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Part 1:

Geometric formulation of Euler’s elastic problem

Given:

>0, ag,a€ R2,

v € THR2, v € T,R2
‘Vo’ = ’Vﬂ =1.

Find:

7(t),  te[0, ],

v(0) = ag, ¥(t1) = a1, s. t.
7(0) = Vo, ﬁ/(tl) =W,
since [§(t)| = 1 then t; =/
f'y k? dt — min.
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Coordinates in R? x St

Given:

ap = (XO,_)/O),

a1 = (x1, ),

0o, 1 € St

t1 >0.

Find:

v(t) = (x(¢), y(1)),

t €0, t], s t.

7(0) = 4o, W(tl) = a1,

4(0) = (cos fo, sin bp), T

Y(t1) = (cosb1,sin 01),
k= /x(t) +y(t) = |9

A. A. Ardentov (PSI RAS) Euler’s elastic problem 25.10.10 3/ 60



Optimal control problem statement

X cos 0
g=| y | =1 sinf | +ul| 0 |,
0 0 1

q:(x,y,H)ER)%,yXS;, ueR.

q(0) = g0 = (x0,¥0,00) ", q(t1) = q1 = (x1,y1,01)7,

t1k2 t1 ,,2
/ dt:/ 9 gt — min.
0 2 0 2
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Normalization of conditions of the problem

o Parallel translations in R> = (xp,y0) = (0,0)
e RotationsinR2 = 6, =0

e Dilations in R? = =1
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Overview

e Parameterization of extremal curves by elliptic Jacobi’s functions.

@ Software for numerical computation of globally optimal curves for
given boundary conditions.

@ Software for construction of the cut locus.

@ Sequential and parallel algorithm and software to obtain an
approximate solution of system of algebraic equations.
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History of Euler's elastic problem

1691
1742
1744
1880

1906
1993
1993

2008

James (Jacob) Bernoulli (Rectangular elasica)
Daniel Bernoulli (Proposal of the variational problem)
Leonhard Euler (Reduction to quadratures and Types of solutions)

L.Saalchiitz (Explicit parametrization of Euler elasticae by Jacobi's
functions)

Max Born (Equation of pendulum and Numeric plots of elasticae)
Velimir Jurdjevic (Euler elasticae in the ball-plate problem)

Roger Brockett and L. Dai (Euler elasticae in the nilpotent
sub-Riemannian problem with the growth vector (2,3,5))

Yuri Sachkov (Bounds on cut and conjugate time, reduction to
systems of algebraic equations)
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Euler's sketches
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Pontryagin's maximum principle :
Abnormal extremal trajectories

J— t7
y =0,
0=0
— ® '
do a1
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Normal Hamiltonian system

X = cos¥f,

y =sinf,

f=c,

¢ = —rsin(6 — ), ceR,

r=0, reRT,

7=0 v e St
9'2

E= 5 rcos(f — ) = const € [—r, +00).
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Stratification of phase cylinder of pendulum

C={\=(c,8,r)|B=0—-~, BeSt ceR, reRT}.
C:U?:lc,', C,‘ﬂCj:(Z),i;éj.
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Parametrization of extremal trajectories

by elliptic Jacobi's functions sn,cn,dn, E.
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New parametrization of extremal trajectories

rxe G =
sin % = kdn(v/re) sn(v/ree) — ksn(v/7o) dn(v/re).
cos‘i dn(v/7) dn(v/Fe) + K2 sn(v/F) sn(voe).
= 2 dn?(v/ro) (E(v/re) — E(v/70))+

2
2
+ 2 dn(y ) sn(v ) (en(re) — enl/ i) +
2
" f[ 2(rg) (7t + E(Vrg) — E(Vrge)) —t.
Vo= W(2 dn?(Vre) — 1) (en(Vre) — en(v/ree)) —

- 2 sn( ) dn(r) (E(Vipe) ~ 2E(VFe) ~ V).
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Extremal trajectories — Euler elasticae

Figure: Inflectional

Figure: Critical Figure: Non-inflectional Figure: Degenerate
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Global structure of exponential mapping

Exp : Ly, L3 — M, is diffeomorphism,

Exp : Ly, Ly — M_ is diffeomorphism.
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Visualization of elasticae (Epicycloid rotate)

Show movie
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Visualization of elasticae (Epicycloid wawe)

Show movie
A. A. Ardentov (PSI RAS) Euler’s elastic problem 25.10.10 17 / 60



Visualization of elasticae (Eight)

Show movie
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Visualization of elasticae (Ellips wave)

Show movie
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Visualization of elasticae (Rotates)

Show movie
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Cut locus

21 / 60
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Visualization of globally optimal elastica

Show movie
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Visualization of locally optimal elasticae 1

Show movie
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Visualization of locally optimal elasticae 2

Show movie
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Results on Part 1

© New parametrization of extremal trajectories was obtained.

