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Problem Statement
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q=(z,y,2,v) € R*, u = (u1,u) € R2.

Q(O) =4qo = (0,0’07O)T, Q(tl) =q1 = (.Il,yl,Zl,Ul)T,
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Geometric formulation of the problem

Given:

agp,a; € R2,

~o C R? connecting a; to ag Yo
SeR, lineL CR?

Find:

71 C R? connecting ag to aj,
s. t. 1 U =0D,

area(D) = S,

center of massof D € [,
length(1) — min.

71



Overview

Parameterization of extremal curves.

Symmetries of exponential mapping and construction of the
Maxwell sets.

Global bound of the cut time and necessary optimality
conditions for extremal curves.

Algorithm and software for numerical solution of the problem.



Known results for invariant sub-Riemannian problems
on Lie groups

1. Three-dimensional Lie groups:
e Heisenberg group (A. M. Vershik, V. Ya. Gershkovich 1986),
e SL(2),50(3),83 (U. Boscain, F. Rossi 2008),
e SE(2) (Yu. L. Sachkov 2010)

2. 5-dimensional nilpotent Lie group with growth vector (2, 3,5)
(Yu.L.Sachkov 2006).

3. 6-dimensional nilpotent Lie group with growth vector (3, 6)
(O.M. Myasnichenko 2002).



Nilpotent sub-Riemannian problem on the Engel group
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Lie(X1, X2) = span(X1, X2, X3, X4),
dim Lie(X1, X2)(q) = 4,

(X1, Xo] = X3, [X1, X3] = Xy,
(X1, X4] = [X2, X3] = [X2, X4] = 0.

Growth vector (2, 3, 4).

Nilpotent approximation of nonholonomic control systems in
four-dimensional space with two-dimensional control
(e. g. car with trailer).



Controllability and existence of optimal curves

1. Xi1(q),...,X4(q) are linearly independent
Vq c R4 Rashevskii—Chow theorem

complete controllability.

2. Existence of optimal solutions is implied by Filippov theorem.



Pontryagin's maximum principle :
Abnormal extremal trajectories

y = =*t, z =0, v==£—.



Normal Hamiltonian system

0 =c, 9 e St
¢ = —asinb, ceR,
& =0, aeR,
T = —siné,
1 = cosf,

xcosf + ysin 6
b=
v 26050x2+y2.

2
E = % —acosf € [—|a|, +00).



Equation of pendulum and physical meaning of «
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Figure: Mathematical pendulum Figure: Mathematical pendulum

with oo > 0 with a < 0



Stratification of phase cylinder of pendulum

C:T;MH{H:1/2}:{)\:(9,C,04)|0€S1, c,a € R}

0

C=Ul,C;, CinCj=0,i#3j.

Ct =C;n{a>0}, C; =C;n{a <0}, ic{l,...,5},
Ci =Cfn{c>0}, CE=0Cfn{c<0}, ie{23}.

Figure: Stratification for a > 0
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Figure: Stratification for o < 0



Elliptic coordinates in CF

e Cf,
E+a .
= = PR — 1
k \/ o 4Oé+s1n 26(0, ),
0
sing = ksn(vayp), cos 5 = dn(v/ap),
5 = kvae(Vay), v € [0,4K],

where sn, cn, dn, E are elliptic Jacobi's functions.

Equation of pendulum: o =1, k=a&=0.



Elliptic coordinates (i, k) in the phase cylinder of pendulum
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Elliptic coordinates in C™

Coordinates in the sets C;,C,5,C5:

kO, c,a) = k(0 —m, c,—a).



Parametrization of extremal curves in the case a = 1

A € Cf (oscillations of pendulum) =

xy = 2k(cn ¢ — cn ),
yr = 2(E(pr) — E(p)) — ¢,
2zt = 2k(snpydnpy —snpdny — %(Cngot +cnyp)),

vt yg + 2k% cn? @y — 4k? en o (sn gy dn @ — sn @ dn )+

2

2 2 1-—
+2k2<3cn4ptdng0tsng0t— gcngodngosngo—i—wt—i—
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Symmetries of Hamiltonian system

Dilation of a:

(0, o, T, Y,2,0, t) = (97 %7 17 \/axa \/a% az, Oé%’U, \/at)7
o
(807 k? a) = (’\/a(p7 k? ]')'

Inversion of a:
(0, ¢ Q,r,Y, 2,0, t) — (9 - m¢ —a, =%, —Y, 2, —0, t)v

(907 k? a) = (‘P: ka —0().



