0, 1), sgn c = 1},

ãäå p1min = min(p1z , 2K ).



Cîîòâåòñòâèå ìåæäó îáëàñòÿìè â îáðàçå è ïðîîáðàçå

ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ
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äèôôåîìîðôèçìû.



Ñîïðÿæåííûå òî÷êè

dν Exp : TνN → Tqt
M âûðîæäåíî,

∂(x , y , z , v)

∂(θ, c , α, t)
(ν) = 0.

Òåîðåìà 2 (À. À. Àðäåíòîâ, Þ. Ë. Ñà÷êîâ)

Äëÿ ëþáîãî λ ∈ C

t1MAX(λ) ≤ t1conj(λ).



Ðåçóëüòàòû

• Ðàññìîòðåíà íèëüïîòåíòíàÿ ñóáðèìàíîâà çàäà÷à íà ãðóïïå
Ýíãåëÿ.

• Âû÷èñëåíû ýêñòðåìàëüíûå òðàåêòîðèè äëÿ ýòîé çàäà÷è.

• Âû÷èñëåíû ñèììåòðèè ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ è
ñîîòâåòñòâóþùèå òî÷êè Ìàêñâåëëà.

• Ïîëó÷åíà ãëîáàëüíàÿ âåðõíÿÿ îöåíêà âðåìåíè ðàçðåçà
âäîëü ýêñòðåìàëüíûõ òðàåêòîðèé, íà îñíîâå êîòîðîé
ïîñòðîåíî ðàçáèåíèå îáðàçà è ïðîîîáðàçà
ýêñïîíåöèàëüíîãî îòîáðàæåíèÿ.

• Èññëåäîâàíî ïåðâîå ñîïðÿæåííîå âðåìÿ âäîëü
ýêñòðåìàëåé. Äîêàçàíî, ÷òî ôóíêöèÿ äàþùàÿ âåðõíþþ
îöåíêó âðåìåíè ðàçðåçà, äîñòàâëÿåò íèæíþþ îöåíêó
ïåðâîãî ñîïðÿæåííîãî âðåìåíè.

• Ðåøåíèå çàäà÷è ñâåäåíî ê ðåøåíèþ ñèñòåìû èç òðåõ
àëãåáðàè÷åñêèõ óðàâíåíèé.

• Íà÷àòà ðàçðàáîòêà ïðîãðàììû ÷èñëåííîãî ðåøåíèÿ çàäà÷è.



Ïåðñïåêòèâû è ïóáëèêàöèè

• Èññëåäîâàíèå îïòèìàëüíîñòè âñåõ ýêñòðåìàëüíûõ
òðàåêòîðèé è íàïèñàíèå ïðîãðàììû äëÿ âû÷èñëåíèÿ
îïòèìàëüíûõ òðàåêòîðèé äëÿ ñóáðèìàíîâîé çàäà÷è íà
ãðóïïå Ýíãåëÿ.

• Ïðèìåíåíèå ðåçóëüòàòîâ ê ðåøåíèþ çàäà÷è óïðàâëåíèÿ äëÿ
ñèñòåì â 4-ìåðíîì ïðîñòðàíñòâå ñ 2-ìåðíûì óïðàâëåíèåì
íà îñíîâå ìåòîäà íèëüïîòåíòíîé àïïðîêñèìàöèè.
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