@ The software was developed

o Parallel and sequential computing of globally and locally optimal curves.
o Plots of extremal and optimal elasticae.

e Construction of cut locus.
o Parallel and sequential computing of animations of globally and locally

optimal elasticae.
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Part 2: Statement of sub-Riemannian problem on the group
of motions of a plane

X 1 0

. y 0 1

q= y =u y + o X )
‘ _5 222
v 0 iy

q=(x,y,z,v) € R, u=(u, ) € R

q(0) = g0 = (0,0,0,0)", q(t1) = q1 = (x1,y1,21,v1) 7,

t1 t1 ,,2 2
. uy +u .
u? + 2 dt — min <— L "2 4t — min.
0 1 2 0 2
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Geometric formulation of the problem

Given:
€ R?,
ag, d1 ) . ),0
Y0 C R connecting a; to ag
SeR, linel CR?
Find:
1 C R? connecting ag to a1,
s. t. 1 U~ = 09D,
area(D) = S, 71
center of mass of D € L, L

length(y1) — min.
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Overview

@ Parameterization of extremal curves.

@ Symmetries of exponential mapping and construction of the Maxwell
sets.

@ Global bound of the cut time and necessary optimality conditions for
extremal curves.

@ Algorithm and software for numerical solution of the problem.
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Known results for invariant sub-Riemannian problems
on Lie groups

@ Three-dimensional Lie groups:

o Heisenberg group (A. M. Vershik, V. Ya. Gershkovich 1986),
o SL(2),5S0(3),S® (U. Boscain, F. Rossi 2008),
o SE(2) (Yu. L. Sachkov 2010)

@ 5-dimensional nilpotent Lie group with growth vector (2, 3,5)
(Yu.L.Sachkov 2006).

@ 6-dimensional nilpotent Lie group with growth vector (3,6) (O.M.
Myasnichenko 2002).
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Nilpotent sub-Riemannian problem on the Engel group

Lie(X1, X2) = span(Xi, X2, X3, Xa),
dim Lie(X1, X2)(q) = 4,

[X1, Xo] = X3, [X1, X3] = Xa,
[X1, Xa] = [X2, X3] = [X2, Xa] = 0.

Growth vector (2, 3, 4).

Nilpotent approximation of nonholonomic control systems in
four-dimensional space with two-dimensional control
(e. g. car with trailer).
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Controllability and existence of optimal curves

Q@ Xi(q),...,Xs(q) are linearly independent
Vq c R4 Rashevskii—-Chow theorem

complete controllability.

@ Existence of optimal solutions is implied by Filippov theorem.
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Pontryagin's maximum principle :
Abnormal extremal trajectories

A. A. Ardentov (PSI RAS) Problem on the Engel group 25.10.10 32/ 60



Normal Hamiltonian system

= c, 0 c St
¢ = —asinb, c e R,
a =0, a € R,
X = —sin#,
y = cos ¥,
xcosf + ysinf
S m—
\'/:COSHM.
2
2

E= % —acosf € [—|al, +0).
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Equation of pendulum and physical meaning of «

é:—asinﬂ, a:%:consteR
6 \ L
m mg
0
L
mg m
Figure: Mathematical pendulum Figure: Mathematical pendulum
with a > 0 with a < 0
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Stratification of phase cylinder of pendulum

C=TiMN{H=1/2} = {A=(0,c,a) |6 € S, c,a € R}.

(o]

C:U,7:1C,-, C,'ﬂCj:@,l';ﬁj.

CH=Cni{a>0} ¢ =Gn{a<ol, ied{L,....5}
Chi=C"n{c>0}, Ci=C"n{c<0}, ie{23}.

Cc C
C2+_ CT._
(7]
Cs" -
Figure: Stratification for o > 0 Figure: Stratification for « < 0
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Elliptic coordinates in C™

Ne
 JE+a 2,0
k—\/ 5 =\ 2 TSI 56(0,1),
sing = ksn(+v/ap), cosg = dn(vay),
= = kv/acn(Vay). @ € [0,4K],

where sn, cn, dn, E are elliptic Jacobi's functions.