Parametrization of extremal trajectories
in general case with A € U?_,C;

S1 S1 1 S1
(xtvytazhvt)(so) k7 a) - (;xﬂh yO't7 ZUt7 Svat)(agpuk ]-)

where 0 = /|a, s1 = sgn a.



General case with a £ 0

reC =
2k
z= =" (en(owr) - en(0)),

20
yr = ;(E(fwf) — E(oyp)) —sgnat,

P | (Sn(o’cpt) dn(oyp:) — sn(op) dn(op)—

\
O'kyt
2c

Vg = ...

(cn(opr) + cn(oyp))),



Parametrization of extremal curves for degenerate cases

t3
ANeCy = ax:=0, yr=tsgna, 2z=0, vtzgsgna.
3

ANeCs = x2,=0, 1y, =—tsgna, 2z =0, ”t:_E sgn Q.
A€ Cyg =

cos(ct +6) — cos @ sin(ct + 6) — sin 6
Tt = ) Yt = )

c c

ct — sin(ct) 2ccos Ot — 4sin(ct 4 0) + sin(2ct + 0)

H= e, U= — :
2c2 4¢3
0

ANe(Cr = xy=—tsinf, y =tcosl, z =0, vt:ﬂt?’.

6



Euler elasticae

Figure: Inflectional elasticae

Figure: Critical elastica Figure: Non-inflectional elastica



Exponential mapping, Maxwell points and cut time

Exp:C xR, — M =R%,
Exp(\t) = ¢,
A=(0,c,a) eC, teRy, q € M.

MAX = {(\,¢) | 3\ # X, Exp(\, ) = Exp(}, 1)},

teut(A) = sup{t > 0 | Exp(], s) is optimal for s € [0,¢]},
teut(N) < t for any (A, t) € MAX.



Group of symmetries of exponential mapping

Glel]e? el e [eb]e”
el [1d | &3 o[t [T ]e
g2 Id [ el [0 ]|t | &P
s Id |7 [0 ] &b | &f
et Id|el|e?]é?
€° Id| e’ | &?
b Id | &t
gl Id

Table: Multiplication in G = {Id,e!, &2, &3 % ¢5,£5,£7}



Reflections of trajectories of pendulum

27



Reflections of trajectories of pendulum

et iyt = {055, 0} = {(0r—s, —cis, @) | s € [0,1]},
iy’ = {( s s? 2)} ={(=01—s,ct—s,2) | s € [0, ]},
ety = {62, ¢, a®)} = {(~bs,—cs,0) [ s € [0, 1]},
etinmnt= {(9?0217044)} {(0s + 7, ¢5, =) [ s € [0, 1]},
ey’ = {07, ¢, 0°)} = {(bp—s + 7, —cr—s, —a) | s € [0,1]},
e iy’ = {05, ¢5, a°)} = {(—0p—s + ot —a) | 5 € [0,1]},
el iy T ={(05, ¢l a)} = {(—bs + 7, —cs, —a) | s € [0,1]},

where v = {(0s,¢5, ) | s € [0,1]}.



Reflections of Euler elasticae
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Action of €’ in the preimage of exponential mapping

e:CxR—CxR,

01, ¢t ab) = (6;, —¢;, ),
(03,63, 0%) = (=6, —ct, a ),
(0°,¢%,0°%) = (6; + 7, —cy, a),
07,c", Q") = (—6; +m, —a).



Action of £’ in the image of exponential mapping

T, Y, —2,0 — XZ),

(

(

(—z,y,—2,v),
= (-z,y,—2,—v),

(

(

(

—-x,—Y,—z,—0v + iL‘Z),



Reflections as symmetries of Exp

Proposition
Reflection €' is a symmetry of exponential mapping for any
t=1,...,7, I e,
e’ o Exp(f,c,a,t) = Expoc'(6,c,a,t),
(0,c,a) € C, teRy.

MAX? = {(\,t) € C x Ry | A" # X\, Exp(\, t) = Exp(\, 1)},
A= (0,c,a), = (Hi,ci,ai) = ei()\).



Fixed points of €’ in the image of exponential mapping

Exp(\',t) = Exp(\, 1) <= &'(q) = ar.

Lemma
Lq) = z=0,
2 fry :[j prd y
3(,) — 22 422 =,

22 +y? + 0% =0,

22 +y? + 22+ 02 =0,
v+ (2v — 22)? =0,
v+ 22+ 02 =0,
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Fixed points of €’ in the preimage of exponential mapping

Proposition
If (\t) € C xRy, (A t) = (N, t) then:
1 ent=0ifAeCy
LA =A { is impossible if \ € Cy U C3 U Cy
snt=0ifAeC}
9 sntenT =0 if )\ € Cy
2N =h = T=0ifAeCy
20 +ct =2mn if A € Cq

(At) e C1UCs x Ry = T=0,

R —
(A1) € Cr x Ry = T=o0p



Complete description of the Maxwell sets for e!, e

2

Theorem

1.
2. MAX! N Ny, = MAX! N N3 = MAX! N Ng = 0),

3.

4. MAX? N Ny = {(\,t) € Ny | p= Kn,n € N,sn(7) en(1) #

o

MAX' NNy = {(\,t) € Ny | p=p2(k),n € N,en(r) # 0},
MAX? N Ny = {(A\,t) € Ny | p=2Kn,n € N,sn(r) # 0},

0},
MAX2 N N3 = 0,

6. MAX?N Ng = {(\,t) € Ng | tc = 2mn, 0 # 7k, n, k € Z}

t
(A,t)EClUCgXRJ,_ = p:%v
ot
M) e Oy xR = —.

p2 (k) > 0 — n—th root of dn(p)sn(p) + (p = 2E(p)) en(p)-= 0.



Bound of the cut time

A€ C =t =min(2pl,4K)o,
)\602=>t:2Kk0,
AeCg=>t=

)\GC;J,UC4UC5UC7:>13:—|—OO.

Theorem (A. A., Yu. Sachkov)
Forany A e C

teut(A) < t(N)



Numerical solution of the optimal control problem:
Reduction to the system of equations

YL are independent on a.
Ty’ xy

V=0 7=2 V=
T

Al 21 V1
Y| = 21 = Vi =

)

T m%’ x:f
Y(T7p’k):}/17
Z(Tvpv k) = Zh

V(r,p, k) = V1.



Decomposition of the preimage of exponential mapping

C =Ur,D;,
DiNCy ={r€(0,K),pec(0,p..)kec (01}
DiNnCy={r€(0,K),pe(0,K),ke(0,1),sgnc =1},
DyNCy = {7 € (K,2K),pe (0,pL.), ke (0,1)},
DynNCy={re(-K,0),pe (0,K),ke (0,1),sgnc =1},
DsNCy = {71 € (2K, 3K) p e (0,pt;.), k€ (0,1)},
D3nNCy={r€(0,K),pe(0,K),ke(0,1),sgnc =1},
DiNCi = {r e (3K,4K),pe (0,p% . ).k € (0,1)},

(

DiNCy={r€(-K,0),pe (0,K),k e (0,1),sgnc =1},

where pl .= min(pl, 2K).



Correspondence between domains
in image and preimage of exponential mapping

M = Ui, M;,

My = {(z,y,z,v) e R |z >0,z > 0},

Mg—{(:v y,z,v) €ERY |z < 0,2 <0},
= {(z,y,2,v) €eR* |z > 0,2 < 0},
={(z,y,z,v) eR* |z <0,z > 0}.

q1 € My = (1,p,k) € D1 U Ds,
q1 € My = (1,p,k) € Dy U Dg,
q1 € M3 = (1,p,k) € D3 U D7,
q1 € My = (1,p,k) € Dy U Dg



Correspondence between domains
in image and preimage of exponential mapping
[

D3 D,
- 0 £ 0
z
D4 D, M, My
Ex
: Exp, :
Ds Dg M, ( Ms
0 Ed Zna
Ds D7

Conjecture: Exp : D; — M; and Exp : D;1q4 — M; are
diffeomorphisms.



Results

Nilpotent sub-Riemannian problem on the Engel group was
considered.

Extremal curves for this problem were found.

Symmetries of exponential mapping and the corresponding
Maxwell points were computed.

Global upper bound of the cut time along extremal curves was
proved.

Problem was reduced to solving of the system of three
algebraic equations.

Development of the software for numerical solution of the
problem was started.



Plans

e Complete investigation of optimality of extremal curves and
developing of the program for computing optimal curves for
sub-Riemannian problem on the Engel group.

e Nilpotent approximation of nonholonomic systems in
four-dimensional space with two-dimensional control
(in particular, car with the trailer).