Equation of pendulum: ¢ =1, k=a=0.
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Elliptic coordinates (¢, k) in the phase cylinder of pendulum
(4

)——\. \
P

P
- .N T 0
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Elliptic coordinates in C~

Coordinates in the sets C;, G, G5

80(07 G, O[) = 90(9 - mC, —Oé),
k(0,c,a) = k(0 — 7, c, —a).
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Parametrization of extremal curves in the case o = 1

A € G (oscillations of pendulum) =

x¢ = 2k(cnpr —cn ),
ye = 2(E(ee) — E(9)) — £,
2t = 2k(snpednr —snpdnp — %(Cn ot +cn ),
3
Ve = % + 2k cn? py; — 4k cnp(sn p; dn @ — snpdn )+

2 2 1— k?
+2k2(3cncptdn<ptsncpt—3cn<pdngosn<p+3k2t—i—

2 _
A € £
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Symmetries of Hamiltonian system

Dilation of a:
(9, G, o, X, y,Z,V, t) = (07 ia 17\/5)(’ \/ay,az,a%v,\/at),
o

f
(¢, k, @) — (Vap, k,1).

Inversion of a:
(Ga ¢, a,Xx,y,z,V, t) = (9 —-—mC—a,—X,—y,Z,—V, t)a

(¢, k, @) — (o, k, —).
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Parametrization of extremal trajectories
in general case with A € U, G

S1 S1 1

S1
(Xtayta Zt, Vt)(SO, k: Oé) = (;X('J't? ;yota ?Zah gVot)(U% k: 1)1

where 0 = /|al, s1 = sgn a.
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General case with a # 0

re (=
2k
xe = =2 (en(ope) —en(09)),
20
Ve = ;(E(wt) — E(oy)) —sgnat,
2k
Z: = m(sn(agot) dn(op:) —sn(op)dn(op)—
Ukyt

o, (cn(ow) +en(oy))),

Ve = ...
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Parametrization of extremal curves for degenerate cases

t3
ANe(G = x=0, yy=tsgna, z =0, vt:€sgna.
t3
ANeCG = x=0, y;=—-tsgna, z =0, "f:_g sgn .
re G =
~ cos(ct +0) —cost _sin(ct +0) —sin0
t — c ) Yt = c )
ct — sin(ct) 2ccosft — 4sin(ct + 0) + sin(2ct + 0)
Zy = ————t V= — i
2c2 4c3
0
ANe (G = xg=—tsinf, y;=tcosl, z =0 wv= £t3.

6
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Exponential mapping, Maxwell points and cut time

Exp:C xR, — M=R*
EXp()\a t) = (¢,
A=(0,c,a)e C, teR,, g¢qeM.

MAX = {(\, t) | 3N # X\, Exp(), t) = Exp(}, t)},

teut(A) = sup{t > 0 | Exp(\, s) is optimal for s € [0, t]},
teut(A) < t for any (A, t) € MAX.
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Group of symmetries of exponential mapping

D
.
N
W

[OEEOREOEED)
N o o b

MM (Mo | M
H o N N O

MMM M| MM
W N o NN O

MMM, 06 |0M|M
HON W N ooy N

mlm|olo|o|nlon
~N O O N W N
o

Table: Multiplication in G = {Id,e!,£2 3, &5 6,7}
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Reflections of trajectories of pendulum

n 2n
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Reflections of trajectories of pendulum

iyt = (0 a)

{(Ot=s, —ct—s, ) | s € [0, t]},

21y 2 ={(02,2,0%)} = {(—0t—s, ct—s, ) | s € [0, t]},
iy ={(62,32,0%)} = {(—0s,—cs,a) | s € [0, 1]},

F=A
ey ={(62,¢2,0°)} = {(Be—s + 7, —ct—s, —) | s € [0, ]},

€8y 48 = {(68, 8,00}
&y T = (6, a"))

where 7 = {(0s, &5, 0) | s € [0, ]}

{
{

9t 5+7TCt S Oé)|$€[o,t]}7
By + 7, —cs,—a) | s € [0, 1]}

)} =A(
)} ={C
=1
et iyt = {00 ")} = {(0s + 76 —a) [ s € [0, 4]},
)} =A(
=1
=1
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Reflections of Euler elasticae

86 &

S
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Action of ' in the preimage of exponential mapping

e CxR— CxR, e'(0,c,a,t)=(0',c, o, t),
(91 cl al) = (0t, —ct, @), (62, c?, a?) = (=0, ¢, ),
(63,3, 0%) = (—0:, —ct, ), (0%, c* a*) = (6: + 7, ct, —a),
(6°,c%, 0% = (0; + 7, —ct, —a), (6°,c% a) = (—0; + 7, ct, —a),
07, c",a") = (=0: + 7, —ct, —av).
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Action of €' in the image of exponential mapping

M- M, (g =¢(xy,z,v)=q =,y 2 V),
(< yt 2t v = (x,y, —z, v — x2),

(x%,y%, 22, v?) = (=x,y,2,v — xz),

%,y 2%, V%) = (—x,y, —2,v),

(% y% 28 v = (—x,y, —2,-v),

(x°,y°,22,V°) = (=X, —y, —z, —Vv + x2),

(x%,y°, 2% v®) = (x, —y,z, —v + x2),

(x",y", 2" v = (x,—y, —z,—V).
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Reflections as symmetries of Exp

Proposition

Reflection €' is a symmetry of exponential mapping for any i =1,...,7,
i e.,

el o Exp(6, c,a,t) = Exp o Ei(Q, c,a,t),
(0,c,a) € C, teR,.

MAX' = {(A,t) € C x Ry | A # X, Exp(N, t) = Exp(\, 1)},
A=(0,c,), N =(0,cal)=¢c(N).
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Fixed points of €' in the image of exponential mapping

Exp(\',t) = Exp(\, t) <= £'(q:) = qr.

Lemma
(q)=q <= z=0,
9 2(q)=q <= x=0,
Q 3(g)=qg = x*+22=0,
Q 4q)=qg <= xX*+y>+v2=0,
Q °(q) = <:>x2+y2+22+v2:0,
0 %(q)=q <= y>’+(2v—-x2)?=0,
Q<(q)=q «— y*+22+v2=0. )
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Fixed points of €' in the preimage of exponential mapping

Proposition

If(\t) € C xRy, el(\t) = (N,t) then:
cnTt=0if\¢e C1

is impossible if A\ € G, U GG U Gy

snt=0ifAe (q
sntenT=0ifAe G

0/\1:)\<:>{

2 _
Q=) = 0 Fre G
20+ ct =2mn if A € G
(M) e GUG xRy - T:U¢‘;¢t7
(Mt)e G xRy = Tzawz—kgot
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Complete description of the Maxwell sets for e!, 2
Theorem

Q@ MAX! NN, = {(\t) € Ny | p=pl(k),ne N, cn(r) # 0},

Q@ MAX! NN, = MAXE N N3 = MAX! N Ng = 0),

© MAX?NN; = {(\t) € Ny | p=2Kn,n € N,sn(r) # 0},

Q@ MAX?N Ny = {(\t) € Ny | p= Kn,n € N,sn(r)cn(r) # 0},
Q@ MAX2N N3 =0,

O MAX? N Ng = {(\ t) € Ng | tc = 2mn, 0 # 7k, n, k € Z}

t
(Mt)e GUG xRy = p:%,
ot
At R = —,
(,)ECQX + = p Sk

p7(k) > 0 — n—th root of dn(p)sn(p) + (p — 2E(p)) cn(p) = 0.

v
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Bound of the cut time

A€ G =t =min(2p, 4K)o,
A€ G =t =2Kko,
2
A€ C6=>tzl,
<]

AeGUGUGUG =t = +c.

Theorem (A. A., Yu. Sachkov)
Forany A € C

taut(A) < t(N)
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Numerical solution of the optimal control problem:

Reduction to the system of equations

Y=2 7=2% V=% areindependent on «.
t X§ X§

z %

leil, 7y = é, Vi= ;

1 Xi X1
Y(Ta p, k) = Yl:
Z(T7 p, k) = Zl?
V(Ta p, k) = Vl
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Decomposition of the preimage of exponential mapping

C =UlD;,

DiNC = {r€(0,K),pe(0,pL;) k€ (0,1)},
DinG={r€(0,K),pe(0,K), ke (0,1),sgnc =1},
DN G = {7 € (K,2K),p € (0, prin), k € (0,1)},
DonNG ={r€(—K,0),pe (0,K),k €(0,1),sgnc =1},
DsN G = {7 € (2K,3K),p € (0, pk;.), k € (0,1)},
DsnG={r€(0,K),pe(0,K), ke (0,1),sgnc =1},
Dyn G = {7 € (3K,4K),p € (0, pk;.), k € (0,1)},

DyN G = {r € (~K,0),p € (0,K),k € (0,1),sgnc = 1},

where pl . = min(p}, 2K).
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Correspondence between domains

in image and preimage of exponential mapping

c
D3 D,
- 5
Dy D, My M4
. B,
Ds Ds M, M3
0 x 2r
D¢ D,

Conjecture: Exp : D; — M; and Exp : D14 — M; are diffeomorphisms.
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Results on Part 2

@ Nilpotent sub-Riemannian problem on the Engel group was considered.
@ Extremal curves for this problem were found.

@ Symmetries of exponential mapping and the corresponding Maxwell
points were computed.

@ Global upper bound of the cut time along extremal curves was proved.

@ Problem was reduced to solving of the system of three algebraic
equations.

@ Development of the software for numerical solution of the problem was
started.
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Plans

o Complete investigation of optimality of extremal curves and developing
of the program for computing optimal curves for sub-Riemannian
problem on the Engel group.

@ Nilpotent approximation of nonholonomic systems in four-dimensional

space with two-dimensional control
(in particular, car with the trailer).
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